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A study is made of the incoherent radiation from an isotropic, quiescent plasma of a low degree of ioniza- 
tion. Three cases are treated theoretically: the transparent plasma, the semiopaque plasma, and the opaque 
plasma. Radiation from positive columns of dc glow discharges in helium and hydrogen for the three cases 
treated theoretically are studied experimentally at 3000 Mc/sec, and good agreement is obtained between 


theory and experiment. 


PLASMA AS A THERMAL EMITTER 


IRCHHOFF’S radiation law relates the emission 

to the absorption properties of a hot body and 
thus links the radiated power to its physical state. Two 
forms of this law are of special interest in the regions of 
microwave and radio frequencies. One is the emission 
from a body in free space, the other from a body en- 
closed in a waveguide. 

Let an isotropic radiator at a uniform temperature 
T°K emit a power of & (watts) in the radian frequency 
interval between w and w+dw (wavelengths between \ 
and A+dh) into a unit solid angle in the direction of a 
distant observer. The observer is in the Fraunhofer 
region of the emitter, at a distance from the body that 
is several times greater than the ratio of the square of 
the characteristic size of the emitter to the wavelength. 
If a plane polarized test wave is sent out from the 
position of the observer and a fraction A’ of the incident 
energy is absorbed by the body, ® (for one degree of 
polarization) and A’ are related!:? by 
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(Signal Corps), the U. S. Air Force (Office of Scientific Research, 
Air Research and Development Command), and the U. S. Navy 
(Office of Naval Research); and in part by the U. S. Atomic 
Energy Commission. 
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Here k is Boltzmann’s constant, and S is the projection 
of the cross-section area of the emitter upon a plane 
normal to the direction of propagation. The quantity 
in curly brackets, A’, represents the absorption coeffi- 
cient, which is defined as the ratio of the power ab- 
sorbed by a body of volume V to the power incident 
upon it; J and E are the alternating current density 
and the electric field strength, respectively, at a point 
within the emitter; and E, and H; are the unperturbed 
electric- and magnetic-field components of the incident 
test wave. When the radiator is situated in a wave- 
guide, Eq. (1) takes the form? 


P=kT Adw/2r, (2) 


where P is the total power flowing down the waveguide, 
and E,, H; are the field strengths of the propagating 
mode supported by the infinite, perfectly conducting 
waveguide. The attenuation coefficient A differs from 
A’ in that the integration in the denominator of Eq. (1) 
is carried out over the complete cross section of the 
waveguide rather than over the cross-sectional area, S. 
If more than one mode propagates down the wave- 
guide, A represents the sum of the attenuation coeffi- 
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cients of the individual modes. Equations (1) and (2) 
are restricted to that range of frequencies in which the 
Rayleigh-Jeans limit is applicable; but they have been 
generalized to cover the whole frequency range.’ 
Furthermore, Eq. (1) has been extended to include the 
case of an observer stationed near the emitting body,' 
Eq. (2) has been extended to resonant waveguide 
structures,? and both have been generalized to radia- 
tion from anisotropic materials.?* 

The microwave radiation from a volume of ionized 
gas originates primarily from free-free collisions of 
electrons with the other constituents of the gas (brems- 
strahlung). When the electrons have a Maxwellian 
distribution of velocities, T of Eqs. (1) and (2) is the 
electron temperature.** Although an attempt has been 
made to extend a form of (1) to a Druyvesteyn distri- 
bution of velocities,® the whole problem of non-Max- 
wellian distributions has not been resolved. For this 
reason, the temperatures determined from noise meas- 
urements are referred to as “radiation temperatures.” 
In the cases that have been examined, these tempera- 
tures were found to agree approximately with probe 
measurements of the electron temperature.** 

The power dissipated from the test wave has been 
considered Ohmic; this allows one to relate the current 
density J in (1) and (2) to the complex radiofrequency 
conductivity"! o of the plasma by J=cE. The con- 
ductivity results from the electron motion in the applied 
field, while the contribution from ions is generally 
small. In computing the rf conductivity for plasmas 
with a low degree of ionization (the case in our experi- 
ments), electron-atom collisions, the values of which are 
known fairly accurately for many gases,'? need only 
be considered. In fully ionized plasmas, an effective 
collision frequency can be obtained from the dc con- 
ductivity."*.* Except for special limiting cases that will 
be considered below, E must be found by solving the 
diffraction problem™.'* appropriate to a plane test 
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wave impinging upon a lossy dielectric of dielectric 
coefficient K = 1+ (0/jweo). 


1. Transparent Plasma 


An isotropic plasma of finite size and low charge 
density presents little attenuation to a wave incident 
upon it. The real part of the dielectric coefficient tends 
to unity, and scattering from the plasma boundaries 
becomes negligible. This implies that in the limit as 
the ratio of plasma frequency squared to the radian 
frequency squared approaches zero [i.e., (w/w)? 
=ne?/mego? > 0], the electric field E approaches E, 
and J—>cE;. Therefore the power radiated from the 
plasma can be determined completely from the electron 
density », from the electron temperature T, and from 
the collision frequency for momentum transfer v of the 
electrons with atoms or ions. In fact, when the plasma 
is transparent we find from (1) and (2) that the noise 
power increases linearly with the electron density and, 
if (v/w)<1, it also increases proportionately with the 
collision frequency. 

In the transparent limit the microwave power radi- 
ated into free space as calculated from (1), using the 
electrical conductivity, should agree with the emission 
calculated from free-free binary collisions after they 
are summed over all individual events. For the case 
of a slow electron colliding with a helium atom, the 
two calculations agree within 10%. In making this 
comparison, the rf conductivity” involves the known 
experimentally determined collision frequency for mo- 
mentum transfer,!? while the binary collision calcula- 
tion’? involves theoretical values for the screening 
radius and the effective charge of the atomic potential.'* 
When electron-ion encounters are the predominant 
radiation mechanism, the agreement is less favorable. 
The difference lies in the form of the Coulomb loga- 
rithm, logA. Use of the conductivity" involves a A that 
varies inversely as the square root of the electron 
density, and the binary collision calculation” yields a 
Coulomb logarithm, log(w,A/V2w). Thus it is seen that 
this difference can be significant, since in the trans- 
parent limit w,/w can be very small. 


2. Semiopaque Plasma 


We shall now calculate the emission from a finite, 
partially absorbing plasma as though the waves propa- 
gated in an infinite medium. If a is the power-attenu- 
ation coefficient of this medium, the amplitude of the 
electric field of a plane wave that has traversed a 
distance z in the medium will be reduced by a factor 
exp(—}3fadz). We allow approximately for reflections 
from boundaries. Thus 


17L. Nedelsky, Phys. Rev. 42, 641 (1932). 

18 W. P. Allis and P. M. Morse, Z. Physik 70, 567 (1931). 

1H. DeWitt, University of California Radiation Laboratory 
Report UCRL-5377, October, 1958 (unpublished). 
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B=E,(1-1)!exp] —3 f adsl, (3) 
0 


where I’ is the power-reflection coefficient. Inserting (3) 
into (1), performing the integration along the direction 
of propagation z, and noting that for small attenuation 
a= Re(a/eoc), we find that the power radiated varies as 
JSs[1—exp(— fadz) dS. This is the result generally 
derived from the equation of transfer of radiation along 
a ray trajectory traversing an ionized medium.” 
Equation (3) and results based upon it are geometrical- 
optics approximations to the exact solution that are 
strictly valid only when the body is large compared 
with the wavelength (negligible diffraction effects), 
when the reflection and attenuation coefficients are 
small, and when the spatial inhomogeneities vary slowly 
as compared with A. 

The approach that has been outlined is also applicable 
to plasmas in waveguides. For instance, when a homo- 
geneous plasma slab fills the cross section of a wave- 
guide, (2) and (3) show that the normalized noise 
power P/P,», defined as PLRT(1—I')dw/2r}"', equals 
1—exp(—al), where / is the slab thickness, and 
a=Im(42/\)[1+0/jweo— (A/d.)?}! with A, the cutoff 
wavelength of the propagating mode. Figure 1(b) shows 
a plot of P/Pm versus al. In contrast to the geometrical- 
optics solution, in which P/P,, is only a function of al, 
the exact solution, obtained from (2), depends explicitly 
on the collision frequency v and on the slab thickness. 
The curves of Fig. 1(c), (d), and (e) are plots of an 
exact calculation for the same plasma slab, for three 
thicknesses, 1/A, (with A, the waveguide wavelength), 
and for three collision frequencies, v/w. The examples 
shown are for a slab in a rectangular waveguide 
operating in the TE; mode at a frequency of 3X 109 
cps. When the plasma slab is sufficiently thick 
[Fig. 1(c)], very good agreement is obtained with the 
geometrical-optics solution [Fig. 1(b)], even though 
the collision frequency is small and hence reflections 
from the plasma are large. The small undulations 
observed in Fig. 1(c) are the result of internal reflec- 
tions. If, simultaneously, the slab thickness is decreased 
and the collision frequency increased [Fig. 1(d)], 
agreement with the geometrical-optics solution is good. 
However, when the slab is very thin [Fig. 1(e)] and 
the collision frequency small, large oscillations occur, 
and then the exact solution bears no resemblance to the 
approximate solution. In the limit of small attenuations 
(not shown in Fig. 1) the geometrical-optics and 
boundary-value computations reduce to the exact 
transparent limit discussed in Sec. 1. 

When the plasma is inhomogeneous and not in the 
form of a slab, only geometrical-optics solutions are 
available. We have chosen for our example a plasma 
cylinder of radius R with its axis perpendicular to the 

”R. v. d. R. Woolley and D. W. N. Stibbs, The Outer Layers 
of a Star (Clarendon Press, Oxford, 1953). 
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Fic. 1. Radiation as a function of the attenuation coefficient of 
a plasma in a wave guide: (a) represents the geometrical-optics 
calculation for an inhomogeneous cylinder of radius R with 
1=0.678R; (b), the geometrical-optics calculation for a slab of 
thickness /; (c), (d), and (e), exact calculations for the slab. 
In (c), //Ag=7.2, v/w=0.0292; in (d), 1/Ag=1.0, v/w=0.292; 
in (e), //Ag=0.072, v/w=0.0559. (For clarity, curves are displaced 
vertically 2 db relative to each other.) 


direction of propagation and to the electric field of the 
TE mode of a rectangular waveguide, and with a 
diameter equal to the narrow dimension of the wave- 
guide. The attenuation coefficient is assumed to vary 
in the radial direction r as the zero-order Bessel function 
and to vanish at r=R. (This implies that for low 
attenuation coefficients, the electron density also varies 
as a Bessel function.) A plot of P/P» versus al is shown 
in Fig. 1(a). Here a denotes the axial attenuation coeffi- 
cient, and / a characteristic length that, in this geom- 
etry, is given by /=0.678R. 


3. Opaque Plasma 


A perfectly opaque plasma absorbs all the power 
incident upon it in a given frequency interval, so that 
A=A'’=1 in Eggs. (1) and (2). Plasmas produced in the 
laboratory rarely approach this opaque condition be- 
cause their fairly well-defined boundaries give rise to 
appreciable reflections. However, when the plasma is 
enclosed in a waveguide structure, special measures 
can be taken to achieve this limit. Reflections can be 
reduced by impedance-matching devices placed close 
to the radiator,’:* and if the optical depth /adz is not 
sufficiently large, it can be increased artificially by 
placing the plasma in a resonant structure.* Such 
procedures mask the physical processes that go on 
inside the plasma, and hence they have been avoided 
in the present measurements. 

The power-reflection coefficient I’, in our experi- 
ments, ranged between 0.02 for transparent plasmas 
and 0.5 for dense plasmas. In presenting our measure- 
ments we have normalized the noise power P emitted 
to the power P/(1—I°) that would be emitted in the 
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absence of reflections. This procedure is useful for 
comparisons between theory and experiment. If we 
rewrite (2) in the form P/(1—T)=kTAdw/2r, we 
obtain an effective absorption coefficient A-= A/(1—T), 
which is defined as the’ratio of the power absorbed to 
the power in the test wave that actually penetrates the 
plasma. The limit A4,=1 then corresponds to a perfectly 
opaque plasma that is mismatched to its surroundings. 
Measurements showed that when the plasma is dense, 
A, indeed approaches unity, and values between 0.87 
and 0.95 were obtained. 


MEASUREMENTS 


The plasma that was studied was a section of the 
positive column of a hot-cathode dc glow discharge in 
helium or hydrogen. The cylindrical discharge tube 
had an internal diameter of 2.6 cm. The anode-cathode 
spacing was 50 cm. Probes projecting into the positive 
column measured the axial voltage drop. Pressures of 
approximately 10-* mm Hg were attained in the dis- 
charge tube after activation of the cathode. 

With the discharge tube operated over a range of gas 
pressures from 0.05 to 25 mm Hg, currents from 10~ to 
4 amp gave electron densities from 10° to 10% cm-, 
The electron density was calculated from the measured 
tube current and from the axial dc field of the positive 
column. The de mobility was determined from the 
known collision frequency v. In the electron-energy 
range of our experiments (greater than 2 ev), the 
electron-atom collision frequency in helium or hydrogen 
is nearly independent of the electron velocity. We 
assumed that v=2.55X 10%» sec~! (po is the gas pres- 
sure normalized to 0°C) for helium,”! and 4.85 10°%po 
for hydrogen.** The electron density was assumed to 
vary in the radial direction r as n=moJ0(2.405r/R), 
where mp is the axial density, R is the tube radius, and 
J (x) is the zero-order Bessel function. Independent 
microwave measurements of electron density were made 
at a frequency of 4300 Mc/sec by enclosing a section of 
the positive column in a cylindrical cavity; the density 
was computed from the observed shift of the resonant 
frequency of the TE mode.” The two sets of data 
for the electron density agreed within 50%. 


2A, D. MacDonald and S. C. Brown, Phys. Rev. 75, 411 
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# TD). J. Rose and S. C. Brown, Phys. Rev. 98, 310 (1955). 

%S. J. Buchsbaum and S. C. Brown, Phys. Rev. 106, 196 
(1957). 
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The discharge tube was oriented with its axis at 
right angles to the propagation direction of the wave 
in a rectangular waveguide. The waveguide was 
provided with two sets of portholes drilled in its 
opposite faces so that the tube axis could be placed 
either parallel or perpendicular to the electric field of 
the dominant TE, waveguide mode. One end of the 
waveguide was terminated in a matched load, the 
other was connected to the waveguide input of the 
receiver (see Fig. 2). Every effort was made to eliminate 
standing waves across the plasma, in order to prevent 
an artificial increase in its optical depth. 

The receiver used in the noise measurements was a 
form of Dicke radiometer™ (Fig. 2) operating at a 
frequency of 3000 Mc/sec with a 2 Mc/sec band width. 
The noise emitted from the plasma was made to 
alternate at 30 cps with the noise from a standard 
source. By adjusting the precision-calibrated attenu- 
ators (accuracy +0.2 db) to null the radiometer output, 
the measurements were rendered independent of the 
receiver characteristics. The radiometer had an over-all 
noise figure of 9 db and was capable of measuring power 
levels down to 5X10~” watt. The noise standard was 
a fluorescent lamp calibrated against a hot load; its radi- 
ation temperature was determined as 10 700+300°K.* 

The absolute noise power P, that reaches the de- 
tector cannot be entirely accounted for by the power P 
emitted by the plasma when it is reduced by the 
attenuation 6 of the precision attenuator. The power P, 
differs from 8P because of the power radiated by the 
attenuator and because of contributions that arise from 
reflections of this power from the plasma. If 7» is the 
radiation temperature of the attenuator (approximately 
300°K), T is the radiation temperature of the plasma 
(in excess of 10*°K), and I is the power-reflection 
coefficient from the plasma, it can be shown that 
P,=BP(1—(To/T) |+kT.(1—8P). A similar equation, 
which is applicable to the noise radiated by the standard 
source, can be equated to P, when a null is obtained on 
the detector output. Calculations from measured values 
of I’ indicate that correction terms to the relation 


4 J. P. Wild, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7, pp. 299-362. 

26 W. C. Schwab, S.M. thesis, Department of Electrical Engi- 
neering, Massachusetts Institute of Technology, August 22, 1955 
(unpublished). 
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P,=6P become significant only when P/kT<1. When 
P/kT =0.01 the correction does not exceed 5%. 

In conjunction with the radiation measurements, 
a simultaneous determination of the reflection and 
transmission coefficients of the plasma was made. This 
was done by sending a test wave down the wave- 
guide from the position of the detector and by measuring 
the voltage-standing-wave ratio and the fraction of the 
incident power transmitted through the discharge. 


RESULTS 


Measurements of the noise power radiated from 
helium discharges are plotted in Figs. 3 and 4. Unless 














Fic. 3. (a) and (b) Normalized noise power as a function of 
electron density for various gas pressures, fo (mm Hg). @ @ meas- 
ured; —— geometrical-optics calculations. (For clarity, curves 
are displaced vertically 10 db relative to each other.) 
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Fic. 4. Normalized noise power as a function of electron density. 
@@ measured; exact theory for transparent limit; - - 
measured values of absorption coefficient A,. (For clarity, curves 
are displaced vertically 10 db relative to each other.) 


the contrary is stated, the measurements were made 
with the plasma cylinder oriented perpendicular to the 
electric field in the waveguide. Along the abscissa, the 
average electron density (”), defined as ()= (mo/1R?) 
X So®Jo(2.405r/R)2xrdr, is plotted. Along the ordinate, 
the measured noise power P, corrected for reflections 
and normalized to the noise emitted by an opaque 
plasma {i.e., P/Pm= PLRT(1—T')dw/2m }'}, is plotted. 
The scale is in decibels below the maximum power 
radiated at any given pressure. For convenience of 
presentation, the curves are displaced vertically 10 db 
with respect to each other. We note that the dependence 
of the noise power on electron density falls into the 
three regions discussed in the previous section. The 
linear increase of P/P,, with electron density for low 
values of () falls into the region in which the plasma 
is essentially transparent; the nonlinear increase falls 
into the semiopaque region that occurs in the vicinity 
of (wp/w)?=1—(A/A.)? (shown by a vertical arrow in 
Figs. 3 and 4); and the essentially density-independent 
region falls into the opaque limit A,—1. As the 
pressure and collision frequency decrease, the transition 
from the transparent to the opaque limit becomes more 
pronounced. The radiation temperatures 7 that were 
measured in the limit as 4, — 1 are listed in Table I for 
various gas pressures po, and for the ratios &/po, 
where 6& is the axial electric field in the positive column. 
These measurements of T agree with Knol’s’ for values 
of poR(mm Hg-cm) greater than 0.5, but they disagree 
for lower values. 

The solid lines in Fig. 3(a) and (b) were calculated 
from the geometrical-optics approximation of Sec. 2 
[see Fig. 1(a) ]. In the transparent limit this calculation 
reduces to the exact solution outlined in Sec. 1. At the 
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TABLE I. Measured radiation temperatures as 
a function of gas pressure. 


T 
(104 °K) 


po 
(mm Hg) 


[volts (cm mm Hg)™] 


0.67 
0.72 
0.93 
0.95 
0.98 
1.6 
1.9 
7 2.3 

0.90 4.6 

0.73 

0.52 

0.41 

0.25 

0.22 

0.083 

0.046 
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lowest gas pressures (po=0.046 and 0.083 mm Hg) the 
opaque limit could not be reached with the available 
tube currents, and so this comparison could not be 
made. However, the radiation temperature was calcu- 
lated in the transparent limit from the known noise 
power, (m) and v. The temperatures thus obtained are 
shown in parentheses in Table I. The hatched curves in 
Fig. 3(b) are geometrical-optics calculations fitted to 
the experimental points. 

In the semi-opaque region the agreement between 
experiment and geometrical-optics calculations is better 
than would be expected from the comparison between 
approximate and exact solutions discussed in Sec. 2 
[see Fig. 1(e) ]. This must be the result of the gradual 
radial variation of the electron density in the experi- 
ment, as compared with the sharp discontinuity as- 
sumed in the computations for the plasma slab. The 
slow variation of electron density leads to a great 
reduction of the reflection coefficient (confirmed by 
experiment) and hence to better agreement between 
geometrical-optics calculations and noise measurements. 

Further comparison with noise observations was 
made by an actual measurement of the power attenu- 
ation coefficient A of Eq. (2). This attenuation coeffi- 
cient is derived from measurements of the reflection 
coefficient T and from the transmission coefficient 7. In 
terms of these quantities, the ratio P/P»=A, is given 
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by (1-—I'—7r)/(1—I). The comparison is shown in 
Fig. 4 by the dashed line. The two curves in Fig. 4 for 
po=0.41 mm Hg indicate the differences that were 
observed with the plasma cylinder oriented parallel 
(the curve denoted by £||zo) and with it oriented per- 
pendicular to the electric vector of the dominant wave- 
guide mode. In the second orientation ac space-charge 
polarization of a homogeneous plasma cylinder mani- 
fests itself as a resonance-scattering phenomenon!” in 
the vicinity of (w,/w)?=1—(A/X.)*, which is absent 
when the cylinder axis is parallel to the electric vector. 
The sharper increase of noise power toward the opaque 
limit observed when the cylinder is perpendicular to 
the electric field and similar observations of the vari- 
ation of I’ with (m), support these results. However, in 
our inhomogeneous plasma cylinder the resolution is 
insufficient to identify these effects accurately. 

Our determination of A, is limited in range, chiefly by 
the precision of the attenuators; when A,<0.1, the 
error in the measurement can exceed +90%. Measure- 
ments of noise power and of A, similar to those described 
were made in hydrogen, which has a collision frequency 
approximately twice that for helium. The agreement 
between experiment and theory was substantially the 
same as for helium. 

Finally, we wish to point to the characteristic falling 
off of the noise power at very high electron densities. 
Similar observations have been reported elsewhere.*’ 
It has been suggested that this effect may be the result 
of electron-electron interactions that lead to a decrease 
in the electron temperature.*” However, we have ob- 
served that the decrease in noise power is accompanied 
by a similar decrease in the absorption coefficient (see 
Fig. 4). Unless the collision frequency, and hence the 
conductivity and A,, become temperature-sensitive in 
this range of electron densities, we must conclude that 
the radiation temperature is not diminished in our 
discharges. 
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Field Operators for Bosons with Impenetrable Cores. I. Equations 
Which Replace the Commutation Rules 
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Field operators representing particles with impenetrable cores cannot satisfy the usual commutation 
rules. While the customary derivation of the second quantization formalism cannot be applied to the case 
of particles with nonintegrable interaction potentials, the field operators y(x) and ¥1(x) can be defined by 
a matrix representation which exhibits them explicitly as transformations of functions of N position vectors 
into functions of N—1 and N-+1 position vectors, respectively. The assumption of impenetrable cores is 
introduced in this definition by taking the matrix elements which lead to prohibited configurations of 
position vectors equal to zero. Equations which replace the usual set of commutation rules are derived from 
this definition for the case of hard sphere interaction. Conversely it is shown that results which follow from 
the commutation rules in the standard formalism, follow from the new set of equations with the changes 
obviously required by the assumption of impenetrable spherical cores. For example, the operator for the 
number of particles in a finite domain has as eigenvalues the non-negative integers not exceeding the largest 
number of hard spheres which can be placed into the domain. 


1 


HE usual form of the Hamiltonian and the 

equations of motion in the second-quantization 
formalism become meaningless for particles with hard- 
sphere interaction, if this interaction is represented by 
an infinite potential. Bogoliubov,' in his derivation of 
the low-lying energy levels of the nonideal Bose gas, 
avoided this difficulty by replacing the Fourier com- 
ponents of the potential by the scattering amplitude. 
Lee, Huang, and Yang? replaced the potential by the 
pseudopotential and showed that this procedure gives 
the ground-state energy and the long-wave phonon 
energies correctly to order (pa*)!. In view of the im- 
portance of the hard-sphere interaction in statistical 
mechanics, as a model for the short-range repulsive 
forces between atoms, it seemed of interest to derive 
field equations valid for particles with impenetrable 
cores. 

In the Schrédinger equation, hard-sphere interaction 
is introduced as a constraint on the wave functions. In 
second quantization, the analogous constraint imposed 
on the product of two field operators—that is the 
condition y(x)y(x’)=0 for |x—x’| <a, where a is the 
hard-sphere diameter—is incompatible with the usual 
commutation rules (proof in Appendix I). Furthermore, 
if the operator (S$) for the number of particles, with 
centers in the domain S, is to be 2(S) = Js 1" (x) (x)d*x, 
one of the usual commutation rules must be replaced 
so that the spectrum of this operator becomes bounded, 
when the domain 5S is finite. 

The standard derivation of the second-quantization 
formalism from the Schrédinger equation is not appli- 
cable to the case of particles with hard-sphere inter- 


* Program supported by the National Science Foundation and 
the Office of Naval Research. 

1N. Bogoliubov, J. Phys. U.S.S.R. 11, 23 (1947). 

2 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 


action. We use instead the method of Fock* and define 
the field operator g(x,t) as the matrix whose only 
nonvanishing elements are 


id 


U , * Al | FP 
(X1/,X2',* + -Xy—1' | (x,t) [1X2 +» Kw’) 


HN f Ky tary: ++ Xyu1j X1/,Xo’,+ + -Xw_1’,t) 


V-—1 
X Kw (x1,° + -Xw—1,X5 X1",X2",-- xn OT] dx;, 
7=1 


for V>1, and 
(0| (x,t) | x1”) = Ki(x; x1”,0), 
where (0| denotes the vacuum, and 
Ka(Xi,° xy’, ‘ Xn/,t) 


is the symmetrized propagator for the mn-particle 
Schrédinger equation. For the case of time-independent 
interaction this can be transformed to 


(yy_1| ¢(x,) ry)= WY [WFR ty 13; Yy—1) 
N—1 


“Xn_1,X3 vy)e7tLEON)—En-v I]t Il dx;, 
7=1 


XW (x1,Xe,° ° 


for N>1, and 
(0| ¢ (x,t) | V3) =W (x); W)e iE (mt 


where W(X;,X2,-*:Xnj3vn) and E(v,) are the sym- 
metrized eigenfunctions and the energy eigenvalues of 
the Schrédinger equation. 

In a subsequent paper (Part II) we will derive the 
equations of motion for fields representing bosons with 
hard-sphere interaction and an additional pair inter- 


3V. Fock, Z. Physik 75, 622 (1932). 
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action V(«’,x) from the simple identity 
[E( vy) — E(yn_1) If vox, **Xw_13 Vn-1) 


N-1 
XW (x1,X2,° + -Xy—1,X; vw) [] dx; 
=I 


XV (x1,X2,- oo 


+W=1) [¥*(n, -+Xy_2,Xx’ 


K W(x): °° Xy 


v—2 r 
+v—-1 f Il ts doz 


, 


*Xw—2,X 5; UN 1) 


N-1 
4X; ¥nv) I] d*x; 
Soul 


; vw_1) V(x’,x) 


NV—2 
»x’,x; vy)d*x’ T] d'x; 
J=1 


xX V*(x;,- 


-V/W(x1,- > -Xyv_2,X1'X; vy), 
where §* do, is the surface integral over a sphere of 
radius a with center at x, and the integrations over x; 
exclude the spheres |x;—x)| <a. 

In Sec. 1 of the present paper we derive the equations 
which, for bosons with impenetrable spherical cores, 
replace the commutation rules. These equations must 
be independent of the time ¢ if the development of the 
system in time can be described by a unitary trans- 
formation (i.e., unless the hard spheres change radius 
or become soft). They can, therefore, be derived by 
choosing ‘=0 in the first definition. One sees then 
immediately the formal difference between a very large 
repulsive potential and an impenetrable core in the 
behavior of the propagator for ‘=0: For finite potentials 
the propagator becomes the symmetrized delta function 
for any starting point in configuration space, and the 
commutation rules are unaffected by the interaction. 
For particles with impenetrable cores, however, the 
propagator becomes the delta function for /=0 in the 
accessible region of configuration space but remains 
zero for all times in the excluded region. This is of course 
equivalent to the statement that with the constraints 
imposed by the assumption of impenetrable cores, the 
wave functions are not a complete set in the configu- 
ration space. Products of single-particle wave functions 
can then no longer be expanded in terms of the many- 
particle wave functions, so that the transformation 
from free-particle wave functions to wave functions for 
particles with hard-sphere interaction is not a unitary 
transformation.‘ Operators for the number of particles 


4A system of hard spheres thus shows in ordinary wave me- 
chanics a “pathological” property similar to those discovered by 
van Hove in field theory EL van Hove, Physica 18, 145 (1952)]. 


SIEGERT 


in a single-particle state, as well as the creation and 
destruction operators for a single-particle state, can 
not, in general, be constructed from the field operators 
for particles with hard cores. The Fourier components 
ay of the field operators and their conjugates a,‘ no 
longer represent destruction and creation of a particle 
with well-determined momentum, and a,'a, is no 
longer the operator for the number of particles with 
momentum k. 

In order to write the result of Sec. 1 in a convenient 
form, we introduce the abbreviations 


1 l 
f- ot | | vo TT ¥(x,)d°x,. (A1) 


g i=l 


[It will be shown that the operator 91(S)=91(S) can 
still be interpreted as the operator for the number of 
particles in the domain S, N2(S) as the operator for the 
number of pairs of particles in S, etc., i.e., that the 
usual interpretation can be retained if a particle is 
counted as being in S, if its center is in S (including the 
surface if S is a closed region). ] 

The commutators for the products ¥(x)y(x’) and 
y'(x)y'(x’) remain unchanged, but the commutation 
rule for ¥(x)y"(x’) is valid only for |x—x’| ><a: 


[y(x),w(x’) |=[p" (x), (x!) ]=0 for all x and x’, (A2) 
[y(x),¥"(x’)]=0 for |x—x’|>da. (A3) 


For |x—x’| <a the usual commutation rule is replaced 
by equations for the products: 


W(x)y(x’) =p" (x)pt(x’)=0 for (x—x’! <a, (A4) 


N(sz) 
Ya)W (x!) =o(a—x)| + > (yt) 
l=1 


for |x—x’|<a, (AS) 
where s; is the sphere with center x and radius @ 
(including the surface) and V(s,) is the largest number 
of hard spheres of diameter a whose centers can be in 
s, simultaneously. To make the definition of the 
diameter of a hard sphere precise we specify that the 
distance between the centers of two hard spheres can 
only be larger than a, not equal to a. 

In a representation in which 9(sz) is diagonal, the 
operator appearing as coefficient of the delta function 
on the right-hand side of Eq. (A5) becomes especially 
simple. It is then the unit operator for N(s,)=0, and 
zero otherwise. Equation (A5) could obviously have 
been written as an equation for the commutator, but 
we would rather emphasize the fact that equations 
other than commutation rules can describe the particle 
aspect of a field. 

In Sec. 2 we show in detail how the results which in 
the case of point particles follow from the usual com- 
mutation rules, are now obtained—with the changes 
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resulting from the assumption of hard spherical cores— 
from Eqs. (A1)-(AS5). 


2 


Let x}, X2, **:X, be points in a three-dimensional 
region (. Let gn, gn, Qn’, etc., be the points 
{X1,X2,°°*Xn}, (X1/,X2"+ + Xn’}, (x14x0"”,- + -x,/”}, respec- 
tively, in the configuration space 2". The symbol iqn 
will be used for {x1,° + *Xz—1,X741,°**Xn}, and (ig,,x) will 
be used for {X),X2,- + -Xr1,X,X741,°**Xn}. The volume 
element in configuration space will be written as dq,. 
The symbol 6(gn’; gn) will be used for the symmetrized 
delta function: 


5(gn’; Qn) = (n!)"! Dp 8 (Gn’— Pqn), (1) 


where 6(gn— Qn’) is the 3n-dimensional delta function, 
and Pq, is the configuration point obtained from gq, by 
a permutation P of its component vectors. The identity® 


is 
5(gn’ 3 dn) =— Do 8(xi’ —Xx)8(ign’ sx Gn), (2) 


nN l=1 


holds for all R=1, 2, ---m (proof in Appendix II). 

The restricted configuration space 2” is defined by 
all points gn of 2", whose component vectors satisfy the 
inequalities |x;—x;| ><a for all jAR=1, 2, ---n. 

The creation operator ¥‘(x) is defined in the co- 
ordinate representation by 
Cg” |W (x) | gv—1) = N45 (gn; qs’) 

for gy” inQr® 
=() otherwise. (3) 

The destruction operator ¥(x) is defined as usual as 
the Hermitian conjugate of ¥‘(x). The computation of 
the product y (x’)y(x) is not affected by the restrictions 
on the configuration space. If both gy” and qw are in 
Qr*% one obtains, using Eq. (2), 


gn” |W (x(x) | gw) 


= vf 5(q "ae gv—1',x’)6(q V ; qnu)dq N - 
Or 1 


" 
=N-! > 8(x/’—x’)6(x,—x) 
l,k=1 


xf 5(agn’’; gv-1')8(qn—1' 5 egw )dqn—1' 
ORV 


(x) —x’)6(x,’ —x)8(ign”’; KQN). (4) 
1 


. 
=N- 2 
Lk 

5 The delta functions used here are defined by 
if x is in the region § (including the 


_ , 3 ! . se . 
J. o(x—x )dx'=1 surface, if S is a closed region) 
=() otherwise. 
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If either gy or gy” or both are not in 2p", the result is 
zero. Especially for x’=x one has 


(gu |W" (x) W(x) | gv) 


N 


” 
=N7 3 6(x—xx) DS 6(x/’—xx)6 (ign; eq) 
l=1 


k=l 


‘ 
=> 5(x—x,)5(qn’’; gv) 
k=l 


for qv’ and gy in QR, (5) 
and zero otherwise, so that 1 (x)y(x) retains its meaning 
as density operator. Note, however, that the eigen- 
values of the number operator, 


N(S)= f V' (x) (x)d*x, (6) 
8 


are no longer all positive integers and zero, since the 
points x; in Eq. (5) must satisfy the restriction on qv. 
The eigenvalues of 9(.S) are instead zero and the 
positive integers not exceeding the number of points 
which can be placed in S without violating the re- 
striction, i.e., the largest number of hard spheres of 
diameter a whose centers can be located in S. The 
changed spectrum of 9(.S$) shows that the usual com- 
mutation rules for boson fields can not be valid for 
bosons with impenetrable cores. 
To show this explicitly we compute y(x)y (x’) : 


(gv-1.V( x)" (x’) | qN 1’) 


vf 5(qv—1,X; gn’’)6(gn’’; gn—1’,x’)dqn’’ 
QR 


Vv 
:N l z. f 5(x;'’ —x)5(x,/’—x’) 
QRN 


l,k=1 


X46 (ignw’’; gv—1)6 (qn; gn-1')dqn” 


N 
= N-§(x—x’) >> 


l=1 J OpN 


8(xz’—x)6 (ign; qv-1) 


° ‘; / / 
X5(ign’',gv—1 )dgqn 


\ 
ya? = P 


Lk=1;l#k Jon 


6(x,/’ —x)6(x,”’—x’) 


X86 (ign’’; gv—-1)6(cgn” 5 gv-1’)dgn”. (7) 


The integrals vanish unless both gy—;’ and qy-, are in 
Qr*—! since gy” and ign” are in Qe’ if gy” is in Qe. 
The integral in the second term vanishes, moreover, 
unless |x—x’| >a, since,|x,”’—x,’"| >a for kAl and qy” 
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in Qe’, The first integral can be written as 


faxs(x -x) f 5(ign’”’; qn 1) 
“a Qe," 


¢ ” n ” 
X46(ign > 9N 1 )dign 
s/ ”, 
O\gN 1 5QN 
« 1 


Or, 


1)6(qn "5qn 1')dqn 1" 


- 1, YN ’) if QNn 1 


0 otherwise, 


where Qr,’— is the set of points {x1,xX2,---Xw—1} for 
which |x,—x,|><a for every pair (j,k), and moreover 
|xj;—x|>a for every 7. The second term of Eq. (7) 
can be evaluated by using Eq. (2) once more to write 
the integral as 


[ 5(x//’ —x)6(x,/’—x’ 
QR" 


. ” \e/,. me ”, ’ ” 
X45 (nag 5 q@—1)6(x0" — 47)8 (eign ; sqn—1')dqn 


1 N—1 
» w 5 (x) —x)5(x;,’’—x’) 
(N—1)? i,f—t J [xy —xe"| >a 


«5 (x;,/’— x, )d( x,/’ , x,’ )d3x7"d? x,/"5( iQN—1; jQN 


1 N—1 
BR 5(x,’ 
j=l 


x)6(x;- x’)5 (ign 13 jQN 1" (9) 


(N-1)? i 


if |x—x’|>a, since the restrictions are irrelevant for 
the integration over xigw” and x,’ and x;”, when gv-1 
and gy-1’ are in Qe*~', and |x—x’| ><a. The last result 
is independent of & and /, and one obtains 


(qn—1 v(x)" (x’) | gna) 


N—1 
=(N-1)" ¥ 8(x,’—x)d(x;—x’)8(ign—1; , 


i,j~=l 


(gna! (x)W(x)|qw-1’) for |x—x’|>a, (10) 


and from Eqs. (7) and (8), 
(gual h(x)" (x’) | ga) 


5(x—x’)6(qw-i;3qn-1') if gy-1inQr,| 
0 otherwise 


< 


for |x—x’|<a, (11) 


where Qr,*—' is the domain defined above after Eq. 
(8). To*rewrite this equation as an operator equation 
independent of the particular representation, expres- 
sions for the products []%;~1 ¥*'(a;) and their Hermitean 
conjugates are needed. 

Using the definition of +(x) [Eq. (3) ], one obtains 
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(qn |W (x) (x’) | gv—2) 


= Ni(N- pf 5(qn"; QN _1',X) 


X5(gn—1’ 5 Qn—2,X’)dqn—1’ 
=N4(N—1)45(qn”; Nn 9,X,X’), (12) 
since the integrand vanishes when gy-1’ is not in Qe’! 
and gy” is in Qe’. The usual commutation rules hold, 
therefore, for the products ¥t(x)y~'(x’) and ¥(x)p(x’). 
Note that the restrictions on gy” require that these 
products are equal to zero for |x—x’| <a. 
This procedure can be continued to obtain 


l 
(gn II ¥'(y,) lan , = [N(NV—1)- . -(N —] +1) }! 
j=l 
X5(qn3 qn UYu,¥2,°°*¥d, (13) 


where yj, Ye, -**Yz are position vectors, and 


l l 
(qv | IL ¥*(y,) IT ¥(ye) |qn’)=N(N-1)-- -(V-141) 
7=1 k=1 


xf 5(qy 3 Qv—t,Y1,¥2, °° 
QR-! 


X5(qn'; qn 1 Y1,° s -y)dgn i 


‘Yi) 


(14) 
This equation could be written in a more explicit form, 
but this form is more suitable for the purpose of 
deriving the operator equation equivalent to Eq. (11). 

Equation (11) was derived from Eqs. (7) and (8). 
The integral in Eq. (8) can be written in the form 


js ” e ” , ” 
[ b(gv''; gv)d(gn 3 gn )dgn 
“Or, 


f 5(qn’’; gn)6(qn’’ qn’) 
QRN 


N 
XII [1-—A(x;"—x) Jdqy”, (15) 


j=l 


where we have changed N—1 to N, and defined the 
function A(x,’’—x) by 


A(x,’’—x) f 5(y—x,"")d*y 
=1 for |x/’-—x)<a 
; (16) 
0 for |x,/’—x|>a, 
where fs; denotes the integral over the sphere 
|y—x| <a. The product in Eq. (15) is expanded in the 
form 


N 


N 
II (1-—A(x;"—x)J=1-d A(x,”—x) 
7=1 
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Substituting this expansion in Eq. (15) we note that 
the different terms in each sum contribute equal 
amounts after integration, because of the symmetry 
of the other factors in the integrand. Only those terms 
in Eq. (17) can contribute to the integral in which the 
number of factors A(x;’—x) does not exceed the 
number .V(s,) defined as the largest number of points 
which can be placed into the sphere s, satisfying the 
restrictions on Qr%, i.e., the largest number of hard 
spheres whose centers can be in s, simultaneously. 
[ The actual value of NV (s,) is irrelevant; the inequality 
5<N(s,)<12 is sufficient here.] Equation (15) can 
then be written as 


f (gv; gn)6(qn’”’; qn’)dqn”’ 
Op N 


Qr, 


-f 5(qn”; gv)6(qn es qv’) |1—wa(ay”—x) 
QRN 


N 
+( Jatav"—aa(as (=x) dg! (18) 
? 


or 


f ign"; qu) b(n’; gn’ )dqn” 


Qr, 


5(ga qn’) -N [ yf d(gn”’; qu )O(qn’’; qn’) 
sz oY ORN 


N 
xé(x0"”—y)dae"+ ( yf d*y\d* yo 
? = 
J, 


Qr 


5(gn’’; qv)6(qn"’; gv)6(xyv"’—y;) 
N 
Kb( xy 1’ — y2)dqn” — +8 


= 6(gn ;qn’) vf d*y, 6(gn ,¥13 GN) 
e YQRN™ 


xz 


N 
x4(ga 4913 gn dqn 4 ( yf (yd? yo 
) 8 


z 


xf 6(qn 2 6Y1,¥23 gv )6(qn 2” .¥1,¥2; gv ) 
QR 
Xdqv gees 


N (sz 


=8(qviqnv')+ a 
i=t =! 


(—)! 


} 


. l U 
xf | (Qn IL vityj IL viyn) qn’ 
P Js, 7=1 k=l 


8x 


(19) 


l 
<I] d*y;. 
1 


a 
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Corpo. | 


Equation (11) can thus be written as an operator 
equation 
N(8z) (—)! 


W(x)pi(x’) -a(x—x)| I+ > 


l=1 


l l 
xX 7 IL vty) II wien} for |x—x’| <a, (20) 
k=1 


Sz i l 


where /s, indicates that the domain of integration for 
each y; is the sphere | y;—x! <a, and J denotes the unit 
operator. 


3 


The purpose of the calculations in this section is to 
show that Eqs. (A1)-(AS5) are sufficient to deduce the 
results which for point particles are obtained from the 
usual commutation rules, with the changes appropriate 
to the hard sphere problem. 

We show first that y(x) retains its meaning as 
destruction operator. We have, for x in S, 


y(x)2(S) vis) f Vi (x’)W(x’)d3x’ 
S 
vis) f Vt (x!) (x’)d3x’ 


vs) f Wi(x’)W(x’)d*x’, (21) 


where S-s, is the set of points common to § and s,, 
and S—S-s, its complement in S. Using Eqs. (A2) and 
(A3), we obtain 


vin) f Vt (x!) W(x’) d3x’ 
= S+Sz 
f Vt (x’)W(x’)d3xp (x) 
tie M(S)W (x) — (sz) (x). 
From Eqs. (A1) and (A4) it follows 
Nilsz)W(x) =0, 


so that the second term in Eq. (22) vanishes and the 
second term of Eq. (21) becomes, with Eq. (A5), 


via) f Pt (x! W(x’) d3x’ 


J 6(x—x’)p(x’)d’x’=y(x). (24) 
We thus have | 


eimS. (2) 


Wy (x)9U(S) = (US) +1) (x) for 
Equations (A2) and (A3) yield 
¥(x)9U(S)=I9(S)Y (x) for 


x not in S. (26) 
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By following an analogous procedure, or by taking the 
Hermitean conjugate, one obtains 
for xin S; (27) 


(x) [91(S) +1 ]=9(S)p' (x) 


¥'(x)N(S)=N(S)y'(x) for x not in. (28) 

The interpretation of the operators %, and the 
spectrum of 3(.S) are shown by expressing Nt, in terms 
of NX. Integrating over x, first, one obtains from Eq. 


(Al) 


MGS) 


tg 1 
f- I yi(x,)S)TT p(x)d*x, 
l! g ra a 


l-1 


1 1 
- f- II v(x, I] V(x,)d*x, 


x [9(.S)—/+1] 
my (S)[9CS) —1+1], 


according to Eq. (25). Iteration yields 


NCS) 
TS) ( ), 
l 


with the binomial coefficient defined in its polynomial 
form. This shows that the interpretation of %2(S), 
N38), .. as the operators for number of pairs, 
triplets, etc., in S remains valid. Since, according to 
Eqs. (A4) and (A1), 9,(S) vanishes when / exceeds the 
number V(S) of points which can be placed in S 
without violating the inequalities |x;—x,| >a, Eq. (30) 
also must show that the eigenvalues of 91(.S) are zero 
and the positive integers up to V(S). 

The meaning of the operator on the right-hand side 
of Eq. (A5) becomes obvious when it is considered in a 
representation in which I(s,) is diagonal, with eigen- 
values N’(s,)=0, 1, ---, N(s,). Substituting from Eq. 
(30), one has 


el 
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N(az) 


i+ > ( 
l=1 


50’ (s-) 
( ) =] if wW(s,)=0 
l (31) 


=() otherwise. 
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APPENDIX I 

If one assumes that the product of field operators 
yt (x) (x’)¥(x) vanishes in a region |x’—x| <a, in 
order to obtain meaningful equations of motion for 


the case of hard spheres of diameter a, one obtains 


V(x’) (xO (x) (y) — Ht (yt (x) (x!) (x) =0 
for |x’—x|<a. (32) 
For y#x’ and |x’—x| <a it follows that 


v(x’) (x) [LY (x) (y) —¥" (yy (x) J=9, 


instead of y'(x’)y(x’)6(x—y), as required by the usual 
commutation rules. 


(33) 


APPENDIX II 


To prove Eq. (2) formally, note that 
d 5(gn’ =P 4x) z. >’ 8(x)’—x,)bLign’—x(Pqn) J, (34) 
P I=1 P 


where the prime restricts the summation to permu- 
tations with Pl=k, and ,(Pq,) is the point obtained 
from Pq, by omitting the kth component vector, and 
is therefore obtained by a permutation P’ of the n—1 
component vectors of 4g, with P’ uniquely determined 
by P and vice versa. We thus have 


5(gn’3 Qn) = (Mm!) YS 8(xr’— x) 8 (agn’ — P’egn) 
pal P’ 
ye 


=— DF 6(x)!—xx)8(ign’; nn). 
n ! 1 
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Velocity of Sound in Liquid He*® at High Pressures* 


K. R. ATKINS AND H. FLICKERt 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received July 14, 1959) 


The velocity of 14-Mc/sec sound in liquid He* was measured at pressures up to 9 atmospheres in the 
temperature range 1.2°K to 3.2°K. A few measurements were also made in the gas just above the critical 
temperature. A possible phonon contribution to the thermal coefficient of expansion of the liquid is discussed. 


1. EXPERIMENTAL METHOD AND RESULTS smooth curve through the high-pressure data. In Fig. 2 
and Table I the smoothed data are presented in the 
form of the variation of velocity with temperature at 
several fixed pressures. The accuracy of the velocity is 
believed to be + 1% arising mainly from the difficulty in 
reading the position of the foot of the echo. 

In Fig. 3 we have plotted the velocity as a function 
of temperature at a constant molar volume of 36.0 cm 
mole to illustrate that under these circumstances the 
velocity increases with increasing temperature. To 
obtain this curve we used unpublished equation-of-state 
data of Sherman and Edeskuty. 


HE velocity of sound in liquid He® has already 

been measured at pressures near the saturated 
vapor pressure.''? We have now extended these measure- 
ments to pressures of up to nine atmospheres between 
1.2°K and 3.2°K. A pulse technique was used with a 
carrier frequency of 14 Mc/sec and the essential features 
of the apparatus have been described previously.? 

The high pressures were obtained in the following 
way. A Toepler pump was used to transfer He’ into a 
plunger immersed in the liquid He‘ bath at 1.2°K. 
When the plunger was full of liquid He? it was closed off 
from the Toepler pump and connected to the chamber = — 
in which the sound measurements were made. It was Maman eo fd srl compe betray ag a 
then raised to a point of higher temperature so that the 
evaporating gas raised the pressure in the system. By bstinadiateaas 
adjusting the height of the plunger it was easily possible (°K) 1 2 ‘ 6 
to maintain the pressure constant to within +0.1 psig. 493 ~—«-209 
The pressure was measured on one of two U. S. Super- 192 207 

— ; : Sa , 189 204 
gauges with ranges 0-60 psig and 0-120 psig. To reduce 184-201 
the dead volume introduced by the gauges, they were 178 = 197 
filled with glycerine and separated from the He® system 192 

Se 5 aoa tale é a vais 187 
by a 0.002-inch thick Teflon diaphragm.’ This arrange- 181 
ment was calibrated against a hydraulic balance and 174 
the maximum error introduced was found to be never i 
greater than 0.08 atmosphere. 

To obtain the temperature, the vapor pressure of the 
main liquid He* bath was measured with either a PrTryTT 
Wallace and Tiernan mercury manometer or a butyl T T3800 K 
phthallate manometer. The 1955 Leiden scale 7155 was i 
used. At temperatures above the \ point a steady supply 
of heat was introduced by means of a heater at the 
bottom of the bath and a suitable correction was applied 
for the hydrostatic pressure head above the He’ 


Pressure (atmospheres) 
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chamber. 

The raw data were taken in the form of the variation 
of velocity with pressure at a constant temperature. A 
typical curve is shown in Fig. 1, which also includes the 





Velocity (M sec) 





measurements reported earlier near the saturated vapor 
pressure.’ At all temperatures the low-pressure data 
were found to lie on a plausible extrapolation of a 


| | | bis | | 
* Supported by the National Science Foundation. 1095 had. -— a wa  - a it ha me > 1 7 
t Union Carbide Fellow. Pressure (Atmospheres) 
1 Laquer, Sydoriak, and Roberts, Phys. Rev. 113, 417 (1959). 
2K. R. Atkins and H. Flicker, Phys. Rev. 113, 959 (1959). Fic. 1. The velocity of 14-Mc/sec sound in liquid He’ as a 
3H. Flicker, Ph.D. thesis, University of Pennsylvania, 1959 function of pressure at 2.2°K. @ present measurements; X meas 
(unpublished). urements reported in reference 2 
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Fic. 2. The velocity of 14-Mc/sec sound in liquid He’ as a function 
of temperature at various constant pressures. 


In the course of this research a few measurements 
were made of the velocity of sound in He’ gas above the 
critical temperature. These are collected together in 


Table IT. 
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lic. 3. The velocity of 14-Mc/sec sound in liquid He?’ as a function 
of temperature at a constant molar volume of 36.0 cm‘. 


TABLE IT. The velocity of 14-Mc/sec sound in He’ gas. 


Temperature Pressure Velocity 
°K (atmospheres) (m sec™!) 

3.99 208 

2.36 163 

3.99 200 

4.13 197 

3.99 185 

4.40 192 

3.58 163 

3.92 170 

4.26 178 

4.54 186 

4.81 194 


2. PHONON COEFFICIENT OF EXPANSION 


Since 14-Mc/sec sound can be propagated in liquid 
He’ with an inappreciable attenuation per wavelength, 
it is clear that 14-Mc/sec phonons exist in the liquid. 
Let us assume that phonons exist up to a cutoff fre- 
quency y- which unfortunately is not known. The 
contribution of these phonons to the specific heat has 
already been discussed. We shall now consider their 
contribution to the coefficient of expansion. 

Assuming that only longitudinal phonons exist, that 
their velocity # is independent of frequency and inde- 
pendent of temperature at constant volume (see Fig. 3), 
and that the cutoff frequency vy, is independent of 
temperature at constant volume, the entropy of the 


phonons is 


4nV hv/kT 
— in eo ik?) — Jew (1) 


ellkT_ 


0 


Their contribution to the coefficient of expansion is 


1 70Sea 
(*), 
V Op T 
3Spaf 1 Ou, 
Qph = i , (- ) + 4K | 
V Uy Op T 
2 ray, hv./kT 
(~) [mca bt) — | (3) 
apy evel kT 


Kr is the isothermal compressibility. In order to proceed 
further, it is necessary to know », and its variation with 
pressure. In the Debye theory of solids the cutoff 


frequency is 
3N\3 
po -( — ) Uy. 
4nrV 


In the liquid He’ case let us put 
Vo= vv, 


and make the drastic assumption that y is independent 
of temperature and pressure. There is no reason to 





VEL@GCTITY 


believe this to be true, but the resulting calculations 
provide us"with some estimate of the possible order of 
magnitude of apr. With this assumption, Eq. (3) re- 


duces to 
Conf 1 (Ot, 
Oph =— |-(—) +r (6) 
Vlu\ dp] 7 


where Cyn is the phonon contribution to the specific heat 
as calculated previously.? 

Figure 4 shows values of ap, along the vapor pressure 
curve calculated from Eq. (6) for the three cases of 
equal to 0.50, 0.75, and 1.00. Also shown are experi- 
mental values! of the total isobaric coefficient of expan- 
sion along the vapor pressure curve, and it is clear that 
the phonon contribution might conceivably be very 
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Fic. 4. The isobaric coefficient of expansion of liquid He’. 
—---— Experimental values of the total coefficient; 
phonon contribution calculated from Eq. (6) with some drastic 
simplifying assumptions. The figure adjacent to each curve gives 
the cutoff frequency, v.° being the Debye cutoff frequency given 
by Eq. (4). 


4E. C. Kerr, Phys. Rev. 96, 551 (1954). 
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Fic. 5. The isobaric coefficient of expansion of liquid He® below 
1°K. Curve 1, the total coefficient at a constant pressure of 1.7 
atmospheres according to Brewer and Daunt; Curve 2, the 
phonon contribution at 1.7 atmospheres calculated from Eq. (6) 
with v.-=y,", 


important, although this obviously hinges on the crucial 
question of the cutoff frequency »-. 

Below 1°K the total coefficient of expansion becomes 
negative, passes through a minimum and then tends 
linearly to zero at O°K (a= —8T). This is illustrated in 
Fig. 5 by curve 1 which is based on the measurements 
of Brewer and Daunt® at a constant pressure of 1.7 
atmospheres. Curve 2 is the phonon contribution at this 
pressure calculated from Eq. (6) with v.=v,°. The 
negative linear region near 0°K is explained by the 
theory of Brueckner and Gammel,®” but the assump- 
tions of this theory break down at higher temperatures- 
Unless », varies very rapidly with pressure and tem. 
perature, it seems very unlikely that the reversal of sign 
is caused by the positive phonon contribution and it 
seems probable that there is another positive contribu- 
tion of a different nature. 
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Diffraction of Thermal Waves in Liquid Helium II by a Spherical Mirror* 
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Diffraction patterns of 3- and 13-kc/sec thermal waves in liquid helium II caused by a spherical mirror 
were measured. The main features of the patterns were developed from the Kirchoff diffraction formula com 
bined with a standing wave distribution. Both the amplitude and phase of the wave at each point of space 


could be determined. 


I. INTRODUCTION 


STANDING thermal wave pattern arising from 
multiple reflections between parallel plates was 
discovered by Peshkov.' Mercereau and Pellam? have 
demonstrated interference effects from a thermal wave 
antenna array. These experiments give strong valida- 
tion to the point of view that a linear wave equation is 
appropriate to the description of thermal waves. 
By showing that diffraction from a spherical mirror 
is governed by the Kirchhoff formula, the present work 
strengthens this conception and indicates that perhaps 





























The arrangement of the mirror and carbon 
transmitter and receiver. 
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(1957). 


many more concepts and techniques from the body of 
geometrical and physical optics may be extended to 
thermal waves. 

The high wave number approximation to Kirch- 
hoff’s diffraction formula for the amplitude of a point 
linear wave source is 


1e wt e 
Uy= 
2A J's 


where dS is an element of the diffracting surface, rp 
and r, are the vectors from the surface element to the 
field and source points, n is the normal to the surface 
element, and w is the thermal wave angular frequency. 

The specific computation of the diffraction pattern, 
for points on the axis of the spherical mirror, Fig. 1, 
followed from 


cos(2kr—wt) cos(n-r) 
Uy= const ff - = -dS. (2) 
s “Ge 


Source and field points were taken coincident on the 
axis, although actually they were on opposite sides of a 
t-in. diameter circle. 

Ordinarily (e.g., with optical radiation), the time de- 
pendence is of no interest and an average factor is used ; 
however, phase sensitivity of the receiver amplifier 
necessitated retention of the time in the integral. Only 
the part of the received signal in time phase with a 
reference voltage wave was measured. This made 
apparent a large amount of fine structure in the dif- 
fraction pattern which usually is not observed. Essen- 
tially, both the amplitude and phase of the wave at a 
point in space were measured. 

Integration over the surface of the mirror, retaining 
terms to first order in 6/R, gave 


Up=N cos(wi+ 8) (3) 


ik(rpt+rq) 
[cos(m-r,)—cos(m-r,) ]dS, (1) 
T pl q 


with 


sin[|_k6(1—cosp) | 
k6(1—cosp) 


B=kL2R+6(1+cosp) ]. 


It proved necessary to add the effects of multiple 
reflections to this “primary” diffraction to check the 
observed patterns, since the one-inch diameter disk 
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DIFFRACTION OF 
which was the mechanical support for the source and 
receiver acted as a plane mirror. When this disk was 
near the center of the sphere, geometrical losses of the 
wave energy were at a minimum and multiple reflec- 
tions were strong. 

To evaluate the contribution of these secondary re- 
flections the following approximation proved effective : 
Up= Ne’ (1+-m+m?+m'+ ---) 

—g(m+m+mi++--)}, (4) 
with 
m= fNe'*, 


where f<1 and g<1 account for attenuating factors 
and were chosen for good fit to the data. Summation of 
the series gave 


U,p=P cos(wt+y)—gQ cos(wi+Q), (5) 
with 
P=2N(1+f?N?—2fN cose), 
O=2fN?/(1+f4N4—2f2.N? cos2@)!, 
tany=sin8/(cosB—f\), 


tanQ= sin28/(cos28—f?N?). 


II. EXPERIMENTAL 
a. Thermal Wave Cell 


A fused quartz spherical mirror with a radius of 1.99 
in. and aperture diameter of 2.85 in. was mounted in a 
Nilvar frame. The transmitter and receiver were 
opposite 90° arcs of a }-in. diam carbon resistor circle 
on a bakelite disk which traversed the longitudinal axis 
of the mirror. Centering of the circle with respect to the 
axis of the mirror was maintained to 0.002 in. 


b. Electronic Equipment 


An effective bandpass of one cycle per second for the 
thermal waves was obtained with the system whose 
block diagram is given in Fig. 2. The filtered output of 
a Hewlett-Packard 200c oscillator drove the thermal 
transmitter. Frequency doubling took place in the 
generation of the thermal wave since the heating was 
the same on the positive and negative halves of the 
voltage wave. The oscillator frequency was also doubled 
electronically and bypassed to an intermediate stage of 
the amplifier, where it was added to the amplified input 
signal as a reference. By employing a reference larger 
than the random noise, linear rectification of the re- 
ceived thermal wave signal was effected. The reference 
voltage was the dominant signal to the rectifier with 
the noise and thermal wave riding “piggy back.” 
Averaging of the noise to zero occurred, as well as 
averaging of the reference to a constant value. The 
“in phase” component of the thermal wave made a 
linear contribution to the rectified signal. This arrange- 
ment was merely an expedient adaptation of conven- 
tional phase detection circuits. 
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Fic. 2. Block diagram of the electronic system. 


In addition, the bias voltage to the temperature- 
sensitive resistor Re was a one cycle per second sine 
wave, generated with a continuously rotating sine 
potentiometer. Thus, the thermal wave signal was 
modulated at the receiver at a one cycle per second rate 
but electrical pickup was not so modulated. 

At the output of the rectifier, a one cycle per second 
signal existed which was fed to an oscilloscope with a 
slow sweep for photographic recording. The discrimina- 
tion effected between one cycle per second and the 
thermal wave frequency was sufficient to completely 
eliminate electrical pickup, electrical cross talk, ete. 

The signal entering the first amplifier stage was the 
thermal wave signal modulated at a one cycle per 
second rate. 


[ P cos(wt+y)— gQ cos(wl+2)+S coswt | cosw't, (6) 


with w’ representing the modulation and 
S cosw/ representing a magnitude and phase-invariant 
portion of the thermal wave arising from direct source 
to receiver transmission. The large reference signal 
added after the first stage rendered this signal, after 


rectification and filtering, as 


one-cps 


V=[P cosy—gQ cosQ+S } cosw’t. (7) 
This is the pattern which appeared on the oscilloscope. 


c. Measuring Technique 


Traverse of the source and receiver along the axis of 
the system at a rate of { in. per minute with the refer- 
ence voltage maintained at constant phase was accom- 
panied by a slow oscilloscope sweep which crossed the 
tube face in two and a half minutes. An electronic 
switch made two channels available for simultaneous 
recording. Markers were used on one trace to indicate 
each 35 in. of traverse in the helium bath, and the one 
cycle per second signal, whose envelope indicated the 
thermal wave diffraction pattern, was recorded by the 
second trace. Recording of an appreciable part of the 
thermal wave field required, in general, several oscillo- 


scope sweep traversals. 
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Fic. 3. Diffraction pattern along mirror axis for 3 in. each side of center (from composite of three oscilloscopes traces). 
The dotted curve was computed from the amplitude factor of Eq. (7) with f=0.65, g=0.45, and S=0.4. 


Results 


Three oscilloscope traces in Fig. 3, matched to make 
a continuous pattern, represent the axial diffraction of 
a 3-kc/sec thermal wave (helium bath temperature, 
1.79°K) in the region 3 in. each side of the mirror center. 
The rapid oscillations were the one-cps signal dis- 
cussed above, and the envelope of these oscillations was 
the amplitude factor in Eq. (7), which has been plotted 
for comparison as the dotted line in Fig. 3. The theo- 
retical curve develops essentially all of the features of 
the experimental pattern. These were as follows: 


1. The rapid spatial occurrence of zeros which was a 
consequence of measuring the phase of the wave. 
Alternate zeros formed sets with regular spacing. This 
distance was the same in both groups. (A shift in the 
phase of the amplifier reference voltage was followed 
by the appropriate shift in the location of the zeros.) 

2. The amplitude gradually decreasing from the 
center of the mirror to the first zeros of the P function. 
This was roughly a sina/x decay. The buildup to the 
first off-center maximum is visible at the extreme left. 

3. Asymmetry about the maxima which was given 
almost quantitively by the equation. 


4. Less prominent maxima and minima, qualitatively 
like those obtained experimentally. The writer believes 
that a closer rendition of these is within the framework 
of the formula. 

When the temperature was varied, with the source 
and receiver at a fixed space point, a pattern with 
many zeros was developed, reflecting the variation in 
thermal wave velocity with temperature. 

The features of the diffraction pattern for 13-kc/sec 
waves were similar. For 25-kc/sec waves only a few 
gross characteristics were discernible above the noise. 


CONCLUSIONS 


The diffraction of thermal waves by a spherical 
mirror has been measured in detail. The main features 
of the pattern have been shown to be given by the 
Kirchhoff formula. 
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Low-Temperature Annealing of Irradiation-Induced Defects in LiF{ 
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The expansion of alkali halides due to x-ray irradiation has been observed at 90° and 300°K. Simultaneous 
measurements of the F band indicate that the expansion can be roughly explained on the basis of the genera- 
tion of negative ion vacancies. However, partial annealing of the expansion of LiF at approximately 130°K 
after irradiation at 90°K is not accompanied by a decrease in the density of negative ion vacancies associated 
with F centers, therefore indicating that the expansion cannot be completely due to the increase in the 
density of F centers. The low-temperature annealing of the expansion can be associated with either vacancy 
pair diffusion or interstitial motion. While experiments with plastic deformation and M band formation in 
LiF argue against vacancy pair diffusion, the spin resonance experiments of Kinzig and Woodruff support 
the interstitial interpretation. It is therefore tentatively concluded that halogen vacancy interstitial pairs 
are generated by x-ray irradiation in LiF at 90°K and that the low-temperature annealing is due to a change 


in interstitial configuration. 


I. INTRODUCTION 


T is well established that large numbers of lattice 
defects can be introduced into alkali halide crystals 
by ionizing radiation.'* However the mechanism by 
which energy, given to the lattice in the form of elec- 
tronic excitation and ionization, is converted into lattice 
defects has not as yet been determined. This mechanism 
is of rather general importance for this class of crystals 
since independent of whether the radiation is in the form 
of high-energy charged particles, gamma rays, or x-rays 
the vast majority of the damage is caused by ionization. 
The silver halides are also very sensitive to ionizing 
radiation. However, in this case the mechanism of defect 
generation has been fairly well established, and diffusion 
appears to be necessary for large numbers of defects to 
be introduced. This limits the photodestruction of the 
silver halide lattice during irradiation to a particular 
temperature range. In contrast, in the alkali halides 
large numbers of defects can be generated even at 4°K, 
indicating that appreciable ionic diffusion is not 
necessary. 

Intimately associated with the question of defect 
generation is the question of the types of defects which 
are introduced. While the latter question has also been 
answered for the silver halides, it has only been partially 
answered in the case of the alkali halides. Although it is 
well established that large numbers of negative ion 
vacancies are generated by irradiation because of the 
observed F optical absorption band, very little is known 
about the presence of other defects such as positive ion 
vacancies or interstitials. Probably the most convincing 
arguments for associating the F band with electrons 
trapped at negative ion vacancies come from spin 
resonance experiments.* While Seitz! has suggested that 
the V bands are associated with holes trapped at posi- 


t Research supported by U. S. Atomic Energy Commission and 
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1F, Seitz, Revs. Modern Phys. 26, 7 (1954). 

2K. Kobayashi, Phys. Rev. 102, 348 (1956). 

3 See, for example, C. A. Hutchison, Phys. Rev. 75, 1769 (1949); 
M. Tinkham and A. F. Kip, Phys. Rev. 83, 657 (1951); C. A. 
Hutchison and G. A. Noble, Phys. Rev. 87, 1125 (1952). 


tive ion vacancies, spin resonance experiments have 
failed as yet to verify this postulate. Therefore it is not 
possible to detect the presence of positive ion vacancies 
in an equally convincing way. However, since the ionic 
conductivity is due to the motion of positive ion 
vacancies, a change in the conductivity can indicate a 
change in the number of free positive ion vacancies. No 
such changes have been observed by several workers at 
room temperature in either NaCl or KCI after irradia- 
tion with high-energy protons or Co® gammas.°” It 
must therefore be concluded that either the density of 
positive ion vacancies is not increased as a result of 
irradiation, or that all additional vacancies are rendered 
immobile by trapping or clustering processes which take 
place during the irradiation. Indirect evidence for the 
presence of positive ion vacancies may be taken from 
measurements of the change in lattice parameter by 
Berry.® While a fractional increase in lattice parameter 
of the order of 10~° was observed, Berry concluded from 
a comparison of his results with measurements by others 
of the expansion of the crystal’ that a much larger 
fractional change in lattice parameter should have been 
observed if Frenkel defects had been generated. He 
therefore concluded that Schottky disorder predomi- 
nated, thus implying the presence of positive ion 
vacancies. However, because the lattice parameter 
measurements were made on powders it was not possible 
to measure also the F’-center density and, in particular, 
to determine if the observed coloration was due to 
negative ion vacancies already present in the lattice or 
to newly generated vacancies. In view of the large range 


‘T. G. Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
(1957); T. O. Woodruff and W. Kinzig, J. Phys. Chem. Solids 5, 
268 (1958); Cohen, Kinzig, and Woodruff, Phy s. Rev. 108, 1096 
(1957); W. Kinzig and T. O. Woodruff, Phys. Rev. 109, 220 
(1958). 

5 E. A. Pearlstein, Phys. Rev. 92, 881 (1953); H. S. Ingham, Jr., 
thesis, Carnegie Institute of Technology, 1958 (unpublished); 
H. S. Ingham, Jr., and R. Smoluchowski, Bull. Am. Phys. Soc. 3, 
143 (1958). 

C. R. Berry, Phys. Rev. 98, 934 (1955). 

Estermann, Leivo, and Stern, Phys. Rev. 75, 623 (1949); 
K. Sakaguchi and T. Suita, Technol. Repts. Osaka Univ. 2, 177 
(1952). 
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Fic. 1. (a) Crystal and shield orientation during irradiation. The 
irradiation direction is normal to the plane of the figure. The solid 
lines give the boundaries of the crystal before irradiation, while 
after irradiation the smaller dashed lines give the boundaries for a 
free expansion and the larger dashed lines give the boundaries with 
elastic constraints taken into account. (b) Free fractional volume 
expansion vs position. (c) Actual strain in the [010] direction vs 
position. (d) Irradiation-induced strain in the [010] direction vs 
position (see discussion ) 


of sensitivity of alkali halide crystals from different 
sources to irradiation it would seem desirable to repeat 
this experiment using single crystals and making simul- 
taneously measurements of expansion and coloration.’ 

An increase in the densities of both positive and 
negative ion vacancies with irradiation would imply the 
dislocation-jog mechanism of generation’ in which 
vacancies are evaporated from dislocation-jogs by dis- 
location climb, the evaporation being caused by thermal 
spikes due to exciton decay or electron-hole recombina- 
tion in the vicinity of the jogs. Details of the process 
require that equal numbers of positive and negative ion 
vacancies be generated. Recent evidence, however, indi- 
cates the presence of vacancy-interstitial pairs in x-ray 
irradiated LiF" and thus throws some doubt on the 
dislocation-jog mechanism of defect generation. The 
present paper is a more complete report and extension 
of this work. 

Defect generation has been observed as a change in 
the optical absorption and by the expansion of the 
crystal as a result of ionizing irradiation. These param- 


eters have been studied as a function of temperature to 


* H. Rabin and C. C. Klick, Bull. Am. Phys. Soc. Ser. IT, 4, 147 
(1959). 

°F. Seitz, Phys. Rev. 80, 239 (1950); and 89, 1299 (1953). J. J. 
Markham, Phys. Rev. 88, 500 (1952). 

TD). A. Wiegand and R. Smoluchowski, Phys. Rev. 110, 991 
(1958) 
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determine thermal stability and as a function of plastic 
deformation. 

While it is well established that alkali halide crystals 
expand upon irradiation,’ measurements have been 
made only in the vicinity of room temperature largely 
because of the limitations of the conventional methods. 
Diffusion and annealing processes during the irradiation 
at room temperature, however, make the analysis of the 
results very complex and thus in general irradiations 
should be carried out at low temperatures whenever 
possible. For this reason, in the present investigation, 
a modification of a photoelastic method first used by 
Primak, Delbecq, and Yuster™ has been used. It has the 
advantage that it can be easily used over a wide 
temperature range. 


II. METHOD OF VOLUME EXPANSION 
MEASUREMENTS 


Crystals are irradiated in a nonuniform manner so as 
to produce a nonuniform expansion. Because of elastic 
constraints, strain is introduced into the crystal and 
from an analysis of the strain pattern with polarized 
light it is possible to obtain a measure of the free volume 
expansion. The essential features of the method can be 
illustrated in a qualitative fashion with the aid of Fig. 1. 
The samples have generally been in the form of thin 
plates. The boundaries of such a plate before irradiation 
are given in Fig. 1(a) by the solid lines, the plane of the 
plate lying in the plane of the figure. The irradiation is 
in the direction of the reader’s line of sight normal to the 
plane of the page and one-half of the sample is shielded 
from the irradiation as indicated. After irradiation the 
boundaries of the sample for a free expansion, i.e., with 
no elastic constraints, might be as indicated by the 
smaller dashed lines. The free fractional volume expan- 
sion, AV /V, is shown in a schematic fashion in Fig. 1(b) 
as a function of position along the line AA, Fig. 1(a). 
The gradient at the boundary between the irradiated 
and unirradiated halves of the crystal indicates, in an 
exaggerated manner, the fact that the x-irradiation 
cannot be cut off infinitely sharp. 

The elastic constraints placed upon the irradiated 
portion of the crystal by the unirradiated portion will 
prevent a free expansion and the actual boundaries will 
be as given by the larger dashed lines of Fig. 1(a). The 
strain, €,,, for the solution of the elastic problem, as 
given in the Appendix, is indicated in Fig. 1(c). In the 
irradiated portion, the crystal is then in compression in 
the [010] direction because the expansion has been 
limited by the constraints of the unirradiated half of 
the crystal. In addition, the crystal is in tension in the 
unirradiated portion. The irradiation-induced strain is 
then defined as the difference between the actual strain, 


" H. Witt, Nachr. Akad. Wiss. Géttingen Math.-physik. KI. 
Ila No. 4, 17 (1952); Lang-Ying Lin, Phys. Rev. 102, 968 (1956) ; 
K. Kobayashi, Phys. Rev. 107, 41 (1957); H. Rabin, Bull. Am. 
Phys. Rev. Soc. Ser. IT, 3, 126 (1958). 

2 Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 
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IRRADIATION-INDUCED 


Fic. 2. Photographs of an irradiated crystal in the vicinity of the boundary between the irradiated and unirradiated halves are given 
in A, B, C, F, and F as viewed through nicols and a quarter wave plate. The nicols are crossed in A and are set for the conditions of 
maximum strain in compression and tension, respectively, in C and F. Intermediate settings are shown in B and /. A sketch of the 
irradiation-induced strain vs position in the vicinity of the boundary is given in D. 


€,,, and the strain e,,’ [Fig. 1(b) ] for a free expansion. 
This strain should be distinguished from e,,, which is the 
desired quantity. If the irradiation-induced strain, 
€yy=€yy—€yy’ is plotted as a function of position, a 
curve similar to Fig. 1(d) is obtained. Note that the 
strain is zero at three positions, at either end of the 
crystal and at the boundary between the two halves. 
Since, as shown in the Appendix, the free volume 
expansion is directly proportional to the irradiation- 
induced strain it is possible to obtain the free expansion 
from a measurement of the strain as indicated in 
Fig. 1(d). 

Because the index of refraction is a function of strain, 
it will be modulated by a curve such as Fig. 1(d) for 
light polarized in the [010 ] direction. Therefore, from a 
measurement of the index of refraction as a function of 
position it is possible to obtain the strain as a function 
of position. In practice, light polarized at 45° with 
respect to the boundary between the irradiated and un- 
irradiated portions of the crystal and in the direction 
of the irradiation is used as shown in Fig. 1(a). This 
beam can be considered to be composed of two equal 
components polarized in the [010 ] and [100 ] directions. 
After passing through the crystal the light beam will in 
general be elliptically polarized because the two waves 
travel with different velocities. The beam can then be 
converted back into plane polarized light by the use 
of a quarter wave plate, but the direction of polarization 
will be rotated with respect to the incident beam. The 
angle of rotation is directly proportional to the dif- 
ference in indices of refraction for the [010] and [100 } 
waves and so directly proportional to the strain and to 
the free expansion.” [The relationships between the 


13 R. W. Goranson and L. H. Adams, J. Franklin Inst. 216, 475 
(1933). 


strain, the volume expansion, the difference in the 
indices of refraction of the two waves and the angular 
rotation are given in the Appendix in Eqs. (9), (10), 
and (11). ] It is to be noted that since the method is a 
measure only of the differences in indices of refraction 
of the two waves, it is not sensitive to other changes in 
the index due to irradiation unless these changes differ 
for the two cubic directions. The angular rotation and 
so the strain at any point in the crystal is determined by 
the angular position of the analyzer for ‘“‘null,” i.e., for 
minimum light transmission. The optical system for 
measuring the strain then consists of a light source, 
monochromator, polarizer, quarter wave plate, and 
analyzer, the sample being placed between the polarizer 
and the quarter wave plate. 

In Fig. 2(D) the strain vs position curve of Fig. 1(d) 
is given for the region near the boundary between the 
irradiated and unirradiated portions of the crystal. 
Figure 2(A), directly above this diagram, is a photo- 
graph of the central section of an irradiated crystal 
taken through crossed nicols and a quarter wave plate 
as outlined above. Since the field would be completely 
dark if there were no strain, the dark areas indicate 
regions of zero strain, while the light areas indicate 
strained regions. The vertical bar indicates the region 
of zero strain between the irradiated and unirradiated 
halves of the crystal while the light areas on either side 
indicate the regions of the crystal in compression and 
tension, respectively. The shaded areas at either end of 
Fig. 2(A) indicate the approach to the regions of zero 
strain at the ends of the crystal as shown in Fig. 1(d). 

Since the angular rotation of the analyzer is directly 


proportional to the strain, it is possible to move the null 


along the curve of Fig. 2(D) by adjusting the analyzer. 
For a rotation in the direction of compression the central 
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Unirradiated Section 


Null Setting 


Anolyzer Position, Degrees 


! 
40 
irradiation Time, Hours 
Fic. 3. Analyzer setting for the null condition at the position of 
maximum strain in the unirradiated and irradiated halves of the 
crystals vs irradiation time. 


dark line of Fig. 2(A) will move to the right while the 
shaded area at the compressive (right) end of the 
crystal will move to the left. This is shown in Fig. 2(B). 
A further rotation of the analyzer causes the two dark 
areas to merge at the position of maximum compressive 
strain as shown in Fig. 2(C). Similar effects are observed 
in the unirradiated half of the crystal for a rotation of 
the analyzer in the direction of tension and the corre- 
sponding photographs are given in Figs. 2(£) and 2(F). 
By noting the angular rotation for null at any portion 
of the crystal the strain can be obtained. It has been 
found, however, that the strain can be measured in the 
most reproducible manner at the position of maximum 
strain, i.e., at the position where the two dark areas 
merge, Figs. 2(C), 2(F). 

In Fig. 3 the analyzer position is shown, for the 
condition of maximum strain, in the unirradiated and 
irradiated halves of the crystal, vs time of x-ray irradia- 
tion. The data are for LiF irradiated and measured at 
90°K, and the center line is for the condition of null 
without a crystal in the light beam. The straight lines 
drawn through the points in the two halves of the 
crystal have the same absolute slope within experi- 
mental error, indicating that the maximum strain in the 
two halves of the crystal is the same and that the strain 
pattern is symmetrical about the boundary between the 
irradiated and unirradiated halves as indicated in 
Fig. 1(d). 

To obtain the free volume expansion from the angular 
rotation data, it is necessary to know the photoelastic 
constants which relate strain to rotation and to solve an 
elastic problem which relates the strain to the expansion. 
The values of the elastic constants are obtainable from 
the literature but the stress-rotation constants were 
measured, in compression, for several of the alkali 
halides. Since there were indications that slip may be 
important from some of the alkali halides, even for the 
low strains observed in this work, the appropriate 
strain rotation constant was measured in compression 
for LiF using a Baldwin Strain Gauge Type C-11." It 


“ T. Okada (private communication). 
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appeared that appreciable slip is not present in the 
range of strains used here and that the slope of the 
stress-strain curve is as predicted by the elastic approxi- 
mation. In solving the elastic problem, which is treated 
in the Appendix, the following assumptions have been 
made: (1) Slip is not important and linear elasticity is 
applicable, (2) The variation of the expansion with 
position near the boundary between the irradiated and 
unirradiated protions of the crystal can be represented 
by a linear function of position, (3) Strains are only a 
function of x, Fig. 1; a one-dimensional problem has 
then been solved. Assumption one is justified by the 
results of the compression experiment mentioned above. 
Assumption two is less justifiable since the x-ray dose 
and so the expansion is certainly not a linear function 
of position as assumed. However, the results are 
probably not very sensitive to the functional de- 
pendence as long as it is monotonic and symmetrical 
about the boundary between the two halves of the 
crystal. The data of Fig. 3 indicate that the strain is 
indeed symmetrical about the boundary. Probably 
assumption three is the least justifiable since observa- 
tions of the strain pattern show that the strains are not 
functions of x alone and appreciable relaxation of the 
strain is observed in the regions near the boundaries of 
the crystal. Fortunately the dimensions of the crystals 
have been of sufficient size in the y direction to contain 
a region in which the strain is independent of y, but it 
has not been possible to do the same in the z direction 
because the dimension in this direction is limited by the 
penetration of the x-rays and so by the condition of 
uniform damage. Since the violation of assumptions one 
and three will make the calculated expansion less than 
the actual one, the calculation gives a lower limit. For 
this reason, in this work emphasis should be placed on 
the relative values of expansion rather than on absolute 
values. As pointed out later, for NaCl it was possible to 
measure the volume changes both by the photoelastic 
method described here and by the standard flotation 
method. The results agreed to within 16%, indicating 
the degree of justification of the assumptions discussed 
here. The free expansions have been calculated on the 
basis of Eq. (16) of the Appendix using the rotations 
at the position of maximum strain. 


III. EXPERIMENTAL 


Both irradiation and measurements at low tempera- 
tures were performed with the sample mounted in a 
vacuum cryostat in direct contact with a copper block 
connected to the reservoir of liquid nitrogen. A copper- 
constantan thermocouple was glued to the sample for 
temperature measurements. Since it is desirable to view 
both the irradiated and unirradiated halves of the 
crystal during the strain measurements, and since the 
irradiation and observation directions are the same, the 
shield used to protect one-half of the crystal from 
irradiation is made of soft iron and mounted in rails so 
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that it can be moved by an external magnet. The 
vacuum jacket is six-sided in the vicinity of the sample 
and has six windows, one pair of opposite windows being 
of quartz to enable optical absorption measurements to 
be made in the ultraviolet. A second pair of windows is 
of strain-free glass for the optical rotation measure- 
ments. Irradiations are carried out through a fifth 
window made of thin aluminum and the sixth window is 
generally an absorber. The portion of the vacuum jacket 
on which the windows were mounted is connected to 
the main jacket by a rotating seal, therefore making it 
possible to rotate any pair of windows into alignment 
with the sample. 

Whenever data obtained by irradiation and measure- 
ments at room temperature were compared directly with 
the corresponding low-temperature data, all the opera- 
tions were carried out with the sample mounted in the 
cryostat. In other cases the sample was irradiated and 
measured in air. Most of the irradiations were made 
with a 45-kv constant potential machine operating at 
35 ma, although a 140-kvp machine operating at 5 ma 
was also used. In both cases the focal spot to sample 
distance ranged between one and three inches and the 
targets were of tungsten.!® 

Samples were generally in the form of thin plates 
cleaved from larger pieces obtained from the Harshaw 
Chemical Company. The irradiation was normal to the 
plane of the plate and filters were used to take out the 
soft components of the x-ray beam so that fairly 
uniform damage was obtained in the sample in the 
direction of the x-ray beam. Data obtained by using 
stacks of thinner plates or by cleaving indicate that the 
maximum variation of damage in the direction of 
irradiation is 20% for all data presented in this paper. 
A Beckman Model DU Spectracord was used to obtain 
the optical absorption data. 


IV. MEASUREMENTS 


In Fig. 4 the irradiation-induced fractional volume 
change, AV/V, as determined by the optical rotation 
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I'1G. 4. Fractional volume expansion of NaCl vs 
irradiation time at room temperature. 
18 The authors are indebted to Professor W. H. Robinson for 
making available the 140-kvp x-ray machine. 
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DEFECTS IN LiF 


Fic. 5. Fractional volume expansion of LiF vs irradiation time. 


method outlined above, is plotted vs irradiation time 
for a NaCl crystal at room temperature. In this case 
140-kvp x-rays were used to give uniform damage 
within 20% throughout a crystal 0.3 cm thick. The 
results indicate a saturation type of curve typical of 
irradiations at room temperature. The minimum de- 
tectable expansion is determined by the threshold strain 
necessary to make the pattern detectable visibly. This 
“threshold” for observation, indicated in Fig. 4 by the 
third point, is rather large compared to the probable 
error associated with each point. Changes of volume 
much smaller than the threshold can be detected by 
irradiating the unirradiated half of a previously irra- 
diated crystal, the expansion of the previously unirra- 
diated portion being detected as a decrease in strain. In 
this case the threshold does not exist because the 
crystal already contains a detectable strain pattern. The 
first two points of the curve of Fig. 4 and the first six 
points of the room temperature curve of Fig. 5 were 
obtained in this manner. It should be possible to de- 
crease this threshold by the use of a photoelectric device 
in place of visual observations. 

After irradiation the crystal of Fig. 4 was cleaved into 
several sections and pieces from the two halves were 
placed in the flotation apparatus and the mass densities 
measured.!* The fractional density difference between 
the two halves was found to be greater than but within 
16% of the value of the fractional volume change. 
Assuming no loss of mass the fractional density and 
volume*changes should be the same. That they are 
within 16% suggests that there is little or no mass loss 
and that the method of obtaining the fractional volume 
change as used here gives reasonable results. Portions 
of the NaCl crystal were also cleaved into thin plates 
and the F-center densities measured. It is possible to 
associate an expansion with a given F-center density by 


16 The density determing apparatus is similar to that described 
by Kobayashi." The apparatus has been modified by Marshal F. 
Merriam so as to give greater sensitivity and the authors are 
indebted to Mr. Merriam for performing the density measure- 
ments given above. 





1074 D. WIEGAND 
assuming that per F center the crystal has expanded by 
a volume equal to the volume occupied by a negative 
ion in a perfect section of the lattice. While this may be 
somewhat too naive an assumption, it allows com- 
parison with earlier work.” The fractional expansion 
calculated in this way is 2.2X10~-° which is less than 
but of the same order of magnitude as that obtained by 
the other methods and in agreement with the work of 
others.”"" The difference may be due to incomplete 
filling of negative ion vacancies by electrons and re- 
laxation effects in the vicinity of vacancies.'* It appears 
thus that it is possible to explain the expansion of the 
crystal on the basis of the generation of negative ion 
vacancies, most of which capture electrons to become 
F centers. 

The majority of the remaining data pertains to LiF. 
Samples of this crystal have been in the form of thin 
plates, 0.03 to 0.05 cm in thickness, and were irradiated 
with 45-kv x-rays. In Fig. 5 the fractional volume 
change is given vs time of irradiation for LiF at 90° and 
at 300°K. While at the low temperature the crystal 
expands linearly between roughly 10~° and 10~* with 
irradiation dose, a typical saturation curve is obtained 
at room temperature. It is interesting to note, how- 
ever, that the initial expansion at room temperature 
is greater than that at the low temperature. Since there 
seems to be a correlation between the expansion of the 
crystal and the introduction of F centers, it is instruc- 
tive to observe the growth of the F band for the same 
conditions as those of Fig. 5. The results are shown in 
Fig. 6. While the F-band growth curves are given for a 
more limited range of dose than the volume expansion, 
the F band also increases linearly with time of irradia- 
tion at 90°K and a saturation curve is observed at 
300°K. In addition, the F band increases at a faster 
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Irradiation Time, Hours 
Fic. 6. Density of F centers in LiF vs irradiation time. 


17 While others have assumed that for each F center a vacancy 
pair is introduced it is important to note that for NaCl the volume 
of a positive ion vacancy is only roughly } that of a negative ion 
vacancy if relaxations are neglected. 

*M. P. Tosi and F. G. Fumi, Nuovo cimento 7, 95 (1958). 


AND 


SMOLUCHOWSKI 





ro) 


Time, minutes 








Temperature, °K 


Fic. 7. (a) Annealing of the fractional volume change in LiF 
after irradiation at 90°K for 44 hours. (b) Annealing of the 
optical absorption of Lif at the maximum of the F band and at 
3400 A after irradiation at 90°K for 3 hours. 


rate at 300°K than at 90°K initially but the curves 
cross as do the expansion curves of Fig. 5. Therefore, 
qualitatively, the agreement between the growth of the 


F band and the expansion of the crystal is good. The 
rate of expansion as calculated from the curve of my, vs t 
at 90°K is twice that obtained from the curve of AV/V 
vs t, although the data were taken on the same sample 
and over approximately the same range of damage. The 
expansion as calculated from the F band after irradia- 
tion at room temperature was found to vary between 
one-half and four times the expansion obtained by the 
optical rotation technique. Differences in the ratio of 
expansions are found not only for different samples but 
also for different doses for a given sample. These 
differences could be due to M or other more complex cen- 
ter formations. Slight differences in temperature may ac- 
count for the variation from one sample to another, 
while a complex center formation which does not 
proceed at the same rate as F-center formation could 
account for the variation with dose for a given sample. 
Therefore, quantitatively, while there are variations at 
room temperature which are not observed at low tem- 
perature, the expansion of the crystal calculated from 
the observed density of F centers is in rough agreement 
with the observed expansion and indicates that the 
expansion can be attributed to the introduction of 
negative ion vacancies, the majority of which become 
F centers. 

Figure 7(a) shows the annealing of the expansion of 
of LiF after irradiation at 90°K. Between roughly 110° 
and 150°K approximately 75% of the irradiation- 
induced expansion anneals out. While detailed data will 
not be presented, it should be mentioned that NaCl has 
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also been found to expand on x-ray irradiation at 90°K. 
In contrast, however, annealing has not been observed 
between 90° and 300°K. Because of the similarities be- 
tween the expansion of LiF and the growth of its F band 
it is interesting to consider the annealing of the F band in 
the same temperature range. However, first it is desirable 
to consider the change in optical absorption due to irra- 
diation at 90°K, as illustrated in Fig. 8. Inaddition to the 
prominent band at about 2425 A, which is generally con- 
sidered to be due to the F center, several other bands are 
found on its long-wavelength side. One band in par- 
ticular is centered at approximately 3400 A. In Fig. 9 
the increase due to irradiation of the optical absorption 
constant of the F band and the band at 3400 A are given 
for comparison purposes. While the F band increases 
linearly with time of irradiation, the band at 3400 A 
quickly saturates at a rather low level. All the other 
bands on the long-wavelength side of the F band 
saturate in a similar manner. Therefore, since the 
crystal is found to expand linearly with irradiation, as 
shown in Fig. 5, it is quite clear that the bands on the 
long-wavelength side of the F band and, in particular, 
the band at 3400 A cannot be associated with the defect 
which is causing the expansion. 

In Fig. 7(b) the annealing of the absorption constant 
at the maximum of the F band and at 3400 A are given 
after irradiation at 90°K. The time-temperature 
relationship is as given in Fig. 7(a). Similar observations 
of annealing have been made by Delbecq, Pringsheim, 
and Yuster.'* While the F band is found to decrease in 
the vicinity of 130°K and so in the same temperature 
range as the expansion, the decrease is only by roughly 
25% compared to a 75% annealing of the volume expan- 
sion. The partial annealing of the F band cannot be 
thus associated directly with the mechanisms of expan- 
sion or annealing. While the volume expansion can be 
attributed to the generation of negative ion vacancies, 
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Fic. 8. Optical absorption change vs wavelength for LiF irradiated 
at 90°K for 3 hours. 


19 Delbecq, Pringsheim, and Yuster, Z. Physik 138, 266 (1954). 
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FG. 9. Optical absorption constant for Li at the maximum of the 
F band and at 3400 A vs irradiation time at 90°K. 


the majority of which become F centers, the annealing 
of this expansion can only at best be partially attributed 
to an annihilation of negative ion vacancies which had 
been F centers. 

In a comparison of the data of Figs. 7(a) and 7(b) it 
should be noted that the crystal of Fig. 7(a) has been 
irradiated for a considerably longer time than the 
crystal of Fig. 7(b). Since the damage increases linearly 
with irradiation dose, the damage is an order of mag- 
nitude greater in the crystal of Fig. 7(a). This difference 
is due to the fact that the methods of measuring the 
optical rotation and the optical absorption are most 
accurate for different degrees of damage. While thin 
crystals must be used to measure the optical absorption 
of heavily irradiated crystals, the total optical rotation 
is directly proportional to the thickness of the crystal 
so that, within limits, the sensitivity of the method is 
increased by increasing the crystal thickness. Therefore, 
with available equipment and for crystals of roughly 
the same thickness as used here, the optical rotation 
cannot be measured very accurately over the same range 
of damage as the optical absorption. Ithas been found, 
however, by using thicker crystals to increase the 
sensitivity of the optical rotation measurements, that 
the annealing of the expansion is similar to that of 
Fig. 7(a) for total amounts of damage roughly equiva- 
lent to that of Fig. 7(b). 

As shown in Fig. 7(b) the band at 3400 A anneals 
completely in the same temperature range as the 
partial annealing of the F band. If the two annealing 
curves of Fig. 7(b) are superimposed it becomes appar- 
ent that the two annealing processes may be associ- 
ated.!°9 In fact, it has been suggested that the 3400 A 
band is due to trapped holes which become mobile at 
130°K. The mobile holes are then captured by F centers 


by annihilation of F-center electrons, thereby account- 


ing for the simultaneous decrease of the band at 3400 A 
and the F band.’ Thermoluminescence and electrical 


conductivity have also been observed in this tempera- 
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ture range after irradiation in the vicinity of 90°K.'.° 

Part of the gradual decrease in the optical absorption 
at the maximum of the F band with increasing tempera- 
ture between 150°K and 240°K as shown in Fig. 7(b) is 
due to the broadening of the F band. The remainder is 
apparently due to a gradual decrease in the density of 
F centers. Between 240°K and 300°K there is a further 
annealing of the F band by roughly 30% which is 
accompanied by an annealing of the bands between 
3400 A and the long-wavelength tail of the F band. The 
optical absorption in the short-wavelength tail of the F 
band increases on warming to 240°K and then abruptly 
decreases between 240°K and 300°K presumably due 
to the growth and annealing of a band in the vacuum 
ultraviolet. 

In Fig. 10 the fractional volume change is given for an 
irradiation annealing, and re-irradiation cycle. After 
exposing the crystal to x-rays for 20.5 hours the irradia- 
tion was interrupted and the crystal warmed through 
the annealing range to 160°K and recooled. The vertical 
dashed line indicates the amount of the annealing. The 
crystal was then re-irradiated and, as shown in Fig. 10, 
the fractional volume expansion continued to increase 
along a straight line which is parallel to the initial 
growth curve but displaced from it by the amount of 
the annealing. In Fig. 11 the density of F centers is 
given for a similar cycle of irradiation, annealing, and 
re-irradiation. The vertical dashed line again gives the 
annealing of the F band. However, on re-irradiation the 
density of F centers increases quickly to a point which 
lies on an extrapolation of the initial growth curve and 
then continues to grow at the same rate as before 
annealing. The initial increase in the density of F 
centers after annealing is much faster than at any other 
time during the irradiation. It is to be noted that the 
annealing data of Figs. 10 and 11 had to be obtained for 
quite different amounts of damage because of the usual 
difficulty of measuring both quantities for the same 
amount of damage. 

The data of Fig. 11 can be interpreted in the following 
manner: The linear increase in the density of F centers 
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Fic. 10. Fractional volume change of LiF vs 
irradiation time at 90°K. 


* J. A. Ghormley and H. A. Levy, J. Phys. Chem. 56, 548 
(1952). 
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with irradiation time is determined by the rate at 
which negative ion vacancies are produced by the 
irradiation. On warming to 160°K a fraction of these 
lose electrons, possibly to holes associated with the band 
at 3400 A. However, the negative ion vacancies are 
not destroyed. On re-irradiation then the rapid rise of 
the F band is due to the refilling of these negative ion 
vacancies with electrons. When this process has been 
completed the F band continues to grow as before 
annealing, i.e., limited by the rate at which new negative 
ion vacancies are generated by the irradiation. 

If this interpretation is correct it is necessary to con- 
clude from Figs 10 and 11 that an annealing of 75% of 
the irradiation-induced volume expansion takes place 
without a decrease in the density of negative ion 
vacancies associated with the F band. This conclusion 
then suggests that the expansion of the crystal cannot 
be associated with the introduction of F centers alone. 


V. DISCUSSION 


In order to interpret the data presented it is desirable 
to consider possible mechanisms by which defects may 
be introduced by ionizing radiation and the possible 
mechanisms of annealing of these defects. Vacancies 
may be introduced into the alkali halides by ionizing 
radiation by the so-called dislocation-jog mechanism 
considered briefly in the introduction. As noted, a mark 
of this mechanism would be the introduction of both 
positive and negative ion vacancies. While there is 
insufficient experimental evidence to reach a conclusion 
concerning the presence of positive ion vacancies, it 
is heuristic to consider possible mechanisms of annealing 
if vacancy pairs are generated by the dislocation-jog 
mechanism. While the activation energies for random 
diffusion of single positive or negative ion vacancies are 
much too large to account for the annealing of the 
expansion at 130°K on this basis, the annealing could be 
due to the diffusion of neutral vacancy pairs. From a 
consideration of the calculations of Dienes*! and the 
recent analysis of diffusion data by Lidiard** it seems 
reasonable to assume the activation energy for pair 
diffusion to be approximately a few tenths of an 
electron volt. For example, a pair will make of the 
order of 104 jumps per hour at 130°K if the activation 
energy is taken to be 0.3 ev. Since the defect density is 
of the order of 10~ it is possible that a clustering of 
defects may take place at this temperature. The an- 
nealing of the expansion may then be due to the collapse 
of platelets formed in this manner into dislocation loops. 
Alternately, pairs may diffuse back to dislocations. In 
this case, the annealing process is the reverse of the 
generation process. It is important to note that if the 
generation and annealing occurs by the above processes 
it is necessary to conclude from the annealing data that 
as a result of irradiation at 90°K both single vacancies 


21G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 
2 A. B. Lidiard, J. Phys. Chem. Solids 6, 298 (1958). 
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and pairs are generated. Neglecting relaxation, the 
data of Fig. 7(a) indicate that only roughly one-quarter 
of the total number of negative ion vacancies are not in 
the form of pairs. Note added in proof.—Recent results 
of Barr, Hoodless, Morrison, and Rudham (to be pub- 
lished) indicate that the low temperature diffusion of 
chlorine which might have been associated with vacancy 
pair diffusion appears to be related to dislocation den- 
sity and so presumably to diffusion along dislocations 
or internal boundaries. 

It may then be reasonable to conclude that vacancies 
are generated by the dislocation-jog mechanism and 
that the low-temperature annealing in LiF occurs by 
vacancy pair diffusion. However, there are at least two 
additional experimental observations which seem to 
argue against this interpretation. First, the rate of 
F-center formation in LiF has been found to be in- 
sensitive to plastic deformation which increases the 
dislocation density by roughly a factor of twenty.”* The 
number of jogs should be increased both because of the 
intersection of dislocations during the deformation 
process and because of the increase in dislocation 
density. This increase in the density of jogs, and thus in 
the number of sites at which vacancies can be evapo- 
rated, should increase the rate of vacancy production 
unless there are no other major means of recombination 
of electron-hole pairs or exciton decay. While the 
question of the importance of other forms of recombina- 
tion cannot be answered quantitatively at this time, 
Delbecgq ef al. have observed a strong fluorescence during 
irradiation at 83°K and thermoluminescence has been 
observed after irradiation at the low temperature.!*”° 
Both of these observations suggest that there are other 
important forms of recombination. It follows thus that 
the insensitivity of the rate of F-center formation to 
plastic deformation indicates that dislocations play 
little or no role in the mechanism of vacancy generation 
in LiF. An increase in the rate of generation of F centers 
at room temperature in NaCl has been observed by 
Nowick” as a result of plastic deformation. Since the 
mode of deformation, the range of F-center densities, 
and material are all different for this work, the results 
cannot be directly compared with those cited here. It is 
of course very possible that different mechanisms of 
defect generation are important in the various alkali 
halides. 

The second argument against the above interpreta- 
tion is that the M band is not formed during annealing 
at 130°K. The M center is thought to be composed of 
an F center plus an adjoining vacancy pair. Because of 
the‘high concentration of F centers and vacancy pairs 
left in the wake of dislocation climb by this mechanism 
of defect generation, it might be expected that there 
should be substantial M-center formation at the expense 
of F centers at the temperature at which vacancy pairs 


81D. A. Wiegand and R. Smoluchowski, Bull. Am. Phys. Soc. 
Ser. IT, 4, 148 (1959). 
4 A. S. Nowick, Phys. Rev. 111, 16 (1958). 
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Fic. 11. Density of F centers in LiF vs irradiation time at 90°K. 


become mobile. However, measurements on a very 
heavily irradiated crystal failed to show any increase in 
the M band between 90° and 165°K, while between 165° 
and 300°K the M band increased by at least a factor 
of 45. Thus the lack of M-band formation argues 
against the interpretation of the low-temperature an- 
nealing as being due to vacancy pair diffusion provided 
that the assumed structure of the M center is correct.”®.”® 

It is also possible that the expansion of the lattice is 
associated with purely electronic defects, i.e., due to the 
relaxation of the lattice in the vicinity of electronic im- 
perfections. The expansion is most probably not associ- 
ated with electronic trapping at defects existing before 
irradiation because such effects should saturate due to 
either a limited number of traps or to a kinetic equilib- 
rium between capture and escape from the traps. The 
saturation of the band at 3400A is apparently an 
example of such a saturation. It is important to note, 
however, that for each F-center electron there must be 
a hole somewhere in the lattice. The annealing might 
then be due to a change in configuration of the hole with 
a resulting contraction of the lattice. The holes could be 
trapped at positive ion vacancies (V centers), or they 
could exist in the form of halogen atoms. A simple 
argument shows, however, that if holes escape from 
positive ion vacancies an expansion of the lattice is to 
be expected rather than the observed contraction. 

It is therefore interesting to consider the possibility 
that as a result of irradiation F centers and interstitial 
halogen atoms are introduced. If for example, by an 
unspecified mechanism, a halogen vacancy-interstitial 
pair is generated during irradiation, the vacancy might 
capture an electron to become an F center while the 
interstitial halogen ion could capture a hole to become 


25 A. W. Overhauser and H. Ruchardt, Phys. Rev. 112, 722 
(1958). 
26 R. S. Knox, Phys. Rev. Letters 2, 87 (1959). 
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neutral, thus preserving charge balance. The expansion 
in this case will be primarily due to the interstitial since 
very little relaxation is expected in the vicinity of a 
negative ion vacancy containing an electron. However, 
since the interstitials are produced at the same rate 
as the vacancies, the expansion and the growth of the 
F band should proceed at the same rate as observed. It 
is necessary to conclude in this case, however, that the 
low-temperature annealing is not due to vacancy- 
interstitial recombination since a decrease in the density 
of negative ion vacancies associated with F centers is 
not observed during the annealing. The contraction of 


the lattice must then be due to a change in configuration 
of the interstitials. 

A mechanism by which halogen vacancy-interstitial 
pairs might be generated by ionizing irradiation has 


been suggested by Varley.” If a halogen ion loses at 
least two electrons by ionization, i.e., if it becomes 
positively charged, it might be easily removed from its 
normal lattice position into an interstitial position by 
the lattice potential. If then both the interstitial and the 
vacancy capture electrons, the net result is an F center 
and an interstitial atom. The capturing process may 
also stabilize the pair against recombination. While a 
complete quantitative estimate of the feasibility of this 
mechanism is not possible at the present time, Howard 
and Smoluchowski** have discussed its various aspects 
and, in particular, have found the lifetime of the positive 
halogen ion to be several orders of magnitude longer 
than the vibrational period of the lattice. Here we 
should like to comment only upon the probability of 
double ionization which has been estimated by Varley to 
be one-tenth that of a single ionization for high-energy 
electron irradiation. This estimate seems quite reason- 
able considering the reported energies absorbed per F 
center formed.'** For example, Kobayashi ef al. have 
found that roughly 2000 ev is absorbed per F center 
formed in NaCl at room temperature as a result of high- 
energy proton irradiation. It is, however, important to 
note that the quantity of interest here is the energy 
absorbed per negative ion vacancy formed. Therefore, 
the much lower estimates of energy absorbed per F 
center formed, taken from the initial parts of the 
growth curves, are not applicable because they pre- 
sumably are a measure of the energy absorbed per F 
center formed from vacancies existing in the crystal 
prior to irradiation. The measurements of Kobayashi 
et al. are for very high densities of F centers and are 
certainly in the range of newly created negative ion 
vacancies. It is also important to note that the typical 
saturation curve observed at room temperature suggests 


27 J. H. O. Varley, Nature 174, 886 (1954); and J 
Energy 1, 130 (1954). ; 

28K. E. Howard and R. Smoluchowski, Phys. Rev 
(1959). 

*® Kobayashi, Mozer, and Pearlstein, Color Center Symposium, 
Argonne National Laboratory, November, 1956 (unpublished); 
and Bull. Am. Phys. Soc. Ser. IT, 2, 150 (1957). 
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that annealing occurs during irradiation. In this case 
the measured energies will tend to be high. 

These objections to some of the previous measure- 
ments of energy per F center, however, may not be 
applicable to LiF x-ray irradiated at 90°K. Simultane- 
ous measurements of coloration and expansion indicate 
that in these experiments the measurements are made in 
the range of F-center formation from newly generated 
negative ion vacancies. In addition, the growth curve is 
linear, suggesting that thermal annealing is not im- 
portant. Approximately 140 ev is absorbed per F center 
formed by x-ray irradiation of LiF at 90°K. This result 
is in agreement with the estimates of Varley if it is 
assumed that the energy per ionization is the band gap 
energy or roughly 15 ev, and that almost all of the 
absorbed energy is converted into single ionizations. 
Then roughly one F center is produced for each 10 single 
ionizations. This result also suggests that the probability 
of forming an F center from a doubly ionized state is 
close to unity. 

It is of course possible that interstitials and/or 
vacancies are generated by other mechanisms than those 
considered above. For example, interstitials could be 
evaporated from dislocations in much the same fashion 
as vacancies, or interstitial-vacancy pairs may result 
from thermal spikes due to electron-hole recombination 
or exciton decay at other lattice positions than dis- 
locations. In addition, vacancy-interstitial pairs may be 
generated by single ionization if it is possible for the 
halogen atom to diffuse away from the vacancy before 
the hole. 

Evidence for the presence of interstitials in low- 
temperature x-ray irradiated alkali halides is also 
obtained from the investigations of spin resonance by 
Kinzig and Woodruff.‘ These investigators have sug- 
gested that the H center as detected by magnetic reso- 
nance is associated with an extra halogen atom in a 
crowdion configuration along a [110] direction. How- 
ever, the hole is not localized on the extra halogen but 
is shared by four halogen ions. This magnetic resonance 
center anneals completely at 130°K in LiF or at 
roughly the same temperature as the volume expansion. 
The volume expansion may then be due to the relaxation 
of the lattice in the vicinity of the H center. The an- 
nealing of the H center may take place by the formation 
of halogen molecules as suggested by Kinzig and Wood- 
ruff or by the expulsion of the extra halogen atom into 
a body-centered interstitial position. In either case there 
should be a contraction of the lattice. As pointed out by 
Kanzig and Woodruff the halogen molecule should fit 
into the negative ion vacancy which was occupied by 
the lattice halogen component of the molecule or, on a 
naive basis, the body-centered position may be large 
enough to accommodate the extra halogen atom without 
considerable relaxation. It is important to note that in 
either case vacancy-interstitial recombination does not 
occur, so that the F-center vacancy is not disturbed as 
observed. This recombination then must take place 





ANNEALING OF 
above room temperature. It is also interesting to note 
that the H center as detected by optical absorption in 
NaCl anneals between 5° and 78°K.® The annealing 
of the low-temperature volume expansion in NaCl 
might then be expected to occur in this temperature 
range if the optical 17 center can be identified with that 
detected by magnetic resonance. The lack of annealing 
of AV/V in NaC! between 90°K and 300°K is consistent 
with this interpretation and the measurements are now 
being extended to the low-temperature range. 

In summary then, the low-temperature annealing 
of the volume expansion can be explained either on the 
basis of vacancy-pair diffusion or by interstitial motion. 
Vacancy pairs imply the dislocation-jog mechanism of 
defect generation, while interstitials suggest something 
like the multiple ionization mechanism. The experi- 
ments with plastic deformation seem to argue against 
the dislocation-jog mechanism of generation, while the 
lack of M-band formation argues against pair diffusion 
as the annealing mechanism. In contrast, the magnetic 
resonance experiments support the interstitial interpre- 
tation, and the evaluation of the Varley proposal lends 
support to the multiple ionization mechanism. There- 
fore, it is tentatively concluded that halogen vacancy- 
interstitial pairs are generated by ionizing radiation in 
LiF at low temperatures. Further experiments are 
necessary to support the conclusion. 
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VI. APPENDIX 

Consider that the dilation, AV/V, is only a function of 
x and is as given in Fig. 1(b) where the zero of coordi- 
nates is taken at the boundary between the irradiated 
and the unirradiated portions of the crystal. For the 
purpose of calculations the variation of AV/V with «x is 
simplified to the following form 


AV 
y 


0, xs (la) 
AV x+b 
CAG 
AV 
( V ). 
It is then desirable to solve for AV/V in terms of the 


strains which can be determined by the optical rotation 
method. As a further simplification, following Primak 


(1b) 


x26. (1c) 


*® W.H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
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el al. assume that the crystal is infinite in the y and zg 
directions so that all quantities become functions of 
x only.” 
The strains are then given by the following relation- 
ships 
ko+B(AV, V) —2c0(k3x+ ky) 
€z2> ) 
Cu 


(2a) 


(2b) 
(2c) 


€yy— R3x+ky, 


€zy = ki, 
where 
B=4(en4+2ce.). (3) 


The constants in the above equations which are ob- 
tained by considering the surface conditions, i.e., 


Nie ¥ ako Ko Xie ¥.Q (4) 
are as follows: 


(5a) 


Therefore we have 


B (—) 2 (— 
Cy V 3c V 


(6a) 


(6b) 


(6c) 


Here, €,,, which is a measure of the actual change in 
dimensions of the crystal in the y direction, is then as 
shown in Fig. 1(c). However, for a free expansion 


(7) 
3 V 

where AV/V is given in Fig. 1(b) and Eq. (1). As 
pointed out above, the strain due to irradiation as 
defined here is the difference between the actual strain, 
€,,, and the strain that would be associated with a free 
expansion and so is given by 


” / 
€ € 


i] 77] uy 


1/AV 2% 1 AV 
eae” 

GX Fant 3) 
which is indicated in Fig. 1(d). In Figs. 1(b) and 1(d) 
the corners have been rounded so as to conform more to 


(Sa) 


(Sb) 
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physical realizability than the conditions of Eq. (1) 
allow. However, by the method which is used, a 
measure of 


(9a) 


K= ” ” 
€yy —~€xz €yy €zz 


AV 1/AV 2¢12 2x 
[«)- ( ) ( - +1)/( +1) (9b) 
V ON VJoX\ cn l 


is obtained. 

It is only necessary now to relate the measured 
quantity, i.e., the angular rotation of the direction of 
polarization of plane polarized light to the strain and 
to the free volume expansion (AV/V)o. The difference 
in the indices of refraction for light polarized in the 
x and y directions, n, and n,, can be written as 


”7 
Ny — Nz=7 (Evy — Exe )* 


V(€yy—€zz)=7K, (10) 


where r is the constant relating the index to strain.®! 
Since the direction of polarization of the light beam 
makes an angle of 45° with the boundary, the light beam 
can be considered to be composed of equal components 
in the direction of the boundary and normal to it [see 
Fig. 1(a) |. Because of the difference in the strain in the 
two directions, a phase angle time-wise will be intro- 
duced between the two components on passing through 
the crystal. It is easy to show that this phase angle 
results in a rotation of the direction of polarization of 
the emergent beam relative to the incident beam by 
a space angle 
md adr 


(n,—z) w (11) 
A 


y 


after the beam has passed through a quarter wave 
plate. d is the path length in the crystal. Therefore, 
by measuring the angle a at any given position, x, it is 
possible to calculate (AV/V)o. 


31. G. Coker and L. N. G. Filon, A Treatise on Photoelasticity 
(Cambridge University Press, London, 1957), second edition. 
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As indicated in the discussion of the method the 
rotation can be measured most precisely at the positions 
x=-—b; b. We then have 


AV Qereteu 2b 
Ki(x=—}) -( ) (- —)(-=), ( 
V 0 6¢11 l 


AV Qcvoteu 2b 
rien) (2) (1-2). a 
V 0 6c l 

) (13a) 


Therefore 
(13b) 


AV 2crote11 2b 
rom") (8) ( 
V 0 3¢11 l 


(\/adr) (a2—a), 


where a;, a are the angular rotations at the positions 
x=—b, x=), respectively. Then 


AV 3¢11 1 
a cn ae ee 
V 0 mdr 2ere+ C11 1—2b/] 


Therefore by measuring the angular rotation at 
x=—b; 6 and knowing the r and c’s it is possible to 
obtain (AV/V)>. 

From experiment it is found that 


bil, (15) 


and therefore the final expression is 


AV A 3¢11 
(—) = (asa) (— — ), 
V 0 180dr Qcroten 


where the a’s are now in degrees. 

The temperature dependence of (16) was determined 
by measuring the angular rotation as a function of 
temperature on cooling after irradiation at 300°K. By 
assuming that (AV/V)o is independent of temperature 
for these conditions, the temperature dependence of r 
and the c’s can be compensated for. 


(16) 
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Glow curves and thermoluminescence spectra taken at various temperatures during the glow have been 
recorded simultaneously. Spectra were obtained with a rapid-scanning spectrophotometer using a liquid- 
air cooled photomultiplier in conjunction with a cathode-ray oscilloscope. Peaks of the same wavelength were 
found to be repeated several times in the temperature range of 80-600°K. 

Thermal pretreatment was found to enhance the various glow peaks by factors of a few thousands. On 
prolonged heat treatment the peaks above room temperature were found to decrease in intensity, while those 
at lower temperatures continue to grow even after 80 hours of heat treatment at 550°C. 

Essentially the same results were obtained for both natural (Dead Sea) crystals and artificial ones. 


INTRODUCTION 


HE thermoluminescence of KCI single crystals has 

been investigated recently in this laboratory. In 
some of the results already published the glow curves 
were shown to be composed of a complexity of glow 
peaks.! The intensity of these peaks was found? to be 
very sensitive to thermal pretreatment. The spectral 
distribution of the light emitted at each of the glow 
peaks has also been examined,* when peaks with the 
same spectral distribution were found to appear re- 
peatedly in the glow curve. 

The present paper deals with the thermoluminescence 
of NaCl crystals, including measurements of the spectral 
distribution and effects of thermal pretreatment. 

In addition to synthetic crystals examinations were 
carried out also on natural rocksalt crystals from Sodom 
mountain near the Dead Sea. The similarity in the re- 
sults obtained with the synthetic crystals to those ob- 
tained with the natural ones is of special interest. 

Another point of interest is in the thermoluminescence 
spectra. It has been claimed recently by Bonfiglioli et al.4 
that the light emitted at each peak in the glow curve of 
NaCl has its own wavelength. Moreover, this assump- 
tion was basic in a model for the thermoluminescence 
proposed by the mentioned authors. This, however, 
seemed not to fit our results on KCI crystals.’ It will be 
shown that similar results are obtained with NaCl 
crystals, where again peaks which emit the same wave- 
length are repeated at more than one temperature in the 
glow curve. 

EXPERIMENTAL 


The technique was essentially the same as already 
described previously,'~*.> with the exception of the 
following improvement : 

The output from the liquid-air cooled photomultiplier 
(M in Fig. 1) was now connected after amplification to 


1 Halperin, Braner, and Alexander, Phys. Rev. 108, 928 (1957) ; 
A. A. Braner and A. Halperin, Phys. Rev. 108, 932 (1957). 

2 A. Halperin and M. Schlesinger, Phys. Rev. 113, 762 (1959). 

3 A. Halperin and N. Kristianpoller, J. Opt. Soc. Am. 48, 996 
(1958). 

4 Bonfiglioli, Brovetto, and Cortese, Phys. Rev. Letters 1, 94 
(1958), and Phys. Rev. 114, 951, 956 (1959). 

§ A. Halperin and A. Braner, Rev. Sci. Instr. 28, 959 (1957). 


the Y terminals of a dc coupled cathode-ray oscilloscope 
(Dumont 333R), the «-beam of which was synchronized 
with the wavelength scanning mechanism of a Beckman 
DU monochromator. Spectra were taken photographi- 
cally and wavelength calibration was obtained by taking 
the spectrum of a mercury lamp before and after each 
set of measurements. 

Scanning times of only two seconds were adopted to 
scan the spectral range of 3000-6000 A. Some measure- 
ments were taken down to 2200 A but nothing was de- 
tected below 3000 A. Using a load resistor of 10° ohms in 
the output circuit of the photomultiplier, the time con- 
stant of the signal on the oscilloscope was about 0.06 sec. 
Small shifts in the spectrum due to this time lag were 
corrected by taking the average of two traverses of the 
spectrum in opposite directions. 

Both the liquid-air cooled detector described above, 
and the conventional detector in the spectrophotometer 
(at A, in Fig. 1), which was connected to a Brown 
recorder, were used simultaneously. Glow curves were 
obtained through a quartz window on one side of the 
cryostat, while spectra at fixed temperatures were taken 
on the opposite side, where the emitted light was dis- 
persed by the monochromator before reaching the cooled 
photomultiplier at M (Fig. 1). 

Warming rates were kept at about 15 deg per min in 
most of the present measurements. Spectra were taken 
at any chosen temperature, and when needed in intervals 
of only 1 deg. 

Exact determinations of the wavelengths of maxima 
were made with the slits of the monochromator closed 












































Fic. 1. Schematic diagram of the monochromator (Beckman 
DU), detectors and recording devices: C—the crystal in the cryo 
stat, A4,;—detector and amplifier, R—recorder for glow curves, 
M—the cooled photomultiplier, A:—its amplifier, and C.R.T. 
cathode-ray-oscilloscope. 
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100 150 200 250 300K 
. Glow curve of a NaCl crystal x-rayed at 80°K (40 min at 
50 kvp, 8 ma from a Fe target). 
down to half a millimeter or less. Some measurements 
were taken with load resistors of only 10° ohms which 
further reduced the uncertainty in the wavelength of the 
maximum. For the weaker bands, however, this could 
not be done and the slits had to be kept open to 2 mm. 
The synthetic crystals were supplied by Harshaw 
Chemical Company. Natural crystals were chipped out 
from rocksalt hills near the South-West coast of the 
Dead Sea (Sodom mountain). These were clear uncolored 
single crystals. Small slices of about 6X 7X1 mm were 
cleaved out from larger blocks (5-10 cm in dimensions), 
and used for the measurements. Cleavage surfaces of the 
natural crystals were less perfect than those of the 
synthetic ones. 


RESULTS 


(a) General Features of the Glow Curves 


Glow curves were obtained for a large number of 
synthetic and natural NaCl crystals. They were found 
to exhibit a complexity of peaks in the temperature 
range examined (80-600°K). Relative intensities of the 














Fic. 3. Glow curves for a synthetic crystal (a), and a natural 
one (6), x-rayed (15 min at 35 kvp 14 ma from a Cu target) at 
80°K. Both the crystals were pretreated for about 15 min at 550°C. 
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various peaks depend on many factors; e.g., the thermal 
history of the crystal, the x-ray dosage to which it has 
been subjected prior to the measurements, and the 
temperature of x-irradiation. It is well known':® that 
peaks at higher temperatures appear very weak on short 
x-irradiation at low temperatures. Measurements of 
peaks above room temperatures were, therefore, taken 
separately after irradiating the crystals at room 
temperature. 

Glow curves of virgin crystals, especially those of 
synthetic ones, were comparatively weak, and differed 
considerably from one specimen to another. As with 
KCI crystals, the glow could be enhanced by thermal 
pretreatment. Figure 2 shows a glow curve of a syn- 
thetic crystal which has been ‘“‘aged”’ by repeated cycles 
of x-irradiation at low temperature and warming up to 
about 600°K. The strongest peak appears at 170°K, 
weaker peaks at 235 and 300°, and still weaker ones at 
200, 270, and 125°K. Another very weak peak appears 
at 100°K only in virgin crystals. Figure 3 shows two 
more examples of glow curves taken at liquid-air tem- 
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4. The same as Fig. 3, but with the crystals x-rayed 1 hour 
at room temperature. 


perature, one for a synthetic crystal (curve a), and one 
for a natural crystal (curve 6). Although there are 
differences in the relative intensities of the various peaks 
in both the glow curves, they do not seem to differ more 
than is often obtained for two synthetic specimens 
treated in a similar way. 

Figure 4 shows the glow curves for temperatures 
above room-temperature of the two crystals used for 
Fig. 3 but x-rayed at room temperature. The main 
peaks above room-temperature appear at 335 and 
475°K. A fuller list of the peak temperatures for NaCl 
is given in Table I. It should, however, be noted that the 
peak temperatures change with the rate of warming up 
of the crystal,* and with the dose of x-rays.’ In addition, 
it is shown below that most of the glow peaks which 
appear as well separated single peaks (e.g., the peak at 
170°K), are in fact composed of more than one com- 
ponent. Changes in the relative intensities of the 
components within such a composite peak should, of 


6 J. J. Hill and P. Schwed, J. Chem. Phys. 23, 652 (1955). 


7 To be discussed elsewhere; see also reference 4. 
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TABLE I. Peak temperatures (7), relative intensities (7,) and wavelengths (A) of the various peaks in the glow curve of NaCl crystals. 


v.w.—very weak, w—weak, m 
treated crystals. 


120 


200 





100 155 170 235 


T, (°K) 


pe v.w.® V.W. m> r.S. Ww 


0.41 
0.435 


d(u) 0.3654 0.354 


® Enhanced by heat treatment in a Na atmosphere. 
b Very strongly enhanced on prolonged heat treatment. 
¢ Strongly enhanced on prolonged x-irradiation. 


medium, s—strong, v.s.—very strong. Intensities are given for thermally untreated, or for slightly 





0.3654 
(0.435) 


4 The value 0.365 is probably obtained by superposition of the two components: 0.354 and 0.37 yp. 


course, result in an apparent shift in the maximum. Such 
effects do occur on changing the amount of x-irradiation, 
the temperature of irradiation, as well as after thermal 
pretreatment of the crystal. In spite of all these effects 
peak temperatures may be considered typical, and at 
constant warm up rates (15° per min in the present 
work) they remained nearly constant. 


(b) Effects of Thermal Pretreatment 


These effects are similar to those obtained with KCl 
crystals.’ In these experiments, a given crystal was 
submitted to repeated cycles of heat treatment in the 
open air at 550°C, cooling to the temperature at which 
it had been given a constant x-ray dosage, when finally 
the glow curve was recorded. Figure 5 shows the effect 
of the accumulated heating time on the thermolumi- 
nescence below room-temperature. The same is given in 
Fig. 6 for the peaks above room temperature. The 
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Fic. 5. Effect of heat-treatment on thermoluminescence. Each 
curve after 15 min of x-irradiation at 80°K (35 kvp, 14 ma, Cu 
target). Curve a—virgin crystal (scale X50) ; b—after 5 min and ¢ 
after 44 hours of pretreatment at 550°C. 
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Fic. 6. As Fig. 5 but each curve after 1 hour of x-raying at room 
temperature. Pretreatment times: a—virgin, 6—5 min, c—135 
min, and d—44 hours (at 550°C). The scale for curve a is given 
X10. 


carves for the virgin crystal are given on an increased 
scale [50X in Fig. 5(a), and 10X in Fig. 6(a) ]. The 
growth in the thermoluminescence caused by the heat 
treatment was by a factor of the order of 10%, and in 
some cases it was as high as 3000. 

The heat-treatment does not change the temperature 
of the maximum. The peak at 170°K, however, seems 
to move to lower temperatures on increasing the heating 
time. This shift was found to be caused by a satellite 
at 155°K, which overrides the peak at 170°K, being 
more sensitive to the heat treatment. 

Another point of interest is the different behavior of 
the various peaks on prolonged heating periods. This is 
clearly shown in Fig. 7, where the growth of the main 
glow peaks is plotted on a logarithmic scale against 
heating time. An extended time scale is given for the 
short heating periods (up to 45 min), to show the initial 
growth more clearly. At longer heating times the peaks 
at 170 and 235°K continue to grow, though tending to 
saturate, while the peaks at higher temperatures under- 
go a drop in intensity, which is stronger the higher the 
peak temperature. 

The behavior of different crystals is shown in Fig. 8. 
Curves a and 6 were obtained with Harshaw crystals, 
and curve ¢ with a Dead Sea crystal. The similarity in 
behavior is remarkable. 

One of these crystals was subjected to 120 hours x- 
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Fic. 7. Effect of heating time on various peaks in the glow curve 
of NaCl. Curve a—the peak at 170°K, 6—235°K, c—335°K, and 
d—470°K. Each point in curves a and b was obtained after 15 min 
of x-irradiation at 80°K. In curves c and d—1 hour at room 
temperature (35 kvp, 14 ma, Cu target). 


irradiation (held close to the beryllium window of an 
x-ray tube with a Cu target, operated at 50 kv, 14 ma) 
Prior to the irradiation the crystal had been held for a 
total of 7.5 hours at 550°C. The x-irradiation caused a 
reduction by a factor of 2 in the thermoluminescence 
(see the corresponding point on curve 6 Fig. 8). This 
result fits qualitatively those reported by Spicer,* who 
investigated similar effects on the x-ray luminescence of 
NaCl crystals. It is of interest that an additional period 
of heat-treatment brings the sample to a point on the 
curve (Fig. 8, 6) which is just a continuation of the part 
of the curve obtained prior to the prolonged x-irradiation. 

In the experiments described above the crystals were 
heated in the open air. Heating in an atmosphere of 
sodium vapor resulted in an effect similar to that ob- 
tained with KCI crystals.2 An example is shown in 
Fig. 9, where curve a was obtained with a crystal pre- 
heated 45 min at 550°C, and curve b for the same crystal 
after additional heating for 3} hours in an atmosphere of 
sodium vapor at 550°C. The latter treatment caused the 
peaks above room temperature (not shown in the figure) 
to disappear, and the same happened with the peaks at 
170 and 235°K. On the other hand, the peak at 100°K 
appears fairly strong and that at about 150 is now the 
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Fic. 8. Effect of heating time on different crystals. Curves a and } 
for synthetical crystals; c—for a natural one; all at 335°K. 


8 W. E. Spicer, Phys. Rev. 106, 726 (1957). 
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Fic. 9. Effect of pretreatment in a sodium atmosphere on the 
glow curve of NaCl. Curve a—the crystal after 45 min at 550°C; 
b—after additional 3.5 hours in sodium vapor at 550°C. 


strongest. The same effect was obtained both with 
natural and synthetic crystals. 


(c) Thermoluminescence Spectra 


The spectra of the light emitted at the various glow 
peaks of NaCl crystals appear to be more complex than 
that of KCI. Close examination, however, reveals some 
regularities. An important point in the results is that 
peaks with the same wavelength are repeated several 
times throughout the temperature range between 80 
and 600°K. 

In the following figures, spectra are given as photo- 
copies of the traces on the oscilloscope screen. The 
wavelength calibration for these spectra is given in 
Fig. 10. 

Figure 11 shows a collection of spectra taken just at 
the peak-temperatures of the main glow peaks. Photo- 
graphs a-d were obtained with a synthetic crystal. The 
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Fic. 10. Wavelength calibration for the spectra on the 
oscilloscope screen. 
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(Synthetical crystal, heat-treated 


oh 


at 26: 


, c—238°, and d 


233 


—220°, b 


at 550°C.) Monochromator slit-width—2 mm. 


75 min 


Fic. 12. Transition from the 0.354 u band to the 0.37 band in the temperature range 220-265°K. Curve a 


band at 0.365 is repeated at 170, 235, and 335°K 
(Figs. 11(@), (6), and (c), respectively], while the 
spectrum of the glow peak at 470°K [Fig. 11(d)] is 
quite different. The wavelength of the maximum of the 
band is in this case 0.47 y, and is occasionally resolvable 
into two components, one near 0.47 and the other at 
about 0.50 u. It should be noted that after very long 
x-irradiations the band at 0.365 u appears as the domi- 
nating one in the temperature region of 500°K. 

Figures 11(e) and (f) are for the glow peaks at 175 
and 237°, respectively, this time for a natural crystal. 
The spectra are just the same as obtained for the 
synthetic crystal. Spectra for two weaker peaks are 
shown in Figs. 11(g), and 11() for the peaks at 200 and 
295°K, respectively. The former has its maximum at 
0.354 uw, and the latter at 0.37 py. 

The small difference in wavelength is not incidental, 
and in fact the band at 0.36y is composed of two 
independent components. This is shown in Fig. 12, 
where a series of spectra taken in the temperature range 
200-265°K is given. In photograph 12(a), at 220°K, the 
band peaks at 0.354, and a shoulder can be noticed 
toward longer wavelengths. In 12(d), at 233°K, the 
component at 0.37 uw is already strong. It is compara- 
tively stronger in 12(c) (at 238°K), while at 265°K 
[12(d)] it is the dominating one. That the peak at 
235°K is composed of more than one component has 
been verified independently by thermal bleaching ex- 
periments, when by partial bleaching, two peaks, at 220 
and 240°K, could be obtained partly separated. 

The same pair of bands has been observed for the 
peak at 170°K (0.37 u) which passes into the 0.354 u 
band near 200°K. There is some evidence for the ap- 
pearance of the same pair also at higher temperatures 
(e.g., at 500-520°K), where the two components could 
not be clearly separated, probably because of tempera- 
ture broadening. 

Another transition from one spectral band to another 
is shown in Fig. 13. The temperature range is now 330 
370°K. At 330°K [Fig. 13(a) ] the band maximum is at 
0.37 w. A green band (at 0.51 «) can be seen in 13(0) (at 
355°), and at 372°K [13(c)] only the latter remained. 

In addition to the spectral bands mentioned already, 
bands also appear with maxima at about 0.41 and 
0.435 uw. These were, however, weak compared to the 
0.365 » band in virgin or only slightly heat-treated 
crystals. An example is shown in Fig. 14(a) (taken at 
345°K), where bands at 0.435 and 0.51 appear as 
weak satellites to the strong 0.365 » band. 

Heat treatment, in addition to enhancing thermo- 
luminescence, also changes the relative intensities of the 
various components within a given peak. In general, 
bands of longer wavelengths tend to replace the 0.365 u 
one, which is the dominant band in virgin crystals. 

The glow at 170°K is replaced by a peak at 155°K 


(see paragraph b above). The corresponding change in 
the spectrum is shown in Figs. 14(), (c), and (d). 
Figure 14(b) was obtained with the crystal after a short 
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Fic. 13. Transition from the 0.37 » band to the 0.51 band in the 330-370°K range. a 
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at 330°, b—355°, and c—at 372°K. Synthetical 


crystal, after 15 min at 550°C. X-rayed for 1 hour (35 kvp, 14 ma, Cu target). 


period of heat treatment at 550°C. Here the 0.435 u 
band is still weak. The 0.41-0.435 uw bands are already 
as intense as the 0.365 » band in Fig. 14(c), obtained 
after 22 hours at 550°C, while in Fig. 14(d) (66 hours at 
550°C), the maximum appears at 0.41 4 with only ex- 
tended shoulders towards shorter and longer wave- 
lengths. 

The peak at 235°K behaves differently, and _ its 
spectral distribution (0.365 4) remains practically un- 
changed even after 66 hours of the crystal at 550°C. 

The results are summarized in Table I, where the 
peak-temperatures for the glow of NaCl crystals are 
given together with the wavelengths of the spectral 
bands and indications of the relative intensities of the 
various peaks. 

An attempt was also made to measure the spectral 
band widths. This, however, was found difficult because 
of the interference of neighboring bands. The width of 
the 0.37 » band at 235°K was found in these measure- 
ments to be about 0.25 ev. 


DISCUSSION 

The thermoluminescence of NaCl has been studied by 
many investigators.*:°*-" Some of them attempted also 
to measure the spectral distribution of the emitted light. 

Adler and Stegmiiller’ photographed the glow by 
warming up many NaC] crystals in succession in front 
of the slit of the spectrograph. They found that the 
main band had its maximum at 0.36 uw. Hill and Schwed,® 
using a conventional spectrophotometer observed four 
bands: at 0.362, 0.418, 0.432 u, and a very weak one at 
0.525 uw. No more details could be given by these authors 
because of the small intensity and the transient nature 
of the emitted light. These authors restricted their 
measurements to temperatures above room temperature. 
In addition they did not measure individual peaks in the 

9H. Adler and F. Stegmiiller, Acta Phys. Austriaca 11, 31 
(1957). 

LL. F. Heckelsberg and F. Daniels, J. Phys. Chem. 61, 414 


(1957). 
1B, C. Dutta and A. K. Ghosh, Indian J. Phys. 32, 578 (1958). 


glow. More recently Dutta and Ghosh" examined the 
thermoluminescence spectra of some alkali-halides in- 
cluding NaCl. They used a rapid-scanning spectro- 
photometer, but with the photomultiplier at room 
temperature. To get a good signal to noise ratio, they 
had to use high warming rates (6-7 deg per sec). They 
also used powder samples instead of single crystals, and 
10-kv cathode rays for irradiation instead of 35-kv 
x-rays in our experiments. Three peaks in the glow curve 
of NaCl were detected by Dutta and Ghosh, one at 
160°K with band maxima at 0.432, and 0.54 u, one at 
232°K (0.484 uw), and a third one at 545°K (0.416, 
0.519 uw). The spectra do not fit at all our results; e.g., 
the 0.365 » band, which is the dominant one in our ex- 
periments, does not appear at all in the results given by 
Dutta and Ghosh. The disagreement should be attrib- 
uted partly to differences between powders and single- 
crystals, and partly to the experimental differences 
described above. 

The results reported by Hill and Schwed® are in better 
agreement with ours. The 0.362 u band reported by 
these authors fits well the mean of the pair 0.354, 0.37 
obtained by us. The same applies to the pair 0.418, 
0.432 » which fits ours at 0.41, 0.435 pw. At longer wave- 
lengths we observed bands with maxima at 0.47 and 
0.50-0.51 uw. The latter seems to correspond to the green 
band at 0.525 yw reported by Hill and Schwed. It should 
be noted that we did not correct for the variation with 
wavelength of the sensitivity of the photomultiplier 
(RCA I P28), which might explain the small discrepancy 
between the wavelength given by us and that found by 
Hill and Schwed. 

It is also of interest to compare our results to those 
obtained for the luminescence of NaCl crystals excited 
by uv light or by x-rays. Maenhout-van der Vorst™ 
found that “pure” NaCl crystals, excited by uv light 
(0.26 »), emitted two luminescence bands at 0.356 and 
0.424 pw, while another band at 0.55 u was observed with 
oxygen contaminated samples. 


2 W, Maenhout-van der Vorst, Physica 24, 996 (1958). 
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Spicer’ observed in x-ray luminescence of NaCl 
almost all the spectral bands which appear in our ex- 
periments. Only one band at 5 ev (0.248 4), the 
strongest in the x-ray luminescence, does not appear in 
our thermoluminescence spectra. 

Heat pretreatment seems to affect the uv excited 
luminescence, the x-ray luminescence, and the thermo- 
luminescence in a similar way. There is, however, a 
quantitative difference. While the x-ray luminescence is 
enhanced by a factor of about 20 by heat treatment,® the 
enhancement in the thermoluminescence found in the 
present work was enhanced by a factor of the order of 
1000. The explanation might be that in the case of x-ray 
luminescence we have enough electrons ready for re- 
combination, and the enhancement is caused only by the 
increase in the luminescence yield of the recombination 
process. In the thermoluminescence process, on the 
other hand, there might also be an increase in the 
efficiency in supply of carriers for radiative transitions. 

The effects of heat pretreatment observed in the 
present work are similar to those obtained previously 
with KCI crystals.? Just as in the previous work, we 
assume that in addition to the diffusion of oxygen into 
the crystal, there is also another process of diffusion, 
namely the migration of positive-ion vacancies and 
holes from the outer surfaces of the crystal into the 
interior. At the same time internal diffusion of vacancies 
inside the bulk of the crystal causes them to become 
more evenly distributed. This might explain why at 
very long heating times glow peaks at higher tempera- 
tures disappear, while other peaks at lower temperatures 
still continue to grow. Assuming that glow peaks at 
higher temperatures involve migration of the carriers to 
non-neighboring recombination centers, these should be 
reduced in intensity if the positive ion vacancies and the 
negative ion vacancies approach each-other after pro- 
longed heat treatment. 

The fact that peaks emitting just the same wave- 
lengths are repeated in the glow curves of NaCl is in 
contradiction to the model proposed by Bonfiglioli et al.,4 
according to which the light of each thermal peak must 
have its own wavelength. Another implication of this 
model, namely that the activation energy E should be 
the same for all the peaks in the glow curve, has not been 
confirmed in our laboratory." 

We assume that at a given glow peak carriers of a 
given sign (for some peaks they may be electrons and 
for others, holes) are released thermally and may emit 
light on recombination. The efficiency of radiative 
recombination is, however, usually very small,"* prob- 
ably due to the lack of intermediate steps which seem to 
be necessary for the recombination process. The role of 
the oxygen might be to supply these intermediate steps. 
Evidence that the transitions are not direct also appears 

13 A. Halperin et al. (to be published). 


14 See, for example, D. Dutton and R. Maurer, Phys. Rev. 90, 
126 (1953). 
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from the energies of the emitted light which are about 
2.5-3.5 ev, while direct recombination of a free hole, for 
example, with an electron in an F center should result 
in the emission of about 6 ev. 

Finally, mention should be made of the appearance 
in pairs of the spectral bands in the thermolumi- 
nescence. The three pairs: 0.354-0.37, 0.41-0.435, and 
0.47—-0.50 » observed in the present work seem to have 
a common energy difference of about 0.16 ev within each 
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pairs. More accurate determination of these separations 
is necessary before the existence of such a doublet is 
confirmed. It is of interest to note that a doublet of 
about 0.15-ev separation has been observed!® in the 
exciton-band of NaCl. 

The investigation is now extended in our laboratory 
to include other alkali-halides with the hope that it will 
lead to better understanding of the effects described. 


15 P. L. Hartman, Phys. Rev. 105; 123 (1957). 
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Antiferromagnetic Linear Chain 


L. R. WALKER 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 4, 1959) 


Orbach’s integral equation which leads to the value of the ground-state energy of an anisotropic antiferro 
magnetic linear chain of spins, S=}4, has been solved. The result is then expanded in powers of the anisotropy 
parameter. In this form it corresponds to the result of a perturbation calculation, the transverse part of 
the Hamiltonian being the perturbation. The rapid convergence of the energy series even for the isotropic 
case and the adequate convergence of that for the short range order, suggests that the result given by 
perturbation theory for the sublattice magnetization may also be satisfactory. 


RBACH! has recently considered the antiferro- 

magnetic linear chain with an Ising type of anisot- 

ropy. The Hamiltonian of the system is taken to be, for 
a chain of N spins with S=}, 


H=2J be (SS i417 +B(S 7S ig 17 +S 4S 41") 


=2J z (S4Si42+ (8/2) (S#Si0- +S -Si417)), 
1<i<N. 
If E is the ground-state energy and a quantity € is 
defined by 
e= — (1/2))(E-—4JN), (1) 


Orbaeh shows that 


Ne 
e=— i) (1—8 cosk)A (k)dk, 
2 Yo 


where A (k) is a solution of the integral equation 


1 1 2r 
A(k)=--— f dk’ 
mw m9 vJo 


” (1—8 cosk’) A (k’) 
1—B(cosk+cosk’) +? cos (k+k’)/2] 





This equation he solved numerically. By a suitable 
change of variables (3) may be solved by a Fourier 
expansion. 

1R, Orbach, Phys. Rev. 112, 309 (1958). 


We define \ by the relation 8=sechd, with \>9, in- 
troduce an angle y related to k by the equation 


e>— etk 
ei¥ “ = 


1—ertik’ 


and replace A(k) by B(W), where 


B(w) (e¥—e*) (e'¥—e*) = A(k). 


The integral equation (3) becomes 
B(y) =[m(e*—e) (e¥—e) 3 


er—eE 2X i” evB(y)dy’ 
T 0 (e€ Atv! — edtiv) (e—t+iv— edtiv’) ’ 


and has a solution in the form of a series of powers of 
ev, The expression for B(y) is 


2 +2 eimy 


i Same 
BY) =--——— > — 


a ) 
a e’—e~—x cosh|m+1|y 


1 cosy—coshr += ei™¥ 


—* coshmy 


2r sinhd 


When this form is introduced into (2) the ground-state 
energy is found to be given by 


— 
p=wi]}—tania (14+ ' )} : 
1 +1 
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For the isotropic case, A\=0, 8=1, this reduces to the 
well-known value found by Hulthén. It is interesting to 
note that according to (4) 8 cannot exceed unity, since 
E considered as a function of 8 has a pole in every in- 
terval, however small, of the open segments, |8| >1. 

It is instructive to consider the expansion of Eq. (4) 
in powers of 8, since this corresponds to a perturbation 
calculation of the energy in which the transverse part 
of the Hamiltonian is the perturbation.? The expansion 
is given by 


9 


w B 2m 
E/NJ=}-(1-69) ¥ ( ) 
m=0 2 


2m m 2m 
«LCP )HE, (deh 
m p=1 \m+p 


where ¢, is the difference between the number of odd 
and of even divisors of p. The first few terms are 


E/NJ=—4—49°+}6'— (1/128)88— (1/256)8" 
— (1/1024)B"+ (1/4096)B4+---. (5) 


This series represents / excellently even at 6=1, pre- 
sumably in an asymptotic sense. The convergence rests 
upon the factor of } which precedes the transverse terms. 
The series, however, is markedly “noisy”; no obvious 
regularity being apparent in the signs, for example. 
This can be attributed to fluctuations in the summation 
over the relatively small number of processes contribu- 
ting to a given order in perturbation theory. Equation 
(5) has been checked by a direct perturbation calcula- 

2Such perturbation calculations have been made to estimate 


the ground-state sublattice magnetization of MnF2. See V. Jac 
carino and L. R. Walker (to be published). 


WALKER 


tion up to and including sixth order terms. The asso- 
ciated series for the short range order is found to be 


(4/NVD; S#Si41) 
= 1—6°+38'— (14/128)8°— (18/256)8" 
— (22/1024)8"2+ (26/4096)B4---. (6) 


This has poorer convergence than (5), but gives an 
adequate representation at 6= 1. The latter fact suggests 
that perturbation theory may give a good value for the 
sublattice magnetization, >; S;7. It is difficult to obtain 
any such measure of long range order from Orbach’s 
exact solution. Up to the sixth order one finds 


(2/N)(>-; S7)=1—@°— 5 6*§— 758+ ---. (7) 


If the higher order terms fell off in roughly the same 
way as those of (6) it would appear that the long range 
order vanishes when £? is more than about 0.8. The 
exact ground-state wave function would lead to a van- 
ishing value, since it must be impartial between the 
up and down orientations of the sublattices. However, 
it was pointed out by Anderson® that the system will 
take a very long time (perhaps years) to migrate from 
a configuration with one preferred orientation of the 
sublattices to one in which they are inverted. It seems 
probable that the sublattice magnetization calculated 
from perturbation theory will correspond to what might 
be measured experimentally. 
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Effects of Polarized Light on Photocurrents and Photovoltages in ZnS 
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The anomalous short circuit photocurrents in ZnS have been measured using polarized light. In spite of 
the fact that for a given wavelength, light polarized perpendicular to the ¢ axis is more strongly absorbed than 
light polarized parallel to the ¢ axis, there are wavelength regions in which the absolute magnitude of the 
short circuit photocurrents are smaller for perpendicularly polarized light. The data are consistent with a 


double valence band model. 


p™ YTOVOLTAGES larger than the energy gap have 
been reported for hexagonal ZnS.'~‘ In addition, 
the sign of the open circuit photovoltage (and the short 
circuit current) reverses with wavelength.?4 Similar re- 
versals have been reported for CdS.° From measure- 
ments of the pyroelectric effect made in this laboratory 
and by Lempicki,‘ it has been definitely established that 
the sign of the photovoltage at a given wavelength is 
associated with the polarity of the c axis. These phe- 
nomena are related to general effects of the crystal 
symmetry on interactions with light. 

Another type of measurement falling into this cate- 
gory involves the polarization of light absorbed or 
emitted by the crystal. As an example we cite the work 
done on the dichroic optical absorption of ZnS and 
CdS** as well as the work on fluorescent measure- 
ments.”* The results of the absorption measurements 
show that light polarized perpendicular to the ¢ axis is 
more strongly absorbed than light polarized parallel. 
This is consistent with the optical selection rules de- 
rived theoretically by Birman! and Casella.” 

Since the electrical and optical properties are related 
to the crystal symmetry, it is reasonable to measure 
the electrical properties with polarized light. This has 
been done for the photoconductivity of CdS” with ex- 
ternally applied fields. We have measured the short 
circuit photocurrent as a function of the wavelength of 
incident light for the two directions of light polarization 
for ZnS. This communication presents the results. 


EXPERIMENTAL RESULTS AND DISCUSSION 


The measurements have been made by adding a 
polarizer to instrumentation which together with the 


1 Ellis, Herman, Loebner, Merz, Struck, and White, Phys. Rev. 
109, 1860 (1958). 

2G. Cheroff and S. P. Keller, Phys. Rev. 111, 98 (1958). 

3W. Merz, Helv. Phys. Acta 31, 625 (1958). 

4A. Lempicki, Phys. Rev. 113, 1204 (1959). 

5 R. J. Robinson, Bull. Am. Phys. Soc. Ser. IT, 3, 115 (1958). 

6 Piper, Marple, and Johnson, Phys. Rev. 110, 323 (1958); 
J. Phys. Chem. Solids 8, 457 (1959). 

7S. P. Keller and G. D. Pettit, Phys. Rev. 115, 526 (1959). 

8D. Dutton, J. Phys. Chem. Solids 6, 101 (1958); Phys. Rev. 
112, 785 (1958). 
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1R. C. Casella, Phys. Rev. 114, 1514 (1959). 
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sample preparation has been described in reference 2. 
It is important to discuss in some detail the nature of 
our crystal samples. Among workers in the field? there 
is some difference of opinion as to the role that crystal- 
line disorder plays in the various properties of hexagonal 
ZnS. In an attempt to relate crystal disorder, such as 
inclusions of stacking faults and cubic phase, we have 
examined many samples for these inclusions. Sixty-five 
single crystals of hexagonal ZnS (40 unactivated and 25 
activated with various combinations of Cu, Al, and Mn) 
were analyzed by x-ray diffraction techniques. (The 
x-ray radiation had no effect on the electrical proper- 
ties.) Most of the crystals were about 4 mm long and 
exhibited uniform birefringent banding. With these, a 
one-mm spot in the middle of the crystal was chosen 
for x-ray examination. With crystals that exhibited 
heavy banding at one or more points, the one-mm spot 
included a heavily banded region. A few crystals were 
examined at several points. 

The x-ray patterns were analyzed for relative amounts 
of stacking faults and cubic phase present. The un- 
activated crystals show large variations in the amounts 
of stacking faults and cubic phase present, ranging from 
none of each to large amounts of each. The activated 
crystals exhibited much less or no stacking faults and 
no cubic phase. It appears that the presence of Cu mini- 
mizes the density of stacking faults. 

In general, the results for the unactivated samples 
show only a slight correlation between the magnitude 
of the photovoltages and the stacking fault density. 
There was no correlation between the photovoltages 
and the amount of cubic phase present. The activated 
crystals exhibit a slight correlation between the stacking 
faults and the photovoltage in the uv but not in the 
visible region of the spectrum. In all wavelength regions 
the activated crystals appeared to have larger photo- 
voltages than the unactivated samples with about the 
same density of stacking faults. Lempicki* reported 
results for only unactivated samples and his results 
indicate better correlations than do ours. 

About 25% of the crystals examined with x-rays were 
examined further for the effects of polarized light on the 
short circuit photocurrent, /s-. The samples were 
selected at random from those crystals that had ap- 
preciable photocurrents. Figure 1 presents the results 
obtained for the unactivated samples. We have plotted 


1091 





1092 CHEROFF, 


ENERGY, ev 


3.76 3.70 365 3.54 
—" i 


arbitrary unite 


. Is 





T CURRENT 


SHORT CIRC 


> 340 
WAVELENGTH, mj 

Fic. 1, The short circuit current, J,., for unactivated crystals, 
plotted against the wavelength of light in millimicrons and the 
energy in ev. The wavelength scale is linear. The solid curve 
represents data obtained with light polarized perpendicular to the 
c axis and the dashed curve represents data obtained with light 
polarized parallel to the c axis. 30% of the crystals exhibit the 
properties shown to the right of the solid line which indicates a 
change in the J, scale. The remainder of the crystals show no 
separation for the two curves. 


the short circuit current as a function of the wavelength 
of incident light for light polarized perpendicular and 
parallel to the c axis. With 70% of the crystals measured 
there was no separation between the two curves at 
wavelengths longer than 350 my, while 30% show the 
separation as indicated. Figure 2 presents the results 
for the activated crystals. 

As mentioned previously it has been found experi- 
mentally for ZnS that for a given wavelength, light 
polarized perpendicular to the ¢ axis is more strongly 
absorbed than light polarized along the ¢ axis both in 
the fundamental and in the impurity absorption regions, 
in agreement with theory. Since J,, is proportional to 
the amount of light absorbed* we expected that per- 
pendicular light would lead to a larger absolute value of 
the short circuit current, |J,.|, than parallel light in 
the spectral regions shown in Figs. 1 and 2. 

The data for unactivated crystals shown in Fig. 1 
have the expectation fulfilled in the region within the 
absorption band (less than 333 my) and at the absorp- 
tion edge (between 338 and 350 my). Only 30% of the 
samples have the expected results at the long wave- 
length side of the edge (between 352 and 375 mu) 
whereas |Jsc!i1< |Jse]11 for the region between 333 and 
338 my and between 350 and 352 my for all the crystals, 
contrary to the results expected from absorption data. 
The data for the activated crystals are shown in Fig. 2, 


The expectation, from absorption data, is fulfilled in 


the region deep within the absorption band (less than 
333 my), at the absorption edge (between 336 and 342 
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my), at the long wavelength side of the edge (between 
362 and 400 mu), and in the visible region (around 
540 mu). However, these data show that at wavelengths 
shorter than the gap (between 333 and 336 my) and at 
wavelengths longer than the gap (between 342 and 362 
my) |Jsela<|Jse{11, contrary to expectation. 

One can regard most of these data as consistent with 
the absorption data if one views the two curves pre- 
sented in Fig. 1 at wavelengths shorter than 350 mu as 
a displacement in wavelength of one from the other. In 
the case of Fig. 2, the two curves appear displaced from 
each other at all wavelengths shorter than 400 mu. We 
see that in the two figures the short circuit current peaks 
for parallel polarization are separated by about 0.03 ev 
from the peaks for perpendicular polarization. This 
separation is approximately equal to the displacement 
of the absorption edges for the two directions of polari- 
zation as reported in reference 6. The two curves might 
be amenable to interpretation in terms of Birman’s 
model of a double valence band” if one assumes there 
are two absorption edges associated with the two 
valence bands. 

We have measured similar effects (reversals with 
wavelength® and shifts with light polarization) in CdS. 
However, the phenomena are more complicated in that 
preliminary measurements indicate the effects to be 
transitory. 

As an extension of this work, it may be worthwhile 
to look for similar optical and electrical effects in a 
broader class of materials. Casella has generalized his 
treatment of the optical selection rule in the wurtzite 
system to include materials in the crystal classes C3, 
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Fic. 2. The short circuit current Is, for activated crystals, 
plotted against both the wavelength of light in millimicrons and 
the energy in ev. The wavelength scale is linear. The solid curve 
represents data obtained with light polarized perpendicular to the 
¢ axis and the dashed curve represents data obtained with light 
polarized parallel to the c axis. The vertical wavey lines indicate 
a break in the wavelength and energy scales and the Js. scales are 
different on the two sides of the break. 
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and Cy, as well as Cg). The theory is in qualitative agree- 
ment with experiment with regard to the optical di- 
chroism for poled BaTiO; in the tetragonal phase." 


13 R. C. Casella and S. P. Keller (to be published). 
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Exciton states in ionic crystals are analyzed according to configurations allowed by cubic point symmetry. 
The “excitation” and “electron transfer” models of the exciton structure are reintroduced as two slightly 
different aspects of the same general group-theoretical problem. Predictions of these models concerning 
multiplicity of absorption peaks are shown to be essentially identical. A theory of the ‘‘halogen atom doublet” 
appearing in the experimental absorption spectra of certain alkali halide crystals is given and is used in a 
preliminary interpretation of the electronic structure of low-lying exciton states in these solids. 


I. INTRODUCTION 


HE ultraviolet absorption spectra of alkali halide 
crystals were studied at an early date.! Hilsch and 
Pohl and their collaborators measured the spectra up 
to energies corresponding to 1600 A in the vacuum uv 
region, and, somewhat later, Schneider and O’Bryan 
extended the measurements to 1100 A. More recently, 
the alkali iodides have been studied extensively,” * since 
the first peak of their fundamental absorption lies in the 
vicinity of 2000 A, a region of the spectrum which can 
be reached with conventional uv apparatus. The recent 
work has, among other things, confirmed that free 
electrons are not produced when light is absorbed in 
the region of the first peak of the fundamental absorp- 
tion, so it is very likely that this process results in the 
creation of excitons. 

The first attempts to interpret the structure of the 
exciton in alkali halide crystals were made by Hilsch 
and Pohl! and by Mott,‘ who pointed out that most of 
the spectra of the iodides and bromides exhibit a strong 
doublet structure, at least in the first absorption peak. 
The separation of this doublet is about equal to the 


* Supported by the Office of Naval Research and the Air Force 
Office of Scientific Research. 

+ Present address: SNPA, 16 Cours Albert ler, Paris XIII°*, 
France. 

1R. Hilsch and R. W. Pohl, Z. Physik 57, 145 (1929) ; 59, 812 
(1930); H. Fesefeldt, Z. Physik 64, 623 (1930); E. G. Schneider 
and H. M. O’Bryan, Phys. Rev. 51, 293 (1937). 

2W. Martienssen, Nachr. Akad. Wiss. Géttingen 2a, No. 11, 
257 (1955); J. Phys. Chem. Solids 2, 257 (1957); E. A. Taft and 
H. R. Philipp, J. Phys. Chem. Solids 3, 1 (1957); K. J. Teegarden, 
Phys. Rev. 105, 1222 (1957); Phys. Rev. 108, 660 (1957). 

3K. J. Teegarden, U. S. Air Force technical note AFOSR 
TN-59-303, April 10, 1959 (unpublished). 

4N. F. Mott, Proc. Roy. Soc. (London) A167, 384 (1938) ; N. F. 
Mott and R. W. Gurney, Electronic Processes in Ionic Crystals 
(Oxford University Press, Oxford, 1948), second edition, pp. 
95-100. 


separation of the ground-state doublet of the free 
halogen atom, which is 0.942 ev in iodine and 0.457 ev 
in bromine. The interpretation of the doublet structure 
followed the interpretation of spectra of alkali halide 
vapors: when a photon is absorbed, an electron is 
ejected from the halogen ion and a neutral atom is 
left behind. In a crystal, the electron is not set free, 
but remains associated with the neutral halogen atom, 
or alternatively speaking, with the p® hole present in 
the halogen ion. If the direct interaction of the electron 
and hole is small compared to the spin-orbit interaction 
of the hole, one may have conditions somewhat similar 
to jj coupling in an atom, i.e., there exist two neighbor- 
ing states which differ essentially only in the j-value 
assigned to the hole (3 or 3). As in the atom, both of 
these states may be reached by optical transitions from 
the p*® ground state, provided the electron is in an s-like 
state (j=4). 

Recently, attempts have been made to describe the 
alkali halide exciton on a more quantitative basis. The 
calculations have centered mainly around two electronic 
models. In one, which is analogous to the Frenkel 
exciton model, the unit excitation of the exciton wave 
is sufficiently localized in a unit cell that it is somewhat 
characteristic of an excited state of a free atom. This 
model, which has been studied by Dexter®® and by 
Muto and co-workers,’ will be referred to as the 
“excitation” model. In the other,! which was developed 
by von Hippel,’ the unit excitation involves the transfer 
of an electron from a halogen ion to the nearest 


neighboring positive ion. This model, which has been 


5D. L. Dexter, Phys. Rev. 83, 435 (1951). 

6D. L. Dexter, Phys. Rev. 108, 707 (1957). 

7™Muto, Oyama, and Okuno, Progr. Theoret. Phys. 20, 804 
(1958). 

8 A. von Hippel, Z. Physik 101, 680 (1936). 
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Fic. 1. Parentage of all types of singlet exciton states involving 
a p® hole in a cubic lattice. Transitions to the various levels of 
I',’ symmetry are labelled Na (a denoting the symmetry of the 
electron wave function from which the level is derived). The 
transition Ns; is included as an illustration of the additional 
structure when spin-orbit interaction is present. 





used recently by Overhauser® and others,” will be 
referred to as the “transfer” model. It should be noted 
that both models describe the unit excitation as fairly 
well localized in a unit cell, as contrasted to the case of 
the Wannier exciton, in which the unit excitation 
spreads over many cells, and for which the well-known 
hydrogenic model seems to be an adequate ap- 
proximation. 

Since both the excitation and transfer models seem 
plausible, one might hope that their predictions about 
the general features of alkali halide absorption spectra 
would be similar. It is one purpose of this note to point 
out a fundamental correspondence between the two 
models. For example, it was mentioned above that the 
p*s configuration of the exciton can lead to two absorp- 
tion lines. If, in the excitation model, one considers the 
configuration p*d, additional absorption lines result. 
The cubic field of the crystal splits the states of the d 
electron into two groups, d, and d,, and the p*d, and 
p*d, configurations lead respectively to three and four 
new absorption lines. These lines correspond to lines 
that Overhauser obtains using the transfer model. 

In Sec. II, a unified group-theoretical background for 
the excitation and transfer models is developed, and the 
relationship between the various optical transitions 
they predict is given. In Sec. III, the low-lying levels of 
the models are discussed in an attempt to clarify the 
concept of the “halogen doublet in the solid” and to 

® A. W. Overhauser, Phys. Rev. 101, 1702 (1956). 

1 F, Bassani and N. Inchauspé, Phys. Rev. 105, 819 (1957); 

B. Goodman and O. S. Oen, J. Phys. Chem. Solids 8, 291 (1959) 
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interpret the presently available alkali halide absorp- 
tion data. A brief summary (Sec. IV) and an appendix 
containing certain relevant calculations are included. 


II. THEORY 


Exciton states of interest in the optical absorption of 
cubic ionic crystals are derived from localized functions 
of T,’ symmetry." Although these localized functions 
are threefold degenerate, an essential splitting into 
transverse and longitudinal exciton states is introduced 
by the translation symmetry of the lattice.” The 
arguments of this note are not affected by the existence 
of this splitting, as long as transverse states in the 
vicinity of k=0 (k= exciton momentum) are considered. 
Our principal concern is to search for various Ty’ states 
from which to construct exciton states. The formalism 
will apply equally well to trapped excitons as long as 
the point symmetry of the excited center remains cubic. 

The states of a cubic ionic crystal considered are those 
produced when a photon knocks a valence electron 
away from the outer closed (p*) shell of a particular 
negative ion. The electron can remain tightly bound to 
the resulting hole, in which case the state formed is a 
localized Frenkel exciton; or it may go into a large 
positronium-like orbit, forming a localized Wannier 
exciton. The wave function of the electron must, in 
any event, have symmetry properties appropriate to 
the cubic symmetry of the Hamiltonian. As in previous 
work,° will not be 
treated. 


 electron-lattice interactions 


(a) Singlet States 


Consideration of spin is at first postponed and the 
space states of the hole are coupled to any of the 
several possible space states of the electron. The 
threefold-degenerate hole functions transform" accord- 
ing to the representation y,4’, while the electron function 
or functions may transform according to any of the ten 
irreducible representations of the full cubic group. Only 
electron functions of even parity are of major im- 
portance, since the hole has odd parity and the coupled 
states of optical interest must be odd. The five possible 
uncoupled configurations from which optically im- 
portant states may be constructed are thus denoted 
schematically by p°y1, p°v2, p°vs, p°vs, and p°y5. Any 
state based on a p* hole plus an even-parity electron 
must arise from one of these configurations. While there 


1! For representation notation, see H. A. Bethe, Ann. Physik 3, 
133 (1929); and Overhauser, reference 9. 

2 See, e.g., R. S. Knox, J. Phys. Chem. Solids 9, 238 (1959). 

18 Lower case y’s are used to identify the symmetry types of the 
individual wave functions of the hole and electron. Upper case 
I’s are used to identify the symmetry types of the total (coupled) 
wave functions. This conforms with the usage of Bethe, reference 


4 Tn strict conformity with Bethe’s notation, one should write 
ya'v1, ya'y2, etc. However, it is useful in view of the general 
agreement about the nature of the hole states to retain a semi- 
atomic but adequate notation. 
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may be many /*y, configurations, for example, they 
all lead to similar optical transitions from the ground 
state and can differ only in the “principal quantum 
number” of the yz, electron. 

In Fig. 1 these five configurations, and the states 
which arise when the hole and electron are coupled, are 
illustrated. There are four ways in which Ty’ states can 
arise, depending on their parentage. Transitions may 
take place between the ground state and any Ty’ level, 
and each such transition is denoted by Na, where a 
indicates that the parentage of the particular I’ level 
involved is p*ya. The states shown in Fig. 1 comprise 
the entire set of types of singlet states possible in the 
crystal, since a singlet spin function has symmetry I’ 
and appears as a simple factor in each complete state 
function. We now show how both models discussed in 
the introduction fit into this unified picture. 


Excitation Model*-* 


Here the electron wave function is considered to 
remain explicitly centered at the site of the hole, its 
angular distribution being roughly described by atomic 
(s, p, d, etc.) quantum numbers. Since an s function 
transforms as 71, the p*s configuration of the excitation 
model leads to an J; transition. This is the only 
excitation-model singlet transition discussed in reference 
9. If a p*d configuration is introduced, transitions of 
types V3 and .V; are obtained, since d functions in the 
crystal decompose into y;+75. Thus, in adding a simple 
and plausible configuration, two new absorption lines 
are introduced without recourse to spin-orbit inter- 
action, electron-lattice interactions, or explicit transfer 
of the electron. Transitions of type .Vy do not become 
available until a p*g configuration is included. It is to 
be emphasized that all of these transitions can be 
strong and are fully symmetry-allowed. 


Trans fer Model* 


One constructs electron states of yi, y3, and y4 
symmetry by placing spherical charge distributions on 
nearest-neighbor sites in the NaCl lattice, thus obtain- 
ing two transitions (types V, and V3). (The configura- 
tion p*yq’ is of even parity and affords no transitions. 
It corresponds to the configuration p*p of the excitation 
model.) In the CsCl lattice one again obtains two 
transitions, this time NV, and N;, because the electron 
states constructed are of symmetries y1, yo’, ya’, and 
ys. More transitions are readily obtained on this model 
by including transfer to other-than nearest alkali 
neighbors or by allowing the transferred electron to go 
into less symmetric (say, p) orbitals at the alkali ion. 
For example, including both nearest and next-nearest 
neighbors in the NaCl lattice, the standard transfer 
model is able to predict one N3, one V5, and two \,; 
transitions. Again, no spin-orbit or phonon interactions 
are necessary. 
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TABLE I. Enumeration of certain allowed transitions in cubic 
ionic crystals (see text for notation). Only nearest-neighbor con- 
figurations are considered in the transfer model here; however, the 
“CsCl” transitions are actually the same as those which can be 
obtained by using second-nearest alkali neighbors in the NaCl 
lattice. 


Singlet Triplet 


Excitation model ps N, Nis 
p*d, N; Nua, N3s 

p'd. Ns; Ns, Nisa, N55. 
NaCl lattice N,,N3 Nis, Nas, Nss. 
CsCl lattice Ni, Ns Nis, Ns3, Na, Nis. 


Transfer model 


A detailed correspondence between the models, which 
is mainly of heuristic value, can be outlined ; excitation- 
model configurations are on the left, and transfer-model 
configurations (NaCl lattice) are on the right: 


p's — p’y1 — p® (s: nearest neighbors), 
i sala 
pd, — p’y3 — p* (u, v: nearest neighbors), 
p'd.<— p’ys — p® (U, V, W 


The detailed form of the functions s, p, g, etc. are given 
in reference 9. Of this correspondence it may be said 
that the nearest-neighbor transfer states seem to “fill 
an s and p shell” and ‘“‘partially fill a d shell’ of the 
excitation states. To “complete the d shell” one goes 
to more distant transfer sites. This correspondence was 
first given qualitatively by Seitz.'® While these two 
specific models are thus ultimately equivalent in their 
predictions of multiplicities, it must be borne in mind 
that in one typical solid (NaCl) it appears that the 
excitation model provides a more tractable and accurate 
description of the lowest p*y,; configuration.® 


+ p® (p, g, r: nearest neighbors), 


: next nearest neighbors). 


(b) Triplet States and Other Coupling Schemes 


In the presence of spin-orbit interaction, transitions 
to triplet states of Ty’ symmetry are allowed. To obtain 
a list of all possible transitions of this type, the direct 
product representation y4’X7yaXI', must be reduced 
(as in reference 9). Whereas only four singlet I'y’ levels 
of different parentage exist (Fig. 1), eleven types of 
triplet levels can be distinguished according to parent- 
age. The resulting allowed transitions will be denoted 
by Nag, indicating derivation from (p*yq)I's’XI's. Thus, 
for example, 1; is a transition to the I’,’ level obtained 
from (p*y5)I'3. The analysis of the two models and of 
their coalescence is similar to that of the singlet case, 
and we summarize the results in Table I. It is clear that 
an arbitrary number of transitions can be located on 
either model by adding “‘higher’’ configurations. 

It will be recognized that in treating the excitation 
model the Bethe “strong crystal field’ case has been 
assumed, .e., 

19 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 411-412. 


electron wave functions have been 
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decomposed according to the crystal symmetry before 
being coupled to the hole. The less realistic weak-field 
case, in which atomic LS- or jj-coupled states are 
constructed at the outset, and are then split by the 
field, must lead to exactly the same number of allowed 
transitions. For example, the V3 and JN; transitions of 
p’d may be associated, although not necessarily 
uniquely, with T’,’ states derived from p*d('P;) and 
p’d('F;). The most cumbersome way to enumerate 
the transitions is to work in the strong-field limit with 
jj coupling, which requires recourse to the full double- 
valued cubic group. The total number of transitions is 


always 2 (for p°s), 7 (for p*d). 
(c) Connection with the Wannier Model'* 


One can regard tightly bound excitons as limiting 
cases of Wannier excitons, as follows. If Bloch functions 
for the halide valence bands and for the various conduc- 
tion bands are available, localized (Wannier) functions 
may be constructed for a hole and an electron. The two 
particles thus localized are bound to each other electro- 
statically, their relative position vector being denoted 
here by $. The “excitation model” p*y; exciton corre- 
sponds roughly to a Wannier exciton with 8=0 con- 
structed from a p* halide valence band and a 7,-like 
halide conduction band. The nearest-neighbor transfer 
model using alkali s functions corresponds roughly 
to the case B=a (nearest neighbor distance), using 
a p* halide valence band and an s-like alkali conduction 
band. 

The Wannier model is based on the effective mass 
approximation and therefore cannot really apply to 
stationary exciton states of extremely small radii, since 
here the details of the cubic field are dominant in 
determining the motion of the hole about the electron. 
A crude estimate of the “radius” of the alkali halide 
exciton can be obtained from xa (a result of the effective 
mass formalism), where «x is an effective dielectric 
constant and dp is the Bohr radius. Using x~3 or 4 we 
find a radius of the order of magnitude of an inter- 
atomic distance, which very roughly justifies the use of 
the Frenkel model at the outset. The Frenkel states can 
be given the above Wannier-like connotation, but they 
do not follow naturally from the Wannier effective 
mass model. In the case of small exciton “radii,” the 
most important physical considerations are the point 
symmetry of the lattice and the details of the potential 
seen by the hole and electron. Considerably higher 
energy exciton states, having large radii, can be built 
from both the alkali and halide conduction bands and 
may be best described by effective mass terminology. 
The states considered explicitly in this paper, however, 
are those expected to be of lowest energy and of greatest 
experimental interest in alkali halides and related solids 
at the present. 


16 See Y. Takeuti, Progr. Theoret. Phys. 18, 421 (1957) for a 
very interesting semiquantitative account of the transition 
between the Frenkel and Wannier excitons. 
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II. COMPARISON WITH EXPERIMENT 


(a) The Halogen Doublet 


Although the determination of relative positions of 
exciton levels is a matter for detailed computation, it 
is suggested in Fig. 1 that a p*y: configuration con- 
tributes low-lying levels. That this is probably the case 
may be argued on the basis of the high symmetry of 
the y; electron function"; there are fewest “nodes” in 
the p*y: functions. For this reason, and since there are 
only two strong absorption peaks associated with p*y1, 
one is led to attempt a closer analysis of this configura- 
tion. The atomic analogs of the transitions involved are 
'Sy — 'P; and 'S) — *P, (LS coupling) and 1S» — (3, 3, 
J=1) and 'S)— (3, 3, J=1) (jj coupling). The 
corresponding transitions in the solid form the “halogen 
doublet” discussed in the introduction. A brief quanti- 
tative analysis of the two relevant energy levels is given 
in the Appendix, where it is shown that the splitting 
W—W’ of the exciton doublet has a lower limit 


0.047 ev (fluorides) 
0.103 ev (chlorides) 
0.432 ev (bromides) 
0.889 ev (iodides), 


W—W’> (8/9) x= (1) 


where A is the halogen atom ground-state doublet 
splitting. This inequality, reminiscent of a 77-coupling 
limit, replaces a precise predicted ‘‘77-coupling” value 
of the doublet splitting because the two states involved 
are in all generality intermediate-coupled. “Pure jj 
coupling” is an expression used in atomic spectra to 
describe a situation in which an electrostatic interaction 
is known to be small compared with the spin-orbit 
interaction. Here, the corresponding ‘electrostatic 
interaction” is considerably more difficult to compute 
than the spin-orbit energy (see Appendix), but regard- 
less of its value in a given halide, the computed splitting 
W-—W’' has a lower limit given by Eq. (1). 

If two particular exciton absorption peaks in an 
alkali halide are to be related to a halogen doublet, the 
energies of the peaks must obey the minimum splitting 
condition (1). If they do not, the assignment is still 
possible but with any of several qualifications: (i) 
There are strongly perturbing I,’ states in the vicinity 
of the p*y: configuration, in which case a simple 
description of the peaks is difficult. (ii) The excited 
electron contributes to the spin orbit energy ¢ (see 
Appendix), causing some cancellation and effectively 
lowering A. Such a contribution is not considered in the 
derivation of (1). This will not be the case in an “exci- 
tation” p*s configuration or in a “transfer” p*y; con- 
figuration built from s functions, since the electrons 
involved have no orbital momentum. (iii) The excited 
electron is so localized that the p®* core functions do not 
resemble halogen atom functions, in which case \ must 
be computed rather than obtained from atomic data. 
The problem of choosing among these three possibilities, 
particularly (i) and (iii), has been discussed at length 
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by one of the authors elsewhere.!” When configuration 
interaction, alternative (i), causes the minimum 
splitting criterion to break down, the interacting states 
may possibly be identified by their associated absorp- 
tion peaks, which will lie close to the p*y; doublet under 
consideration. With these observations in mind, let us 
turn to the experimental situation in several halides. 


Fluorides' 


Single absorption peaks are found in the region of 
9-11 ev, well separated from peaks of higher energy, at 
room temperature. It is possible that these peaks are 
actually doublets which will be resolved at low tempera- 
tures; if the transitions involved may be assigned to a 
p*y1 configuration, the doublet splitting should be 
governed by Eq. (1) and might even be as great as 
0.07 ev. A p*y; assignment is still valid even if the peak 
remains single, since LS coupling might be applicable 
(see Appendix). 


Chlorides! 18-26 


At room temperature single absorption peaks lie at 
about 7.6 ev in NaCl, KCl, RbCl, and CsCl, well 
separated from peaks of higher energy. Recent experi- 
ments'®9 at low temperatures have shown these peaks 
to be resolved in NaCl and KCl into a doublet of 
0.13-ev separation. Thus a p*y: configuration appears 


sufficient to account for these low-energy peaks. In 
AgCl the first absorption peak shows similar doublet 
structure at sufficiently low temperatures.” 

Dexter® computed the total oscillator strength to all 
states in the p*y; and py; nearest-neighbor transfer 
configurations in NaCl, with the result fto1=1.59. It is 
easily deduced from his calculation that 85% of this 
strength is associated with p*y; states (Ni and Nig 
transitions) and only 15% with p®ys (Ns, Nas, Nes). 
Hence the p*y; transfer states appear to cause much 
weaker absorption than the py; transfer states, in 
addition to probably lying higher in energy. Dexter 
further showed that the total oscillator strength of the 
low-lying Ni and NV, transitions as computed on the 
excitation model is in better agreement with the best 
available experimental value ({/~0.5). 


Bromides' 9. 


Distinct “doublets”, well separated from higher 
energy absorption peaks, and all obeying the minimum 
splitting condition, are found in NaBr, KBr, RbBr, and 
AgBr (e.g., in KBr, at 6.63 and 7.17 ev at room tem- 
perature). It thus ‘appears reasonable to assign these 


17R. S. Knox, Phys. Rev. 115, 1095 (1959). 

18 P. L. Hartman, Phys. Rev. 105, 123 (1957). 

19 Eby, Teegarden, and Dutton, following paper [Phys. Rev. 
116, 1099 (1959)}. 

2 Y. Okamoto, Nachr. Akad. Wiss Gottingen 2a, No. 14, 275 
(1956) ; see also F. C. Brown and F. Seitz, in: Photographic Sensi 
tivity, edited by S. Fujisawa (Maruzen Company, Ltd., ‘Tokyo, 
1957), Vol. 2, p. 11, Paper A2. 
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pairs of transitions to a p*y; configuration. In CsBr, 
a similar doublet may be distinguished, but’ many 
absorption peaks are present” and considerable con- 
figuration interaction may exist (see below). 


Todides'? 8 


The two lowest lying prominent peaks in Nal, KI, 
and RbI obey the minimum splitting condition, but 
since higher states seem to lie very close, a pure p*y; 
assignment seems unrealistic. In CsI, it is difficult to 
find any pair of adjacent peaks to assign to p*y1, and it 
is probable that strong configuration interaction is 
present, as in CsBr. 


(b) Other Absorption Peaks 


It is possible to give a tentative interpretation of some 
of the multiple absorption peaks” other than the halogen 
doublet. Assume that either a p*y; or p*y5 configuration 
lies next above the p*y, of the halogen doublet and is 
well separated from higher configurations. In the former 
case, a triplet of lines (V3, N34, N35) is expected and in 
the latter a quartet (V5, N53, Nss, N55), regardless of 
the zero-order model chosen. The transfer model is 
heuristically useful at this point. Its lowest energy 
states most probably involve nearest-neighbor transfer, 
so in the NaCl lattice p*y; is suggested as the lower 
configuration, while p*y5 is suggested as the lower one 
in the CsCl lattice. Eby, Teegarden, and Dutton” 
discuss the possible appearance of triplets in their low- 
temperature data on NaCl-type alkali halides; the 
situation is rather complex in the CsCl-type salts, as 
discussed above. A further interesting test of this 
interpretation will be a low-temperature investigation 
of the 9.1-ev peak in CsF, which should accordingly 
turn out to be a triplet if resolved. CsF is the only 
cesium halide of NaCl-type structure. 

As in the case of the doublet, these assignments are 
subject to important qualifications, e.g., one must 
consider the possibility that an observed triplet or 
quartet is just a superposition of, say, two higher p*y; 
configurations. There may be any number of configura- 
tions of a given type, as mentioned in Sec. II (a). 

Finally, mention should be made of the existence of 
“Shoulders” in many of the absorption spectra. Taft 
and Apker® have found that in some iodides, light 
absorbed in the region of these shoulders causes photo- 
emission and Teegarden*® has identified photoconduc- 
tivity in this region in RbI and KI. It is probable 
therefore that light absorbed in “exciton” peaks of 
energy higher than the shoulder energy will lead to 
photoemission and photoconductivity. This is similar 
to the case of photoconductivity in the §-absorption 
band which has been more thoroughly investigated.2!~-* 


21E. Taft and L. Apker, Phys. Rev. 82, 814 (1951); 83, 479 
(1951). 

2 N. Inchauspé, Phys. Rev. 106, 898 (1957). 

*3R. Fuchs, Phys. Rev. 111, 387 (1958). 
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This well-defined peak lies at an energy several volts 
higher than the energy necessary to free an electron 
from an F-center. The analysis of Fuchs” indicates that 
the autoionization probability is sufficiently small 
(~10" sec!) that it does not broaden the 8-band 
exceptionally. Similar considerations may apply in the 
case of exciton peaks lying above the ionization 
shoulder. In the two silver halides mentioned earlier, 
even the first “exciton” peaks lie in a photoconductive 
region.” 


IV. SUMMARY 


‘ 


It has been pointed out that the “excitation” and 
“transfer” models of the internal structure of the exciton 
in simple ionic crystals are equivalent, with regard to 
predictions of multiplicity of exciton absorption bands. 
(It is not meant to imply that they are otherwise 
equivalent, such as regarding predictions of positions 
and strengths of absorption peaks.) The doublet 
structure of a particular configuration which occurs 
in either model has been analyzed, and a criterion for 
assigning this configuration to observed energy levels 
is given. The well-known alkali halide absorption peaks 
seem to fit into the general theoretical framework, 
although certain crystals such as CsBr appear to exhibit 
strong configuration interaction among their low-lying 
excited states. 
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APPENDIX 


The total electronic Hamiltonian of the crystal is 
written 


H=HetHs, (Al) 


where //¢ is the total kinetic and electrostatic potential 
energy of the electrons and Hs is the total spin- 
dependent energy (in which the spin-orbit energy is 
assumed to be dominant). The LS representation is 
used for convenience, and '®, and *#, denote pure 
transverse singlet and triplet exciton states con- 
structed from a p*y; configuration (see text). The 
energies of the two resulting (intermediate-coupled) 
states are the eigenvalues of the 2X2 matrix 


(“| H |?) = Hy (u,v=1,3), (A2) 
and are given by 
W, W’=3 (Ait Ass) +04 (A ii— A33)*+ | Ais|?}'.  (A3) 


Their difference is 


W-W’'= 2[3 (Hu— H33)+ | Ais\?]!. (A4) 


AND 


N. INCHAUSPE 


A method of computing the matrix elements H,, is 
given in detail in reference 12, but only certain essentials 
are of interest here. First, because of the spin- 
independent nature of Hz, there are only two in- 
dependent electrostatic matrix elements: 


(“by | 1 e|"Py)=5E x (u, »=1, 3). 


Next, since Hs does not couple singlet states, there are 
only two nonzero spin-orbit matrix elements, which 
will be written 


(A5) 


(by | 1 s|*Px)=36, (A6) 


and*4 


(by | Hg | *by) = —2-h = — 27K. (A7) 


It follows that Eq. (A4) has the form 
W—W'= 204 (Ou) 4e > 241 


where Ay= Exx— Eg. This is the quantitative statement 
of a “minimum splitting condition” for p*y; excitons 
and is analogous to a similar criterion derived by one 
of the authors’? in connection with alkali halide 
phosphors. The utility of (A8) lies in the fact that ¢ 
may be assigned a fairly reliable value, whereas A, is 
extremely difficult to compute and may be regarded as 
an adjustable parameter. 

A good approximation to ¢ is its value in the halogen 
atom, since the “excited halogen ion” in a crystal has 
essentially lost an electron, as far as the spin-orbit 
interaction is concerned. Suppose the lattice constant 
of the crystal is allowed to become infinite. Then Eq. 
(A8) gives the energy difference between the 
intermediate-coupled 'P,; and *P; terms of a single 
“excited halide ion” in a p*s configuration. The param- 
eter Ay approaches a constant value A which may be 
identified with the exchange interaction between the 
p® hole and the s electron.” In the traditional jj 
coupling limit (A«¢), W—W’ approaches 3f¢. This is 
precisely the expression for the halogen atom ground- 
state doublet separation A, provided ¢ is evaluated with 
the proper wave functions. Assuming, then, that ¢ in 
Eq. (A8) is given by 9A, we obtain 


W—W’> (2v2/3)A= (8/9)!A. 


(A8) 


(A9) 


It is clear that ¢, computed with crystal wave functions, 
will not be precisely equal to 3A, for at least two reasons. 
The excited halide p functions will not be exactly the 
same as halogen p functions and will moreover be 


renormalized by overlap effects. For the various 
reasons given in reference 17, however, the inequality 
is felt to be quite reliable. For example, in the case of 
phosphors, renormalization effects strengthen the in- 
equality and will probably do so here as well. 

The atomic counterpart A of A, is generally positive 
(Hund’s first rule states that singlets lie above triplets), 

*4 The quantities ¢ and ¢’ are different only if the radial function 
of the halide p electron is different in the singlet and the triplet 
states. It will henceforth be assumed for simplicity that ¢=¢’. 

2° R. S. Knox, Phys. Rev. 110, 375 (1958). 





EXC? TON STATES 


but A, itself may be negative. It includes, along with 
the electron-hole exchange interaction and other lattice 
interactions, a term approximately equal to twice the 
Heller-Marcus term for transverse excitons (at k~0)?6 


—2($2no|u|?), 


where mo is the atomic density and w is the dipole 
moment of the optical transition involved. This term, 
which is present in singlet exciton states only, may 


26 W. R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951). 
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easily cause E, to lie below Ex in the vicinity of k=0. 

If Ay is large compared to ¢, the “LS coupling” limit 
is reached and very little of ', is mixed into *#, by the 
spin-orbit interaction. In this case only one absorption 
line (V;) will be strong. 

The formalism of this appendix is rigorous only in the 
case of a “pure” p*y; configuration, i.e., one which is 
unperturbed by nearby configurations, and in which 
the electron contributes nothing to the spin-orbit 
matrix element. These restrictions are discussed 
briefly in Sec. III(a) of the text. 
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The absorption spectra of evaporated films of the alkali halides, with the exception of LiF, have been 
measured at room temperature and 80°K in the region from 1100 A to 2500 A. The spectra are rather 
complex at low temperature, but agree fairly well with current theory concerning the multiplicity and 
grouping of the exciton peaks. In addition, a shoulder has been found in many of the spectra, similar to 
the ones previously seen and associated with the band-to-band transition in the alkali iodides. 


INTRODUCTION 


HE optical absorption spectra of the alkali halides 

in the vacuum ultraviolet region have been 
investigated by several authors.'? As a necessary 
experimental background for proposed work on the 
low-temperature luminescence of these materials and 
in view of recent interest in exciton absorption,*~* some 
of these measurements have been repeated and extended 
to liquid nitrogen temperature, using an instrument 
capable of rather high wavelength resolution. The 
results show a complexity of structure in the absorption 
spectra which had not been indicated by the earlier 
work. 


EXPERIMENTAL APPARATUS 


The monochromator used was very similar to that 
described by Tousey and Johnson.® Its useful range for 


* Sponsored by the Office of Ordnance Research, U. S. Army. 

+ Present Address: Sylvania Electric Products, Inc., Salem, 
Massachusetts. 

1R, Hilsch and R. W. Pohl, Z. Physik 59, 812 (1930); E. G. 
Schneider and H. M. O’Bryan, Phys. Rev. 51, 293 (1937). 

2 Hartman, Nelson, and Siegfried, Phys. Rev. 105, 123 (1957). 

3A. W. Overhauser, Phys. Rev. 101, 1702 (1956). 

4D. L. Dexter, Phys. Rev. 83, 435 (1951); 101, 48 (1956); 
108, 707 (1957) ; Muto, Oyama, and Okuno, Progr. Theoret. Phys. 
(Kyoto) 20, 804 (1958); B. Goodman and O. S. Oen, J. Phys. 
Chem. Solids 8, 291 (1959); Y. Toyozawa, Progr. Theoret. Phys. 
(Kyoto) 20, 53 (1958). 

6R. S. Knox and N. Inchauspé, preceding paper, Phys. Rev. 
116, 1093 (1959). 

6 Tousey, Johnson, Richardson, and Toran, J. Opt. Soc. Am 
41, 696 (1951). 


this experiment was from 1100 A to 2500 A, and band 
widths of from 0.5 to 5.0 A were employed. The light 
source was a modified Hanovia hydrogen arc lamp with 
one end window removed, operated on direct current. 
This source was very stable after being allowed to 
warm up, and provided a continuum down to about 
1650 A, with a line spectrum from there on to the 
1100 A limit imposed by the lithium fluoride substrates 
upon which the thin films were deposited. The detection 
system employed a sodium salycilate phosphor,’ the 
luminescence of which was detected by a 6199 end-on 
photomultiplier. The output of this photomultiplier 
was recorded on a Brown recording potentiometer. 

The samples were mounted in a metal cryostat of 
double Dewar construction, provided with a rotating 
seal which allowed either of two symmetrical substrate 
holders to be placed in the beam of radiation from the 
monochromator. This cryostat also contained a small 
electric oven which was used to evaporate the samples. 
A lithium fluoride window was placed at the exit slit 
of the monochromator to exclude hydrogen from the 
cryostat, and thus the cryostat formed a separate 
vacuum system. 

Initially this system was evacuated by a small oil 
diffusion pump, but it was found that in spite of the 
baffling provided by the outer Dewar of the cryostat, 
deposition on the sample of condensible vapors from 
the pumps interfered seriously with the low-temperature 
absorption measurements. Quite satisfactory results 


7K. Watanabe and E. Inn, J. Opt. Soc. Am. 43, 32 (1953). 
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were obtained, however, by the following procedure. 
The cryostat was exhausted to a good fore-pump 
vacuum and then sealed off from the pumps completely 
while the outer Dewar was maintained continuously at 
liquid nitrogen temperature. Under these conditions 
the rate of deposition of condensible vapors was negli- 
gibly small (amounting to a decrease in transmission 
of a cooled blank substrate of about ten percent over a 
period of an hour). 


MEASUREMENTS 


For each material studied two films were prepared 
by evaporation from a platinum boat, the thicker film 
having an optical density of about one in an absorption 
peak, and the thinner having about one tenth this 
density. These films were formed on two substrates of 
Harshaw single-crystal LiF about one third millimeter 
in thickness, one of which contained a thermocouple. 
The material to be evaporated consisted of small frag- 
ments of Harshaw single crystals where available, 
powdered reagent grade material being used otherwise. 

Measurements were made by recording 100A seg- 
ments of the hydrogen spectrum, first as seen through 
one of the films and then through the other. These 
measurements on any particular segment required about 
five minutes to complete, the light source and detection 
system being stable to better than one percent over this 
period of time. After running through the complete 
spectrum, the substrates were cooled to liquid nitrogen 
temperature and the measurements repeated. 

In the portion of the hydrogen spectrum which 
contains many sharp lines, the transmission of the 
sample could be found by considering the height above 
the background of a particular line. The ratio of this 
height as seen through the thick film to that seen 
through the thin film would then give the transmission 
of the sample for radiation of that wavelength. In this 
method one ignores the background, composed of 
scattered light, photomultiplier dark current, and any 
continuum that may be present. 

In practice this rather cumbersome method was used 
to compute the contribution of scattered light and dark 
current at several points in the spectrum. This contri- 
bution was found to be fairly constant as a function of 
time and wavelength, and was then used as a correction 
to be subtracted from the photomultiplier readings at 
any given wavelength. 

No attempt was made to measure film thicknesses, 
but it was estimated from the results of Bauer® that 
the thick films were on the order of 1000 A while the 
thin films were about 100 A thick. 

The LiF used in the substrates was found to have 
very little absorption in the spectral range considered. 
Thus a slight mismatch in substrate thicknesses would 
have a negligible effect on the absorption structure 
measured. The deposition of condensible vapors at low 


8G. Bauer, Ann. Physik 19, 434 (1934). 
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temperature was approximately the same on both films, 
and its effects were thus effectively cancelled. With 
the exception of reflection effects, then, the results 
show the absorption of a film of material whose thick- 
ness was equal to the difference between the thin and 
thick films. 

The possible importance of reflection corrections in 
measurements of this type has been pointed out by 
Hartman, Nelson, and Siegfried.2 Our measurement 
technique incorporated these corrections only to the 
approximation that assumes the reflectivities of thick 
and thin films to be the same. 


RESULTS 


Figures 1 (a)—(t) show the absorption spectra which 
were measured. The data taken at room temperature 
are shown in dashed lines, while those taken at liquid 
nitrogen temperature (80°+2°K) are plotted as indi- 
vidual points connected by a solid curve. The room 
temperature results agree in general with those of 
Hilsch and Pohl and Schneider and O’Bryan,' while at 
the lower temperature is seen the expected narrowing 
of the peaks, accompanied, in some of the lower energy 
bands, by a shift to higher energies. 

In our earlier measurements the long wavelength 
limit of the monochromator was about 1950 A, and the 
long wavelength structure of the iodides could not be 
covered. As a result, Teegarden’s earlier data’ for Nal, 
KI, and RbI were matched to the curves obtained in 
this work. Later investigation confirmed the appearance 
of these curves, and they were not replotted. 

In the case of CsCl two absorption spectra were 
found, one (curve I) for a freshly evaporated film, and 
the other (curve II) for the same film after annealing 
at room temperature for about ten hours. Measure- 
ments were also made on a film of this material which 
had been evaporated onto a fused silica substrate. In 
this case a spectrum similar to that found in curve II 
was found at once, annealing of the film not being 
required for this result. 

A suggested interpretation of these results is that 
CsCl, when evaporated onto an amorphous surface, 
crystallizes in its normal CsCl type lattice structure. 
When evaporated onto the NaCl type crystal structure 
of LiF, however, it is suggested that epitaxial effects 
occur, similar to those found by Shultz.” The CsCl 
then crystallizes in the NaCl type structure, reverting 
to its normal form after annealing. Evidence for this 
interpretation is afforded by the similarity of curve I to 
the curves found for the NaCl type chlorides. Attempts 
were made to find similar annealing effects in the other 
cesium salts having the CsCl type structure, but with 
no success. 

Another case of interest is that of CsF, where at 
nitrogen temperature the thicker film was more trans- 


®K. Teegarden, Phys. Rev. 108, 660 (1957). 
0 L. G. Shultz, Acta Cryst. 4, 487 (1951). 
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Fic. 1. Optical absorption spectra of thin films of the alkali 
halides deposited on LiF. The dashed curves represent room 
temperature data, while experimental points taken at 80°+2°K 
have been plotted individually and connected with solid curves. 
For CsCl, curve I (i) represents a freshly evaporated film, believed 
to correspond to the NaCl type crystal structure. Curve II (j) 
represents the same film after annealing at room temperature for 
about ten hours, and is believed to correspond to the CsCl type 
crystal structure. (a) NaF; (b) KF; (c) RbF; (d) CsF; (e) LiCl; 
‘f) NaCl; (g) KCl; (h) RbCI; (i) CsCl I; (j) CsCl II; (k) LiBr; 
(1) NaBr; (m) KBr; (n) RbBr; (0) CsBr; (p) Lil; (q) Nal; 
{r) KI; (s) RbI; (t) CsI. 
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parent in the regions of low absorption than was the 
thinner film, thus resulting in apparent negative 
densities. The effect was quite reproducible, but no 
satisfactory explanation has been found. 


CONCLUSIONS 


Recent theoretical work with excitons in these 
materials has been based on one of two models. In the 
“excitation” model the exciton is formed by raising an 
electron to an excited state of a halide ion, while in the 
“charge transfer” model an electron from a halide ion 


is shared by its nearest neighbors. Knox and Inchauspé 


”) 


have however pointed out® that the two models are 
essentially equivalent regarding predictions for the 
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multiplicity of the exciton absorption structure. Accord, 
ing to these authors there might be, among others- 
nine bands in the low-energy structure, associated with 
the halogen doublet, arising from the transitions to the 
p*y: configuration, and a triplet and quartet, from the 
transitions to p*y; and py; configurations, respectively. 
In addition, a minimum splitting for the doublet has 
been calculated under certain restrictions, giving the 
values of 0.047 ev for the fluorides, 0.103 ev for the 
chlorides, 0.432 ev for the bromides and 0.889 ev for 
the iodides. 

Overhauser’s prediction of five exciton lines for the 
NaCl structure and six lines for the CsCl structure can 
be interpreted on either model as a combination of the 
doublet and triplet in the first case, and the doublet 





1104 EBY, 
TABLE I. Splittings of the halogen doublets at 80°K. 


Predicted 
minimum 
splitting* 


0.103 ev 
0.103 ev 
0.103 ev 
0.103 ev 
0.103 ev 
0.103 ev 


Salt First peak Difference 


LiCl 


Second peak 
uncertain 
NaCl 7.96 ev 
KCl 76 ev 


‘. 0.13 ey 
7. 
RbCl 7.51 ev 
ou 
7. 


0.11 ev 
0.13 ev 
0.17 ev 
0.11 ev> 


8.09 ev 
7.87 ev 
64 ev 
54 ev 
91 ev 


CsCl (1) 37 ev 
CsCl (II) 80 ev 


0.432 ev 
0.432 ev 
0.432 ev 
0.432 ev 
0.432 ev 


0.52 ev 
.20 ev 0.52 ev 
.26 ev 0.49 ev 

7.08 ev 0.48 ev 

7.10 ev 0.30 ev” 


7.20 ev 72 ev 
.68 ev 
.77 ev 
.60 ev 
.50 ev 


LiBr 
NaBr 
KBr 
RbBr 
CsBr 


tee 0.889 ey 
1.17 ev 0.889 ev 
0.88 ev” O.889 ev 
0.77 ev» 0.889 ev 
0.15 ev 0.889 ev 


ertain 
56 ev 
S80 ev 
70 ev 
76 ev 


Lil 
Nal 
KI 
RbI 
CsI 


—< 


6.73 ev 
6.68 ev 
6.47 ev 
5.91 ev 


mumnuw 


* After Knox and Inchauspé (reference 5). 
bIn these cases the probability of configuration interaction makes the 
computation of the doublet splitting either questionable or invalid. 


and quartet in the second. This ordering appears 
reasonable, since the transition involving nearest 
neighbors in the charge transfer model gives rise to 
p’y: and p*y; configurations in the NaCl lattice, but 
results in p*y, and p*ys configurations in the CsCl 
lattice. The transfer to next nearest neighbors, which 
presumably requires more energy, results in a p*y5 
configuration in NaCl. 

This type of analysis is not in disagreement with 
the present data. If the doublet is assumed to consist 
of the two lowest energy bands in each salt, then at 
80°K the bands at 7.96 and 8.09 ev in NaCl, 7.76 and 
7.87 ev in KCl, 7.51 and 7.64 ev in RbCl, and 7.37 and 
7.54 ev in CsCl (curve I) all exceed the predicted 
minimum splitting for the chlorides. For LiCl no clear 
splitting is seen, and even the identification of the first 
strong band as a doublet is uncertain. The splittings 
are summarized in Table I. 

In the case of CsCl in the CsCl lattice structure 
(curve II) the first two lines, at 7.80 and 7.91 ev, are 
separated by more than the predicted minimum split- 
ting. But here, as will also be seen in the other CsCl 
type crystals, the close proximity of other lines indicates 
that configuration interaction may have become 
appreciable. Under these conditions the minimum 
splitting rule for the doublet breaks down and the 
identification of the groups becomes uncertain. The 
splitting of the doublet in the cases of NaCl and KCl 
had been seen earlier in the reflection spectra? of these 
salts, and in the case of NaCl, in the absorption spec- 
trum at 140°K. 

Similarly, the bands of 7.20 and 7.72 ev in LiBr, 6.68 
and 7.20 ev in NaBr, 6.77 and 7.26 ev in KBr and at 
6.60 and 7.08 ev in RbBr exceed the predicted minimum 
splitting for the bromides. The presence of other nearby 
peaks in the cases of LiBr and CsBr again indicates the 
possibility that configuration interaction is present, 
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although the minimum splitting rule is still satisfied 
in LiBr. 

In the iodides the only reasonably well isolated 
doublet at nitrogen temperature is found in Nal, with 
lines at 5.56 and 6.73 ev, this separation exceeding the 
predicted minimum value. It might be suggested that 
the lines at 5.80 and 6.68 ev in KI, and 5.70 and 6.47 ev 
in RbI might correspond to “doublets,” although the 
splittings here are too small, the presence of closely 
adjacent lines again indicating that configuration 
interactions have become strong enough to invalidate 
the computation of the doublet splitting. A similar 
result is seen in the case of Lil, but the experimental 
results here are of dubious worth, since the absorption 
curve could not be reproduced. The curve shown is 
from some of our earlier work, extending only to 
1950 A, and is presented as being merely representative 
of the results obtained for this salt. In CsI, as was the 
case in CsBr, no pair of lines identifiable as the doublet 
can be found. 

No doublet structure could be resolved in the 
fluorides, where the minimum predicted splitting is 
0.047 ev. This result is not surprising in view of the 
broadening of the lines through temperature and zero- 
point energy effects. Some structure is found in CsF, 
but it seems unrealistic to assign this to the doublet 
splitting. 

It would be interesting to find the relative oscillator 
strengths associated with the bands of these halogen 
doublets. A rough graphical analysis finds the second 
peak to have about twice the area of the first in the 
bromides, and about three times the area of the first 
in the chlorides. It seems unwise to attempt to specify 
the relative areas with any greater precision, since for 
a given material the peak heights and widths are found 
to vary slightly from one film to another. In addition, 
the absorption spectra of thin films have low-energy 
structure, associated with lattice disorder, which may 
be extending back into the region of the exciton 
absorption and affecting the areas of these peaks. 

A shoulder in the absorption spectrum, of the type 
which has been associated with the onset of band-to- 
band transitions by Taft and Philipp," has been found 
in many cases. In the fluorides, shoulders are found at 
about 10.0 ev in CsF and 10.9 ev in KF. A vague 
indication of a shoulder was found in RbF at about 
10.4 ev, and in NaF the shoulder, if present, was outside 
the spectral range covered. The shoulder found in KF 
falls at an energy in the rising portion of the photo- 
emission curve measured by Taft and Philipp. The 
positions of the absorption shoulder at 80°K aresummar- 
ized in Table II. 

In the chlorides, shoulders were found at about 8.6 ev 
in NaCl, 8.5 ev in KCl, and 8.2 ev in RbCl. In LiCl, as 
mentioned above, identification of the structure in 
general is uncertain, and in both of the CsCl curves a 


u—. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
(1959). 
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TABLE II. Positions of the absorption shoulder at 80°K. 


14 2b 3e 
10.4 ev4 —0.5 ev 


10.9 ev 
10.4 ev® 
10.0 ev 


0.1 ev 
0.2 ev 


8.5 ev! 
8.7 ev? 


8.6 ev 
8.5 ev 
RbCl 8.2 ev 
NaBr 
KBr 


8.1 ev4 
RbBr tee 


0.3 ev 


7 eve 
.8 ev 
.7 eve 


3 evd 
3 eva 
3 ev 
3 evi 
.4 ev 


Lil 5.9 eve 
Nal 5.8 ev 
KI 6.2 ev 
RbI 6.1 ev 
CsI 6.3 ev 


IsIsI “I 


® Position of absorption shoulder at 80°K, 

b Energy at which photoelectric quantum efficien 

¢(Column 2—Column 1) Electron affinity (after 
reference 11). 

4 After Taft and Philipp, reference 11. 

¢ Approximate value. 

f After Taylor and Hartman, reference 12 


~y reaches 10°3at 300°K 
Taft and Philipp, 


shoulder, if present, is apparently obscured by other 
structure. The positions of the shoulders in NaCl and 
KCl agree fairly well with those found in the absorption 
and reflectivity spectra by Hartman ef al.,? and occur 
just about at the energy where the photoemissive 
yields seen by Taft and Philipp" and Taylor and 
Hartman” are rising steeply. 

A shoulder was found at 7.8 ev in KBr, and rather 


2 J. W. Taylor and P. L. Hartman, Phys. Rev. 113, 1421 (1959). 
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vague indications of shoulders at about 7.7 ev in both 
NaBr and RbBr. In LiBr and CsBr similar shoulders, 
if present, are again obscured by other structure. Taft 
and Philipp find the photoemissive Yield strongly 
rising in the vicinity of about 8.0 ev in KBr. 

For the iodides, the appearance of these shoulders 
was found to be the same as that previously reported 
and discussed by Taft and Philipp and others.®* In 
general, there is about one electron volt difference be- 
tween the point where the shoulder appears and the 
onset of photoemission. 

Assigning interpretations to the other high-energy 
structure is a rather speculative process, at best. Peaks 
are seen in KCl, RbCl, and CsCl (curve I) that might 
be considered to be unresolved triplets of the type 
found in RbBr and KBr. Similar triplets might be 
found in the structure just above the doublet in Nal 
and, possibly, in KI and RbI. One could associate 
these triplets with the p°y; type configuration mentioned 
by Knox and Inchauspé, but since one has no idea of 
the splittings to be expected, such an assignment would 
indeed by speculative at the present. 
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Superparamagnetism, Nonrandomness, and Irradiation Effects in Cu-Ni Alloys* 
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The effect of neutron irradiation on copper-nickel alloys has been investigated by means of magnetic 
susceptibility measurements. The susceptibilities were measured by the Gouy method between 300°K 
and 2.0°K for a series of alloys ranging from 17.22 to 46.5 atomic percent nickel. It is shown that without 
superparamagnetism an unreasonable magnetic moment per nickel atom has to be assumed. This model 
is confirmed by irradiation studies in which samples were exposed to neutron fluxes at the Brookhaven 
reactor, ranging up to 2.210" neutrons/cm? while at 80°C, and the magnetic susceptibilities were found 
to increase following the irradiation. The increase was easily observable due to its strong temperature de- 
pendence, and was greatest for the samples with the highest nickel content and for samples exposed to the 
highest neutron fluxes. The susceptibilities of the alloys returned to their original values following an 
anneal in or above the temperature range where self-diffusion becomes important, while no changes in the 
susceptibilities were observed following anneals at lower temperatures. It is suggested that the copper- 
nickel system is not a perfect random solid solution but tends toward segregation, and that the neutron 
irradiation enhances diffusion toward a true equilibrium at room temperature. This is in agreement with 
several other observations. 


I. INTRODUCTION because all compositions are thought to be random 
solid solutions with face-centered cubic structures. 
Recent measurements!” of the magnetic susceptibilities 
of these alloys have demonstrated that the anomalous 
temperature dependence reported by earlier workers 
was due to ferromagnetic impurities. It is now known 
that the susceptibilities of alloys containing less than 
about 27% nickel are essentially temperature inde- 
pendent and increase with nickel content, while alloys 
with nickel content greater than 27% show an increase 
in susceptibility at lower temperatures which can be 
only roughly described by a 1/T law. Figure 1 illustrates 
the previous data! combined with new additional results 
for a sample containing 46.5 atomic percent nickel. The 
indicated Curie temperatures were obtained from 
Ahern’s* interpolation between his and Arrott’s* 
measurements. 

Copper-nickel alloys were chosen for the present work 
because of the strong dependence of the magnetic sus- 
ceptibility on composition, particularly near the Curie 
temperature, as illustrated in Fig. 2. It was anticipated 
that magnetic measurements would permit the detec- 
tion of variations in atomic distribution which could 
not be observed by other means. 

It is well known that neutron irradiation enhances 
diffusion in solids, both by local heating and by the 
production of vacancies and interstitials in excess of 
their equilibrium values.® It is thus possible, in certain 
cases, to accelerate diffusion in solids toward equilibrium 
distributions which otherwise might form only very 


HE copper-nickel alloy system is of particular in- 
terest for magnetic studies because a transition 
from ferromagnetic to nonferromagnetic behavior is 
contained near the center of the composition range and 





26.95 at.% Ni 





17.22 at. % Ni 





9.89 ot. % Ni 
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Fic. 1. Magnetic susceptibility as a function of temperature for 
copper-nickel alloys. Vertical lines indicate approximate positions 
of Curie temperatures (see text). 
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slowly or not at all. A typical example here is the forma- 
tion of short-range order in alpha brass and also in 


1 E. W. Pugh and F. M. Ryan, Phys. Rev. 111, 1038 (1958). 

2 Pugh, Coles, Arrott, and Goldman, Phys. Rev. 105, 814 (1957). 

3 Ahern, Martin, and Sucksmith, Proc. Roy. Soc. (London) 
248, 145 (1958). 

4A Arrott, thesis, Carnegie Institute of Technology, 1954 
(unpublished) ; J. E. Goldman and A. Arrott, Phys. Rev. 94, 782 
(1954). 

5G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957), p. 117. 
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SUPERPARAMAGNETISM IN Cu-Ni 


Cu-Al alloys by neutron irradiation.~" In the present 
work an attempt was made to determine whether any 
variations from randomness could be detected in the 
copper-nickel system under the influence of this en- 
hanced diffusion. It was also anticipated that such ob- 
servations would give an insight into the nature of the 
magnetic interactions within these alloys. 


II. EXPERIMENTAL TECHNIQUE 


The preparation of the 17.22 and 26.95% nickel 
samples from American Smelting and Refining Com- 
pany copper, rated at 99.999% pure, and Johnson 
Matthey spectroscopic grade nickel, rated at better than 
99.997% pure, has been described previously.! The 
pure metals were alloyed in evacuated quartz tubes and 
agitated for 30 minutes in the molten state to assure 
proper mixing. The melt was then quenched in water to 
minimize long-range segregation, and the ingots were 
swaged into cylindrical specimens. The specimens were 
then heavily pickled in nitric acid and homogenized at 
70°C below the solidus for 100 hours. 

Since the melting temperatures of the 38.8 and 46.5% 
nickel samples were too high to be alloyed in quartz, 
they were obtained from the International Nickel 
Company where they were produced in a vacuum fur- 
nace using a graphite crucible. A spectrographic analysis 
of these alloys indicates that they have impurities of 
less than one part per million of iron, cobalt, and man- 
ganese. After receiving these specimens they were 
heavily pickled and homogenized at 1150°C for 120 
hours. Chemical analyses performed on the samples 
agreed with the alloy compositions to within one percent. 

Prior to irradiation, the samples were sealed in indi- 
vidual evacuated quartz tubes to prevent surface con- 
tamination. The samples were then irradiated in the 
Brookhaven National Laboratory reactor where they 
were subjected to a broad spectrum of fission, neutrons 
at a total flux rate of 610" nv for varying periods of 
time. During the irradiation the samples assumed the 
temperature of the pile which averaged 80°C. 

The samples were placed in evacuated quartz tubes 
for each annealing run in order to maintain a clean sur- 
face and prevent oxidation. The annealing temperatures 
were held within +5°C over the range of temperatures 
used. After every three isothermal anneals and sub- 
sequent susceptibility measurements, the samples were 
very lightly pickled in nitric acid to reduce the effect of 
surface contamination due to handling. Care was taken 
to not remove enough metal to give a measurable change 
in the susceptibility due to an altering of the sample 
dimensions. 

6 Rosenblatt, Smoluchowski, and Dienes, J. Appl. Phys. 26, 
1044 (1955). 

7 Feder, Nowick, and Rosenblatt, J. Appl. Phys. 29, 984 (1958). 

8 A. C. Damask, J. Phys. Chem. Solids 4, 177 (1958). 

9M. S. Wechsler and R. N. Kernohan, J. Phys. Chem. Solids 
7, 307 (1958). 

1 A. C. Damask and G. J. Dienes, J. Phys. Chem. Solids (to 
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1B, L. Averbach, J. Appl. Phys. 30, 1525 (1959). 
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Fic. 2. Isothermal 
variation of the mag- 
netic susceptibility 
with composition for 
copper-nickel alloys. 
At 64°K and 77.2°K 
alloys above about 
50% Ni and 65 Ni, 
respectively, are 
ferromagnetic. 
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Susceptibility measurements were made by a pre- 
viously described Gouy balance? using fields ranging 
from 4000 to 23 000 oersted. The samples had the form 
of wires six inches in length and were fastened to a six 
inch long, }-in. diameter cylinder of Pugh’s nonmag- 
netic alloy” to prevent bending or swinging of the 
sample in the magnetic field. 


III. EXPERIMENTAL RESULTS 


A list of the samples used and the corresponding total 
neutron fluxes they received may be seen in Table I. 
The results of the susceptibility measurements are listed 
in Table IT. On Fig. 3 are plotted the fractional in- 
creases in the susceptibilities for the 26.95, 38.8, and 
46.5% nickel samples which were subjected to the 
greatest total neutron fluxes. The typical temperature 
dependence of the increase in the susceptibility observed 
in the alloys can be seen on this plot, along with the 
dependence on composition. No detectable increase in 
susceptibility was found in the 17.22% nickel sample 
following irradiation of up to 2.210" neutrons/cm’. 
With the accuracy obtainable this means that any in- 
crease that might have occurred following the irradiation 
was less than one percent, down to 2°K. For no sample, 
either before or after irradiation, was any field depend- 
ence observed. 


TABLE I. Designation of samples and irradiation fluxes. 


Total neutron flux 


Number Composition 


0.725 X 10" n/cm? 
45 X 1019 
18x 10" 


‘u+38.8 at. 
‘u+38.8 at. 
‘u+38.8 at. 
u+46.5 ¢ 
‘u+46.5 < 


A, 
2. 
0.725 X 10" 


CNA Ue Wr 
FARRAR ARA 


<. W. Pugh, Rev. Sci. Instr. 29, 1118 (1958). 
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TABLE II. ee of copper-nickel aimee (cgs mass units 10°) before and after irradiation. 








Before After Before 


Temp. 


irrad. irrad. irrad. irrad. 


Before 
irrad. 


After 
irrad. 


irrad. 





Sample 2 
+2.95 
+7.25 
+8.52 

Sample 6 
+6.10 

+120 


Sample 1 
+2.92 
+7.22 
+8.47 


+3.06 

+8.83 
+-10.47 
Sample 5 


+-6.21 +6.56 


+-156 


After the post-irradiation susceptibilities had been 
measured, the samples were subjected to a series of 
isochronal annealings at various temperatures. The 
results of the susceptibility measurements taken after 
each anneal are listed in Table II. The annealing spec- 
trums of two 46.5, two 38.8, and the one 26.95% nickel 
sample are shown on Fig. 4. Each point represents a 
susceptibility measurement performed following a 50- 
hour isothermal anneal at the indicated temperatures. 
The susceptibility measurements plotted were those 
obtained at the lowest measurement temperature. It 
was found that the annealing phenomenon was inde- 
pendent of the initial neutron flux or the susceptibility 
measurement temperature. The maximum rate of the 
annealing process occurs at 250°C, 310°C, and 325°C 
for the 26.95, 38.8, and 46.5% nickel samples, respec- 
tively. This is just the ‘“Tammann” temperature range 
in which during a typical annealing period the self- 
diffusion of the atoms begins to be significant. Its varia- 
tion with composition is in the right direction.’* No 
measurable decrease in susceptibility occurs until about 
175, 275, and 300°C for the three compositions. The 
values of the susceptibilities of the samples after anneal- 
ing at temperatures higher than 350°C agreed with the 
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| 


Degrees Kelvin 


Fic. 3. Relative increase in magnetic susceptibility as a function 
of temperature following an irradiation flux of 2.210" 
neutrons/cm*. 


18 G. Grube and A. Jedele, Z. Elektrochem. 38, 799 (1932). 


+3.10 
+9.10 
+10.85 


+6.48 
+158 


Sample 3 


+2.90 
+7.21 
+8.59 


+3.09 
+9.20 


+11.29 


Sample 7 


+0.381 
+0.362 


+0.373 
+0.383 
+0.482 
+0.528 


+0.380 
+0.361 


+0.373 
+0.382 
+0.480 
+0.526 


Sample 4 


+6.24 


+136 
+210 


Sample 8 
+0.832 
+0.8275 


+0.874 





+0.836 
+0.830 


+0.908 
+0.933 
+1.131 
+1.258 


pre-irradiation values within the experimental accuracy 
of one percent. Figure 5 shows the fractional increase 
in susceptibility for the 38.8 and 46.5% nickel samples 
as a function of the irradiation flux. A deviation from 
linearity between the change of susceptibility and flux 
is clearly indicated for fluxes near or below 10 neutrons 
per cm?. This corresponds to the displacement of the 
order of a few percent of the atoms. Such early non- 
linearities have been previously observed.':!> Due to the 
level of the induced radioactivity of the samples and 
the necessary handling before and after susceptibility 
measurements, the use of higher fluxes was excluded 
and thus a saturation of the observed changes was not 
obtainable. 


IV. DISCUSSION OF RESULTS 
A. Superparamagnetism 


Before discussing the observations on the influence 
of irradiation on the paramagnetic properties of the 
copper-nickel alloys, it is necessary to consider the alloys 
in their normal condition. From Fig. 1 one concludes 
that in alloys with 38.8 and 46.5 atomic percent nickel 
the susceptibility is proportional to C(7—6)~ accord- 
ing to the Curie-Weiss law. The constant C is about 
0.5 10~* cgs mass units X degree for the 38.8 alloy and 
around 6X10~* for the 46.5 alloy. If we make the ex- 
treme assumption that each atom of dissolved nickel 
contributes 0.6 Bohr magnetons, then the usual formula 
C=NJ(J+1)g’uz?/3k, where N is the number of nickel 
atoms per unit mass of the alloy, yields 1.2X10-* and 
1.5X10~* for the two compositions, respectively. 

In order to account for the higher measured value of 
C for the 46.5 alloy, each atom of nickel would have to 
possess 1.7 Bohr magnetons which is most unlikely. It 
seems much more reasonable to assume that this alloy 
behaves superparamagnetically, that is, that there are 
small local clusters sufficiently rich in nickel in which all 
spins are coupled ferromagnetically to each other and 
form one domain, but that the temperature is high 


14 G. H. Kinchin and R. S. Pease, Reports on % on in Physics 
(The Physical Society, London, 1955), Vol. 18, F 
16 T. H. Blewitt and R. R. Coltman, Acta Met. 3 549 (1954). 
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Fic. 4. Isothermal annealing of the relative increase in magnetic 
susceptibility. Susceptibilities measured at lowest temperature. 


enough to provide a short relaxation time for the change 
of orientation of the resulting spin system. Such a model 
has been analyzed theoretically by Néel'® and Bean!7:'8 
and successfully applied to copper-cobalt alloys by 
Becker.” The main difference between the Cu-Co and 
the Cu-Ni system lies in the fact that in the former the 
ferromagnetic particles are discrete precipitates, while 
in the latter we assume clusters in a solid solution. The 
possible role of local fluctuations in composition in this 
alloy has been frequently suggested’! and applied to 
the interpretation of temperature variation of their 
electrical resistance.”! 

A quantitative evaluation of the theory for the 
copper-nickel system is exceedingly difficult because, 
even if we assume a perfect random solution, there is a 
continuous distribution of various sizes and composi- 
tions of clusters, and each has a different criterion for 
becoming a superparamagnetic domain. The necessity 
for a single domain behavior, and for a short relaxation 
time of the domain orientation, requires the knowledge 
of the Bloch wall energy and of the anisotropy constant 
K as a function of composition. Besides this, each com- 
position will have a different contribution per nickel 
atom to the resultant spin. One can ask, however, what 
is the minimum size of a pure nickel cluster which would 
account for the observed constant C if all the nickel 
atoms were in such clusters. If each nickel atom in such 
a cluster is assumed to contribute 0.6 Bohr magneton 
then the minimum clusters would contain about 16 
atoms each. This is one or two orders of magnitude 
below the lower limit of the size of precipitates consid- 
ered in the copper-cobalt system. The minimum size of 
nickel-rich clusters containing some copper atoms 
would, of course, have to be larger. For instance, 


16 |, Néel, Compt. rend. 228, 664 (1949). 

17C, P, Bean, J. Appl. Phys. 26, 1381 (1955). 

18 C, P. Bean and J. D. Livingston, Suppl. J. Appl. Phys. 30, 120 
(1959). 

19 J. J. Becker, Trans. Am. Inst. Mining Met. Engrs. 209, 59 
(1957), and 212, 138 (1958). 

2” E. P. Wohlfarth, Proc. Roy. Soc. (London) 195, 434 (1949). 

21. R. Smoluchowski, Phys. Rev. 84, 511 (1951). 
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clusters having 60 or 50% nickel would have to contain 
at least 85 or 175 atoms, respectively, to account for 
the observed C. In a random solid solution of 46.5 
atomic percent nickel the probability of the occurrence 
of such clusters?! is of the order 10-5, 10-4, and 10-, 
respectively, and thus only the latter can play a role. All 
of these clusters are sufficiently small that appreciable 
saturation would not occur in the presence of the applied 
fields, and no field dependence of the susceptibility 
should be detected. 

The above minimum cluster sizes have been deter- 
mined by assuming that each cluster has a Curie tem- 
perature and moment per unit volume identical to those 
of larger samples of the same composition. This is 
actually not true, for it can readily be shown that the 
smaller the cluster of a given composition the lower will 
be both its Curie temperature and its moment per unit 
volume. Since the sample contains clusters of various 
sizes and compositions, the sample parameter C, defined 
as dx/d[1/(T—@) }, will, in effect, decrease with in- 
creasing temperature. A rough estimate of the Curie 
temperature 0, of a cluster or aggregate can be obtained 
if one assumes that the surface atoms make only half 
as many ferromagnetic exchange interactions as do the 
atoms in the inside of the cluster.” One obtains then 
that 0./0.=1—1.5r~', where 0, is the Curie temperature 
of the bulk alloy of the composition of the cluster, and 
r is the radius of the cluster expressed in terms of the 
distance between nearest neighbors. For the three kinds 
of minimum size clusters discussed above, one obtains 
6,= 265, 138, and 77°K, respectively. The larger the 
cluster of a given composition, the higher its Curie 
temperature. It follows that in order to explain, for 
instance, a high value of C at 250 or 300°K for a typi- 
cally 50:50 random alloy, one cannot consider pure 
nickel clusters because their occurrence even for the 
minimum size is too unlikely, nor can one consider 
clusters close to the average composition because their 
Curie temperature is too low. At these temperatures 


x. ot 7.2°K 
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Fic. 5. Relative increase in magnetic susceptibility as a 
function of neutron flux. 
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probably the only significant contribution to para- 
magnetism would come from clusters having not less 
than 65 atomic percent nickel and of such size that their 
probability of occurrence is less than 10~*. This however 
is not enough to account for the observed C. 

The above considerations lead to the conclusion that 
the copper-nickel alloys are not random below room 
temperature but show a _ tendency to clustering 
(‘‘Nahentmischung”’). This would increase the proba- 
bility of the occurrence of nickel-rich and copper-rich 
clusters to values which would agree with the observed 
paramagnetism. For instance, a segregation with maxi- 
mum clustering probabilities near 30 and 70 atomic 
percent at 250°K leads to a probability of about 0.4 for 
clusters having between 65 and 75% nickel and 50 
atoms in each. The corresponding C is about 5X 10-3 
which is quite reasonable. Whether these alloys actually 
segregate into thermodynamically distinct nickel-rich 
and copper-rich phases rather than form clusters within 
one solid solution is impossible to ascertain at the 
present time. The magnitude of the observed effects, 
however, seems to favor the first alternative. One would 
expect the miscibility gap to be centered around the 
50:50 composition and extend further into the nickel- 
rich side than into the copper-rich side. This asymmetry, 
which is similar to the asymmetry of ordered phases,”**4 
follows from the fact that a nickel atom joining a cluster 
of nickel atoms would lower its energy by an additional 
amount of about k@,/2 if the cluster were ferromagnetic, 
and this energy is comparable to the energy of 
“unmixing.” 

These conclusions about the nature of paramagnetism 
in the copper-nickel alloys and about the nonrandom 
nature of these alloys are strikingly confirmed by the 
results of irradiation discussed below. 


B. Irradiation Effects 


There are several ways in which irradiation could, in 
principle, change the magnetic susceptibility of a 
metallic solution: One of the most obvious is a chemical 
change produced by nuclear transmutation. Another 
possibility is the introduction of stable point defects or 
their clusters, which would modify local interatomic 
distances, and thus the local exchange integrals, as well 
as produce variations of local chemical composition. 
Finally, the presence of mobile defects and the resulting 
increase of diffusivity during irradiation may lead 
to changes in the distribution of the atoms or, in 
other words, to a change in the frequency of occur- 
rence of various composition fluctuations in an essen- 
tially normal crystalline lattice. Additional complica- 
tions would have to be taken into account if there were 
reasons to believe that the chemical proportion of the 
displaced atoms would be appreciably different from 
the composition of the alloy. In our case we are dealing 


R. Smoluchowski, J. phys radium 12, 389 (1951). 
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with copper and nickel atoms which are similar in size, 
mass, and atomic number so that one may assume 
similar threshold energies for displacement Ea, similar 
kinetic energies transferred, and similar cross sections 
for collisions. 

The first mechanism, chemical changes, is easily dis- 
posed of by observing that the susceptibility changes 
anneal out completely at higher temperatures. The main 
argument against interpreting the observed changes of 
susceptibility on irradiation as a consequence of the 
presence of stable defects is quantitative. According to 
the present interpretation of the annealing spectra**.”* 
of copper irradiated near 10°K, most of the point defects 
introduced at these temperatures anneal out below 
liquid nitrogen temperatures, and the remaining ones 
form clusters or other configurations which could be 
stable at temperatures even above room temperature. 
It seems quite justified to apply the same picture to the 
copper-nickel alloys, and to conclude that only a very 
small fraction of the one or so percent of atoms which 
were displaced during irradiation did not return to 
normal lattice sites at temperatures up to 300C°. In 
this connection it is worth mentioning the observations 
of Hirsch” who found that after heating copper for 10 
minutes at 120°C quenched-in copper vacancies had 
completely clustered, creating small voids in the crystal. 
It appears that it would be necessary to assign to these 
clusters of interstitials or of vacancies (whether col- 
lapsed into dislocation loops or not) most unreasonable 


_ paramagnetic properties to account for the observed 


increase in susceptibility of the order of 30 to 40%. 

The final alternative is that the redistribution process 
is the mechanism responsible for the observed suscep- 
tibility increase. A solid solution can deviate from 
perfect randomness either in the direction of segregation 
caused by a miscibility gap or towards long-range or 
short-range order. Since in these alloys the suscepti- 
bility is a highly nonlinear function of composition, as 
shown in Fig. 2—note that in this figure susceptibility 
is plotted on a logarithmic scale—an increase in nickel 
concentration in one region, coupled with the corre- 
sponding decrease in another, would yield a net increase 
in the susceptibility. It follows that if upon irradiation 
an initially more or less random copper-nickel solid 
solution would tend towards further segregation then 
its susceptibility would increase. This would be true for 
real segregation, i.e., presence of a miscibility gap as 
well as for short-range clustering. For the same reason, 
the formation of short-range order should lower the 
susceptibility. It is not possible to predict for certain 
what would be the result of the formation of long-range 
order since then the electronic configuration may 
undergo considerable changes. 

It is fairly evident, however, that long-range ordering 


25 Magnuson, Palmer, and Koehler, Phys. Rev. 109, 1990 
(1958). 
26 
27 


8) 
J. W. Corbett and R. M. Walker, Phys. Rev. 110, 767 (1958). 
P. B. Hirsch (private communication). 
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does not occur for these alloys, within the range of con- 
ventional heat treatments: Kaufmann and _ Starr’$ 
attempted to detect the presence of long-range ordering 
near the Cu;Ni composition by slowly cooling a 30% 
nickel sample from 820°C to 220°C over the period of 
10 days. Within their experimental accuracy of one 
percent, they were unable to observe any change in the 
magnetic susceptibility. Similarly, Coles*® attempted to 
detect long-range ordering in the Cu-Ni alloy. After 
cooling some powder samples of 50:50 composition from 
900°C to room temperature in 2 days, he was unable to 
detect any change in the lattice parameter from x-ray 
patterns as is usually associated with ordering. The 
electrical resistivity is also ‘‘regular,” that is, it shows 
a maximum near the 50:50 composition instead of a 
sharp local minimum which could be interpreted as evi- 
dence of order. 

In contrast, there has been some recent work that 
does indicate the existence of a miscibility gap, or at 
least of a tendency toward segregation in the copper- 
nickel alloys. If an alloy system has a miscibility gap 
then the enthalpy of a perfect mechanical mixture is 
greater than enthalpy of the system separated into, say, 
regions of two different compositions. In copper-nickel, 
where the atoms are so similar, the enthalpy difference 
associated with the miscibility gap would be necessarily 
small. At least two different workers have recently ob- 
tained positive heats of formation for the copper-nickel 


system, indicating a miscibility gap. Leach*®” measured 
the difference between the heats of formation of alloys 
and the heats of a purely mechanical mixture for a series 
of copper-nickel alloys ranging up to 50% nickel. He 
obtained small positive values that increased to about 
900 cal/mole at 50% nickel, corresponding to a critical 
temperature of about 450°K. Agreement was obtained 


with some values obtained from electrochemical 
methods. Oriani*! has recently measured the heats of 
formation for a series of eleven copper-nickel alloys pre- 
pared from solid components at 640°C, ranging from 
3 to 93% nickel. He obtained small positive heats of 
mixing for all of the alloys with a maximum of about 
400 cal/mole near 50% nickel, which is appreciably 
lower than Leach’s value. What is important for our 
purposes is that both authors obtained positive heats 
of mixing. Meijering ef a/.% have made a careful study 
of the copper-nickel-chromium system. They have 
found that the addition of as little as 0.7% chromium 
to copper-nickel alloys, with up to 35% nickel, causes 
a miscibility gap to appear. This indicates that the 
copper-nickel system is very close to having a miscibility 
gap, if it indeed does not have one. From the tie-line 
directions in the copper-nickel-chromium system, 

28 A. R. Kaufmann and C. Starr, Phys. Rev. 63, 445 (1943). 

2B. R. Coles, J. Inst. Metals 84, 346 (1956). 

J. S. Ll. Leach, National Physical Laboratory Symposium, 
June, 1958 (to be published). 

31 R. A, Oriani (private communication). 

% Meijering, Rathenau, Van der Steeg, and Braun, J. 
Metals 84, 118 (1956). 
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Meijering® deduced that the miscibility gap would 
have a maximum at approximately 450°K, or maybe 
nearer to room temperature, since at 450°K the jump 
frequency of the atoms is still about once a day while 
at room temperature it is effectively nil. A comparison 
with Au-Pt or Au-Ni systems shows that a critical mis- 
cibility temperature near 400°K is compatible with a. 
segregation into 30% and 70% rich alloys near 250°K, 
as assumed in an illustrative estimate above. It should 
be pointed out here that the atomic size effect which 
causes short-range order above the miscibility gap in 
the Au-Ni system probably does not exist in the Cu-Ni 
system. 

Belov and Goriaga*** have performed measurements 
of the saturation magnetization of a series of copper- 
nickel alloys that also indicate deviations from random- 
ness in the alloy system. They investigated the char- 
acteristic ‘‘tail’’ in the temperature plot observed near 
the Curie temperature and found that annealing at 
successively higher temperatures caused the tail to 
diminish. This is easily explained it one assumes that 
the alloy had nonrandom fluctuations in composition 
before the high-temperature annealing. This would 
cause the Curie transition to be spread over a small 
temperature region rather than to occur at a distinct 
temperature. The high annealing temperatures would 
return the system to a more random state than the 
actual state at room temperature; the average composi- 
tion would then be better defined and the ferromagnetic 
transition would occur more abruptly. Additional, 
though much less direct, indication of clustering in the 
copper-nickel systems may be the fact that these alloys 
show a very strong solution hardening.*® This may be 
related to an increase of the Suzuki effect, i.e., the 
pinning down of dissociated dislocations by the occur- 
rence of larger composition fluctuations than in a 
random alloy.” Of course, as pointed out by Fisher,** 
short-range order would also add to the hardening. 
Further evidence for clustering are the results of Késter 
and Schule,*® who measured the electrical resistance and 
the Hall constants for a series of alloys containing up to 
45% nickel and found a change of state occurring below 
650°C, accompanied by an increase in conductivity and 
a decrease in the Hall constant. From the behavior of 
the Hall constant, they concluded that clustering was 
occurring. Cold working further increased the effect, 
and aging at elevated temperatures returned the con- 
ductivity and Hall constants to their former values 
the statistically disordered 


characteristic of solid 


solution. 


3 J. L. Meijering, Acta Met. 5, 257 (1957). 

4 K. P. Belov and A. N. Goriaga, Fiz. Metal. i Metalloved., 
Akad. Nauk S.S.S.R., Ural’. Filial 2, 441 (1956). 

35K. P. Belov and A. N. Goriaga, Izvest. Akad. Nauk S.S.S.R. 
Ser. Fiz. 21, 1038 (1957). 

36 F, Osswald, Z. Physik 83, 55 (1933). 

87H. Suzuki, Sci. Repts. Research Inst., Tohoku Univ. A4, 455 
(1952). 

38 J. C. Fisher, Acta Met. 2, 9 (1954) 


39W. Koéster and W. Schule, Z. Metallk. 48, 592 (1957). 
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The interpretation of the observed paramagnetism 
and of its change with irradiation is thus only possible 
if we conclude that the alloys tend to be not random 
at low temperatures and that irradiation accelerates 
diffusion near room temperature to such an extent that 
the alloys approach nearer to the state of real equilib- 
rium than they are able to do during a normal cooling 
process. This formation of more nickel-rich clusters 
leads then to an increase in superparamagnetism. It is 
clear that this effect increases with nickel content and 
reaches a maximum near the 50:50 composition and 
that it anneals out at higher temperatures. 

An exact quantitative evaluation of the above model, 
in terms of irradiation effects, is difficult because neither 
the true equilibrium diagram nor the state of the alloys 
before or after irradiation is well known. An approxi- 
mate estimate, however, is possible. First one has to 
inquire into the degree of acceleration of diffusion during 
irradiation. The best way to do so is to make a com- 
parison with alpha copper-zinc alloys for which the 
amount of enhancement of diffusion has been measured, 
in the same reactor, by Dienes and Damask.” This is a 
reasonable procedure since the diffusivity in these 
alloys, as well as in pure copper and in copper-nickel 
alloys up to about 50% nickel, is about the same. It 
appears that irradiation in the Brookhaven National 
Laboratory reactor accelerates the diffusivity at 80°C 
by a factor of about 10°, increasing it from 3X 10~-* cm? 
sec to 3X10~'§ cm? sec~. This corresponds to an 
“effective temperature” about 100°C higher than the 
ambient temperature, and it follows that the mean path 
of an atom during the time of irradiation of about 40 
days is about 300 A instead of 1 A. On the other hand, 
the mean distance between the minimum clusters which 
are necessary to account for the observed susceptibility, 

“G. J. Dienes and A. C. Damask, J. Appl. Phys. 29, 1713 
(1958). Dr. Dienes informs us that his and our irradiations were 
comparable to somewhat better than a factor of two. This is 
amply sufficient for our purposes. 


AND 
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as indicated above, is of the order of 50 to 100 A. Thus 
the irradiation provides ample mobility to enhance 
segregation. 

The next question to consider is whether the increase 
of susceptibility by 30 to 40% upon irradiation is 
reasonable, that is, whether the dependence of suscep- 
tibility on composition is sufficiently nonlinear. It 
appears that a “best fit” curve gives an increase in sus- 
ceptibility by a factor of 4 when the nickel content in- 
creases from 45 to 48% at 64°K. Thus only a few per- 
cent difference in the cluster distribution may easily 
account for the observed large changes. It would be 
very interesting to see whether irradiation would affect 
the temperature coefficient of resistivity of these alloys. 
In normally prepared alloys, near room temperature, 
this coefficient can be well accounted for by considering 
only random concentration fluctuations.” Also a change 
in the saturation magnetization and Curie temperature 
should be observable. 

The final point is the return to a normal, nearly 
random, distribution at about 300°C. This anneal, 
which lasts for 50 hours, produces a mean diffusion path 
of the atoms about 700 A. This is just the right order 
of magnitude to reverse the segregation produced by 
the 300 A mean diffusion path during bombardment. 

It appears that while a detailed quantitative picture 
of the statistical nature of the copper-nickel alloys and 
their paramagnetic properties is still to be worked out 
its main characteristic, that is, tendency to segregation 
and superparamagnetism, accounts well for the observed 
facts. 
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The equilibrium shape of a dislocation segment between two pinning points in the same glide plane is 
calculated. The assumption is made that the dependence of the dislocation self-energy on the geometry 
of the dislocation line can be expressed by using an energy per unit length, E, which is a function only of the 
angle, 8, between the Burgers vector and the tangent to the dislocation. Only glide of the dislocation, not 
climb, is considered. The results obtained are compared with those for elastically isotropic crystals. It is 
found that the character of the dislocation shape is altered considerably if E-+-d?E/dé* can be negative. It is 
suggested that the change in sign of this quantity is associated with diffusionless phase changes. 





I. INTRODUCTION 


N this paper, anisotropic elasticity theory is used to 
study the interaction of dislocations with an ex- 
ternally applied stress in a single crystal. 

In Sec. II, the self-energy of a dislocation is con- 
sidered. The results of a method for calculating the 
elastic energy per unit length of a long straight disloca- 
tion! are given. The other contributions to the self- 
energy of an arbitrarily shaped dislocation are also 
discussed briefly. 

The equilibrium of a single pinned dislocation seg- 
ment under an applied stress is studied in Sec. III. 
The differential equation for the shape of the deformed 
dislocation is derived and it is shown how the solution 
depends on the self-energy function. 

A comparison is made between the results obtained 
in this paper and those obtained when isotropic elas- 
ticity theory is used. The type of self-energy function 
found for some of the various crystal types is discussed. 
In addition, some experimental evidence linking dis- 
location behavior with diffusionless phase changes is 
presented. 


II. SELF-ENERGY OF A DISLOCATION 
A. Introductory Remarks 


It is desired to obtain an expression for the self- 
energy of an arbitrarily shaped dislocation in an aniso- 
tropic crystal. Since this is a very general problem, 
attention is first focused on the elastic energy of a 
straight dislocation. Even for this simpler problem an 
analytic solution does not exist for an arbitrary orienta- 
tion of the dislocation in an anisotropic crystal, but a 
numerical solution can be obtained for any particular 
orientation. In what follows a number of special cases 
are considered where the Burgers vector is fixed and 
the dislocation is confined to a certain plane in the 
crystal. For these cases, numerical results are used to 
obtain a function which approximately gives the de- 
pendence of the elastic energy per unit length on the 

* This paper is based on a dissertation submitted by G. deWit 
in partial fulfilment of the requirements for the Ph.D. degree at 
the University of Illinois. The work was supported in part by the 


Office of Naval Research. 
1A. J. E. Foreman, Acta Met. 3, 322 (1955). 


dislocation orientation for a straight dislocation. This is 
then employed as an approximation to the total self- 
energy per unit length of a curved dislocation. 


B. Elastic Energy of a Long Straight Dislocation 


Foreman! shows that in an elastically anisotropic 
crystal, EZ, the elastic energy per unit length of a long 
straight dislocation, is given by 


E=[02/4e ][In(R/ro) LK], (1) 


where 0b is the magnitude of the Burgers vector, R has 
the dimensions of the crystal if there is only one dis- 
location in the crystal, ro is the radius of the dislocation 
core, and K is a function of the elastic constants of the 
crystal and the orientation with respect to the crystal 
axes of both the Burgers vector and the dislocation. 
For an isotropic crystal, K can be expressed as a func- 
tion of the angle @ between the Burgers vector and the 
dislocation as follows: 


K=[3n/(1—y) JL (2—v)—v cos26], (2) 


where yu is the shear modulus and » is Poisson’s ratio. 
For an arbitrary orientation of the dislocation in an 
anisotropic crystal, K must be found numerically. 

Later in this paper it will be useful to know how 
K varies when the Burgers vector remains fixed and 
the dislocation changes its direction on a particular 
plane. For this case, the orientation of the dislocation 
in the crystal is determined if 6 is specified, and thus K 
can be represented by the series 


K=} [an cosn6+8, sinné ], (3) 


n=O 


where a, and £, are functions only of the elastic con- 
stants of the crystal, not of @. 

Values of K for various values of @ have been found 
numerically, using experimentally determined elastic 
constants, for each of the materials Cu, Pb, and Li. The 
results are summarized in Table I. For Cu and Pb, 
which are face-centered cubic crystals, the calculations 
were carried out for the Burgers vector along a (110) 
direction and the dislocation in a (111) plane, while for 
body-centered cubic Li, the calculations were carried 
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TABLE I. Summary of numerical calculations of K. 


Cu® 


17.10 
4.76 


Crystal 


Temp. 


Room 
Room 
78°K 


Ci2® 


12.39 


Cu 
Pb 
Li 


S. KOEHLER 


J. 








Direction of 
Burgers 
vector 


(110) 
(110) 
(111) 


Type of slip 


(Cir —C12) Source for Ci; plane 


(ill) 
(111) 
(110) 


Lazarus? 
Goens and Weerts°® 
Nash and Smith 


3.21 
3.95 
9.31 








. and Ci are in units of 10" dynes/cm?, 

). Lazarus, Phys. Rev. 76, 545 (1949), 

<. Goens and I. Weerts, Physik. Z. 37, 321 (1936). 

1. C. Nash and C. S. Smith, J. Phys. Chem. Solids 9, 113 (1959), 
=sin(1/¥v3). 


out for the Burgers vector along a (111) direction and 
the dislocation in a (110) plane. These values of K were 
then used to obtain the coefficients in a truncated form 
of (3), as follows: 








i; if 73 ™2 a 


Pb, {|} PLANE 


73 "2 


Cu, {il} PLANE 


- = _ 


8 


"2 273 S5S*/6 F 


Li,{NO} PLANE 


Fic. 1. Results of numerical calculations of K (in units 
of 10" dynes/cm?) as a function of @. 


K 


0.712 
0.663 
0.481 
0.241 
0.363 
0.421 
0.539 
0.699 
0.724 
0.719 





4.21 
5.19 
6.74 
7.45 





Cu 
K= (5.93— 1.60 cos20—0.08 cos4é 
—0.02 cos66+-0.01 cos8@) X 10" dynes/cm?, 
Pb 
K= (1.128—0.374 cos20—0.020 cos4é 
— 0.030 cos6@—0.006 cos8@) X 10" dynes/cm’, 
Li 
K= (0.534—0.226 cos20—0.057 cos4¢—0.010 cos60 
+0.044 sin2@—0.014 sin49—0.008 sin6é) 
X10" dynes/cm*. (4) 
These curves are shown in Fig. 1, together with the 
values of K from Table I. The calculations also show 
that for a {111} slip plane and a (110) Burgers vector 
in any cubic crystal, the following is true 


Bn=0, (5) 


while for a {110} slip plane and a (111) Burgers vector 
in any cubic crystal, these relations hold: 


Bonsi=0. 


Qent+1— Q, 


Qeni1=0, (6) 
C. Some Other Contributions to the Self-Energy 
of a Dislocation 


In the above, some relationships have been presented 
which give E£, the elastic energy per unit length of a long 
straight dislocation. Equation (1) summarizes the re- 
sults of Foreman and shows how E£ is related to K, 
which gives the orientation dependence. Equations (5) 
and (6) show what general form K takes when con- 
sideration is restricted to a particular direction of 6 and 
a particular slip plane. Equation (4) gives K by means 
of numerical coefficients calculated for particular 
crystals. 





DISLOCATION 


According to Nabarro,? if there are many dislocations 
in the crystal, R should be taken as the average distance 
to the nearest dislocation of opposite sign. This effec- 
tively cuts off the integration of the energy density at R. 

In what follows, (1) is used to approximate the 
energy of a curved dislocation. According to Friedel,’ 
at distances closer to the curve than the radius of 
curvature, the stresses, and thus the energy density, 
are much the same as those of a straight dislocation. 
Thus if the radius of curvature of the dislocation line 
is larger than the distance between dislocations, there 
will be little trouble with the approximation. Some 
measure of the error can be obtained by considering a 
simple example for the case where trouble might begin, 
ie., where the radius of curvature is equal to the 
values used for R. If the exact expression for the energy 
of a circular dislocation or radius R in an isotropic 
crystal is compared with the result obtained from (1), 
the error is about 6% if the distance between disloca- 
tions is 10-* cm and the core radius is 5X 10-8 cm. 

One more qualification must be mentioned before (1) 
can be used to represent the self-energy of an arbitrary 
dislocation segment. This expression does not include 
the core energy, that is, the energy associated with that 
part of the crystal closer to the dislocation than ro. 
Within the core, linear elasticity theory does not apply, 
and more detailied information about atom to atom 
interactions is needed. 


III. EQUILIBRIUM OF A PINNED DISLOCATION 
SUBJECT TO AN APPLIED STRESS 


A. Statement of the Problem 


There is considerable interest in the problem of 
what happens when a stress is applied to a segment of 
dislocation between two pinning points. The Frank- 
Read‘ source is based on such a situation. Therefore, 
the work that follows considers the differential equation 
of equilibrium of such a dislocation segment for the 
case of a uniform applied stress. The solution of this 
differential equation gives information about the equilib- 
rium shape of the dislocation and also about the “critical 
stress” above which no equilibrium is possible. 


B. Derivation of the Differential Equation 
of Equilibrium 


If a stress is applied to a crystal, a dislocation in the 
crystal will be subject to a force, and a segment between 
two pinning points will tend to bow out. Since the 
external stress will do work on the dislocation, there will 
be an interaction energy. The self-energy will also 
change as the dislocation bows out, and the equilibrium 
will be determined by minimizing the total energy. 
This paper will consider the motion of the dislocation 

2F. R. N. Nabarro, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1952), Vol. 1, p. 335. 

3J. Friedel, Les Dislocations (Gauthier-Villars, Paris, 1956), 


pp. 20-23. 
4F. C. Frank and W. T. Read, Phys. Rev. 79, 722 (1950). 
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only in its slip plane, and when it is necessary to be 
more specific, the observed slip planes in the face- 
centered cubic and body-centered cubic crystals will 
be used. 

Let the x-y plane be the slip plane and the Burgers 
vector be along the x axis. With no external stress, the 
dislocation segment lies along the line 


y=~x tando. 

The equilibrium shape of the segment when there is a 
constant applied stress may be taken as the curve 
y=y(u), (7) 
where u is a parameter which increases in the positive 
sense of the dislocation. The curve must pass through 
the pinning points 

x(u;)=0, 

x(u2) = cosbo, 


x=x(u), 


y(u:)=9, 


8 
y (uz) =1 sino. (8) 


See Fig. 2. The problem is to find the functions referred 
to in (7). 

In order to derive the differential equation which 
the curve x versus y, (7), must satisfy, a slight modifica- 
tion of the methods of the variational calculus will be 
used. Consider that the dislocation moves from 


x=a(u), y=y(u), (9) 


to 
x=x(u)t+da(u), y=y(u)t+édy(u), 
where 6x and éy are small, and 
6x(u;)=dy(m1)=0, dx(u2) = dy(u2) =0. 


Otherwise 6x and éy are arbitrary. If F is the force per 
unit length due to the external stress, it will do work 


5Wp= f} (Fbx+F py |ds(u), 
ul 


where ds is the element of length, and F, and F, are 
components of F. In order for (7) to represent the 
equilibrium position of the dislocation, Wr must be 








Fic. 2. An illustration of the quantities 
used in the equilibrium problem. 
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balanced by the change in the self-energy 


6W's if 


Eds(u), (10) 


where £ is given by (1), and the change in the functional 
J Eds is evaluated according to the usual variational 
procedures. Thus 


6bWr—bWs=0. (11) 


the force acting on a dislocation due to an applied stress. 
From Peach and Koehler,® this is given by 


F=—v X (o-b), (12) 


where F is the force per unit length of dislocation, v is 
the unit vector tangent to the dislocation in the positive 
sense of the dislocation, @ is the stress dyadic, and b is 
the Burgers vector of the dislocation. According to (7), 
the dislocation is confined to the x-y plane, its slip 
plane, and thus it would be inconsistent to consider a 
force which would tend to cause climb (motion per- 
pendicular to the slip plane). Examination of (12) 
shows that only o,, causes a force in the x-y plane. 
Thus, in what follows only a,, is considered, and the 
results are valid whenever oz, and o,, vanish or when- 
ever climb is difficult. If Eq. (9) is used to evaluate v 
and ds, )Wr becomes 


“2 
bW p= oud | [ — y'bx+-2'by |du, 
eo 
l 


u 


where 


x’=dx/du, y'=dy/du. 


In order to evaluate 6W gs it is necessary to note that 
E is a function of 6. Since @ is completely defined by 
(see Fig. 2) 


sind= y'/[(x’)?+ (9’)?}}, 


; 14) 
x'/L(x’)?+ (y’)? J}, 4 


cosé 


Wy, 
i Pb: adil} SUP PLANE, A iO) BURGERS VECTOR 


wy, Eratnb [u20-037400820- 0.020C0048 
wn = 
~0.003 Cos68-0.006C0s 88] x10" TS 
vs 
Yon Cu A {ui} SLIP PLANE, A <1) BURGERS VECTOR 
e+g wf [5.93-160.c0820-0.08 cos 4@ 
~0.02 Cos 60+0.01 Cos 86] x 10" Seat 


isotropy welt 


whan Ble been 


YA 
Ymen NoCl A {10} SUP PLANE, A<iIO) BURGERS VECTOR 


a Cr) Mes e+ fn 80454-0061 Cos 26] gear 
distance 


[trom Huntington, Dicke 
ond Thomsom 1968) |] 


Yas 


isotropy # 
. (not physically possible) 
Wing €*-f- nF [2u-n00028] 


Fic. 3. X versus Y for specific examples of X p20” azn Cos2n9. 


* M. Peach and J. S. Koehler, Phys. Rev. 80, 436 (1950). 
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for the purposes of (10), EZ can be taken as 
E= E(6) = E(x’,y’). 


In (14), the fractional exponent indicates the positive 
square root of the quantity in parentheses. By the 
standard methods of variational calculus, 5Ws becomes, 
using the above 


ue 
bWs= f du{ [6x [dF ,,/du]+[6y][dF,/du J}, 
ul 
where 
F=(E(#',y’) L@’P+ OJ}, 
Fy=0F/dx’, Fy=0oF/ay’. 


If the equilibrium condition (11) is to be satisfied for 
arbitrary 6x and dy, then from (13) and (15), the 
following must be true: 


dF ,/du—ozby'=0, dFy/dut+o.bx'=0. (16) 
Under equilibrium, the segment of the dislocation 
between the two pinning points must follow a curve 
which satisfies the differential equations (16). However, 
there may be other curves, or other parts of one curve 
which satisfy (16) but do not represent the shape of 
the dislocation. Therefore, in the following, the general 
solution of the differential equation is examined first. 
Then the part of the solution which represents the 
bowed out dislocation is determined. 


C. General Solution of the Differential 
Equation of Equilibrium 


Equations (16) can immediately be integrated to 
yield 


Fy—o22b(y—Ci)=9, Fy +ozr2b(a—Ce2) =0. 


By using (14), it is easy to verify that the following 
satisfies the above equations 


Cyt Y¥=y=Crt (¢226)"" 

X {[cos# LE (6) |—[siné |[dE/de }}, 
C+ X=2=C.-(e.5)7 

X {[sind LE) ]+[cosé ][dE/d6 }}. 


It should be noted that a change in the magnitude of 
the applied stress oz, has no effect on the curve X 
versus Y other than a change of scale. A change in the 
sign of o,, reflects the curve through the origin. 

It will be recalled that in order to derive the differ- 
ential equation and its solution, (17), it was not neces- 
sary to assign any properties to the self-energy per unit 
length EZ, other than that it was a function of @ which 
could be differentiated. The curve cannot be plotted, of 
course, until more is said about the properties of this 
function E(@). 

In Fig. 3, X versus Y is plotted using the relations 
for E found previously for Pb and Cu. The isotropic 
case is also plotted in Fig. 3, using v=} and v= . The 
latter is physically unrealizable since vy has an upper 
bound of 34. The calculations of Huntington, Dickey, 


(17) 
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Fic. 4. (a) Feature which will occur on curve X versus Y when 
E+@E/d<0 over some range of @. (b) X versus Y for a {110} 
plane in Li with Burgers vector along a [111] direction. 


and Thomson® show that for NaCl also, the energy E 
can be represented by a cosine series. Their results have 
been used to obtain the curve of X versus Y shown in 
Fig. 3. In Fig. 4, the curve is plotted using the function 
E(6) calculated for Li. 

It is possible to obtain information about the curve 
X versus Y even if all the characteristics of the function 
E(@) are not known. This can be done by determining 
where X and Y, as given by (17), and dX /d@ and dY /da, 
as given below, are positive, negative, and zero. 


dX /d@= — (cos@) (bo z2) 1(E+@E/dé"), 


<4 oii al (18) 
dY /d6= — (sin@) (bo,2) (E+ @E/d6"). 


Table II lists the properties of X versus Y which result 
if certain properties are assigned to E(@). For disloca- 
tions in the observed slip systems of face-centered cubic 
crystals (a {111} slip plane and a (110) Burgers vector) 
E is given by 

E=>. a2, cos2n6, 


according to (5). In this case the curve X versus Y will 
be symmetric with respect to the X and Y axes, and 
thus will have the general characteristics of the first 
four curves in Fig. 3, provided that 

E+@E/d?>0, (19) 
for all 6. For dislocations in the observed slip systems 
of the body-centered cubic crystals (a {110} slip plane 
and a (111) Burgers vector), E is given by 


E=)D. (Gen cos2nO+ Ben sin2n6), 


TABLE II. Dependence of X versus Y on the function £(6). 


Property of E(@) 


E(0+2n)=E(8) 
E(6+7)=E(6) 


Resulting property of X versus Y 


Closed curve 

Curve symmetric with respect 
to origin 

Curve symmetric with respect 
to X and Y axes 

Curve has no cusps and does 
not cross itself 


E(nr—0) = E(0) 
n an integer 

E+@E/d@>0 
for all 6 


¢ Huntington, Dickey, and Thomson, Phys. Rev. 100, 1117 
(1955). 
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according to (6). In this case the curve X versus Y will 
not be symmetric with respect to the X and Y axes, but 
will be symmetric with respect to the origin. If (19) is 
not satisfied, i.e., if 


E+ @E/d#<0, (20) 


for some range of 6, then the curve will have a “handle” 
as shown in the last curve in Fig. 3 and in Fig. 4. 


D. Shape of Dislocation 


The curve X versus Y is the solution to the differential 
equations of equilibrium derived previously. What 
must still be done is to determine what part of this 
curve represents the bowed out dislocation. To do this, 
the constants of integration must be determined so 
that the curve passes through the fixed points of the 
dislocation given by (8). It is not in general possible to 
obtain explicit expressions for these constants, but many 
of the properties of the bowed out dislocations can be 
found. It will also be useful to inquire about the direc- 
tion of increase of the parameter 4, since this determines 
the positive sense of the dislocation. 

The discussion will first be confined to those cases 
for which 


E+@E/d?>0 for all 6. 


The illustrations will be drawn using a solution of the 
type found for the face-centered cubic crystals, but the 
reader should have no difficulty in applying the remarks 
to other cases. 

The direction in which the dislocation will tend to 
bow out is determined by the direction of the force as 
given in (12). Figure 5 shows that there are two portions 
of the curve X versus Y which might represent the dis- 
location, and compares them as o,,— 0, for the case 
that o,,>0. The positive sense of the dislocation is 


y 


— 
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Fic. 5. Comparison of two possible dislocation shapes as oz2 — 0 
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Fic. 6. Effect of increasing oz. 


away from the x-y origin. From (17), it is seen that the 
curve X versus Y does not change in shape, but only in 
scale. As oz, 0, the curve X versus Y becomes larger 
and larger. The case shown on the left in Fig. 5, i.e., the 
case where the dislocation is represented by the smaller 
portion of the closed curve, reduces to the original 
straight line segment as o,,—*0. The other case ap- 
proaches a bowed out dislocation of infinite extent. 
Another way to express this is that the case where the 
dislocation is represented by the smaller portion of 
the closed curve gives the shape which the dislocation 
would assume if o,, is gradually increased from zero. 
Only this case is considered in what follows. 

The shape of the bowed out dislocation can now be 
examined as a function of o,., the length / of the original 
segment, and the angle 4 between the original segment 
and the Burgers vector. In doing this, only ¢:,>0 will 
be considered. 

As oz: increases, the curve X versus Y becomes 
smaller, as shown in Fig. 6. In the last illustration in 
Fig. 6 the line which represents the original dislocation 
passes through the center of the curve X versus Y, and 
thus the two cases shown in Fig. 5 would coincide. It is 
easy to see that if o,, were increased any more, and 
thus if the curve X versus Y became any smaller, it 
would not be possible for the curve to pass through 
the two fixed points of the dislocation. Thus this value 
of o,:, which will be referred to as the critical stress, is 
the largest for which there will be an equilibrium posi- 
tion for the bowed out dislocation. 

The critical stress depends, of course, on the length / 
of the original dislocations segment and the angle 4 
between it and the Burgers vector. Figure 7 shows 
several dislocation segments with the same /, but 
different 0, each under critical stress. The fact that the 
intercepts of the closed curve with the X and Y axes 
are inversely proportional to o,, [see (17) ] gives some 
idea of the dependence of the critical stress on 60. 

It is also interesting to examine how the shape of the 
dislocation varies when 6) changes, but o,, and / are 
constant. This is shown in Fig. 8. 


oe 
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Consideration will next be given to the case where 
(20) is satisfied for some range of 6. The solution to the 
differential equation, X versus Y, will thus have a 
handle as shown in the last part of Fig. 3 and in Fig. 4. 

The first comment which should be made concerning 
this case is that the curve X versus Y is of a much more 
complex character than those previously considered. 
There is some doubt as to the validity of the results in 
this case, since (1) may not represent the self-energy 
accurately enough. 

Some care must be used in drawing the curve repre- 
senting the dislocation when E+d@°E/d#@ goes negative. 
To see what happens substitute from (14) for sin@ and 
cos@ in (18). Both equations become: 


1= — (bo 22)\(E+@E/d6*) (d0/du)[ (x’)?+ (y')2 +. 


Since the positive square root is required, this equation 
can only be satisfied if: 


(bo 22) (E+ @E/d@*)d6/du<0. 


Hence the sign of d@/du is determined once the signs of 
or, and (E+a?E/d6@) are given. 

Figure 9(a) shows the direction of increase of u near 
a handle. It will be noted that if @ is outside the range 
where (20) is satisfied, then there is nothing particu- 
larly unusual about the shape of the bowed out dis- 
location. This is shown in Fig. 9(b). If 4 is in the range 
where (20) is satisfied, there are three possibilities for 
the shape of the dislocation which preserve the positive 
sense of the dislocation, as shown in Fig. 9(c). Each 
of these possibilities has some unusual aspects. The two 
possibilities shown to the left of Fig. 9(c) show the dis- 
location bowing out against the applied force instead 
of in the direction of the applied force. The two possi- 
bilities shown on the right of Fig. 9(c) would reduce 
to a bent line segment instead of a straight line segment 
as oz,— 0. 

The next consideration is whether this case ever 
occurs in real crystals, and if so, when does it occur. 
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7. Several dislocations subject to critical stress. 
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Fic. 8. Effect of changing angle between initial dislocation 
segment and Burgers vector for constant o;, and /, 


For the isotropic form of £(6), [see (2) ], the relation 
given in (20) can be satisfied only if y>3. This is 
ordinarily not considered possible, since a sample of 
such a material would expand under pressure.’ It might 
be expected that there would be some corresponding 
limit fer anisotropic crystals. For Cu and Pb, the rela- 
tion in (20) evidently is not satisfied since there are no 
handles on the curves shown in Fig. 3. However, Li has 
a handle at 78°K, as shown in Fig. 4. 


IV. FINAL REMARKS 
A. Summary 


Before proceeding further, the results obtained for 
the problem of the equilibrium of a pinned dislocation 
subject to an applied stress will be reviewed. 

A simpler treatment of this problem is often given 
which assumes a constant self-energy per unit length. 
The results thus obtained is that the dislocation assumes 
the shape of a segment of a circle. It is easily seen from 
(17) that the solution to the differential equation of 
equilibrium obtained in this paper (X versus Y) reduces 
to a circle if dE/d#=0. However, Fig. 3 shows that 
even the simple isotropic case (with y= 4) yields a curve 
significantly different than a circle. 

When E takes the form ¥ a2, cos2n0, the curve X 
versus Y has the same symmetry as for the isotropic 
case. However, for Pb and Cu there is a greater relative 
difference between the X and Y intercepts, and so it 
might be said that these crystals have a “less circular” 
solution. But for NaCl, Fig. 3 shows that the X¥ and Y 
intercepts are more nearly equal than in the isotropic 
case. It is interesting to note that the anisotropy factor, 
2C s4/(C1ur—C 2), is greater than unity for Pb and Cu 
and less than unity for NaCl. This factor is greater than 
unity for metals and usually less than unity for alkali 
halides. 

The body-centered cubic case has different symmetry 

7A. E. H. Love, A Treatise on the Mathematical Theory of 
— (Dover Publications, New York, 1944), fourth edition, 
p. 104. 
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properties and so is not only quantitatively but also 
qualitatively different from the isotropic case, and is 
also quite different from the case E= constant. 

It has been shown that the critical stress and the 
shape of the bowed out dislocation are functions of 4, 
the angle between the Burgers vector and the original 
dislocation segment (see Figs. 7 and 8). 


B. A Look Ahead 


In this section, a possible generalization of the results 
of this paper will be presented, for the case that 
E+@E/d@ is negative for some range of @. Then a sug- 
gestion will be made about what physical phenomena 
may be associated with the peculiar aspects of the solu- 
tion in this case. 

First, the following general ideas are suggested by 
the specific results of this paper: 

If A>>1, where 


A=anisotropy factor=2C44/(Cu—Cw), 


then £+d°E/d@ approaches zero or becomes negative 
for some values of @. 

If E+@E/d# <0, then the dislocation segment will 
be bent lines even for zero applied stress. 

Each of the above possibilities will be discussed 
below. 

The real crystals considered in this paper are, in 
order of increasing A: NaCl, Cu, Pb, and Li. If the 
approximate numerical expressions for E(@) for these 
crystals are examined [see (4) and Figs. 1 and 3], it is 
found that, for the first three examples, E+d°E/d# 
near 06=7/2 is closer to zero for the crystals with 
higher A. For Li there is a region where E+d°E/d@ is 
negative. Thus, at least for these specific examples, 


(a) Direction of increase o 
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Fic. 9. Some aspects of the solution when E+@E/d# changes sign. 
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Fic. 10. A possible dislocation configuration when E+@°E/d# <0. 


E+@E/d is positive unless A, the anisotropy factor, 
is large. 

The shape of the bowed out dislocation when 
E+@E/d# <0 is shown in Fig. 9(c). If the two possi- 
bilities to the left are ruled out because the dislocation 
has not moved in the direction of the applied force, then 
the remaining solution has a cusp. As the applied stress 
approaches zero, the solution becomes a bent line 
segment instead of a straight line segment. If (1) is 
used to evaluate the energy of this bent line segment, 
it is less than the energy of the straight line joining the 
two pinning points. Thus, it is possible that, when 
E+@E/d<0, a straight dislocation segment will be 
unstable and will assume the shape of a bent line 
segment. 

Second, what physical phenomena are associated with 
the anomalous shapes? We would like to suggest that 
diffusionless phase changes are associated with situations 
in which anomalous shapes can be produced by chang- 
ing some physical parameter such as the temperature 
or pressure. Consider the following experimental 
findings : 

Nash and Smith* and Quimby and Siegel? measured 
the elastic constants of lithium and of sodium, respec- 
tively. Their results are shown in Table III. If the 
generalizations presented in the preceding paragraphs 
are valid, then from the dislocation calculations one 
would predict the onset of instability as T is decreased. 
Moreover, one would expect instability at a higher 
temperature in lithium than in sodium. 

Barrett” has observed a phase transformation in 


®H. C. Nash and C. S. Smith, J. Phys. Chem. Solids (to be 
published). 


*S. L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938). 
 C.S. Barrett, Phase Transformations in Solids (John Wiley & 
Sons, Inc., New York, 1951), p. 343. 
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TABLE III. Elastic constants of sodium and lithium 





A =2Cu/(Cu —Ci) 
Li Na 


“9.24 8.20 
7.98 





7.60 


lithium when this material is cooled below 70°K. The 
body-centered cubic crystal changes to a very imperfect 
hexagonal or face-centered cubic crystal. Barrett also 
found that the transformation occurs at higher tem- 
peratures in plastically deformed specimens. This seems 
reasonable if dislocations are involved. Barrett" has 
recently observed a similar behavior in sodium, how- 
ever, the transformation temperature is 36°K or lower. 
This is in accordance with the lower anisotropy of 
sodium. 

Cobalt zirconium and thallium” show similar trans- 
formations going from hexagonal close packed at room 
temperature to face-centered cubic at high temperature. 
At present not enough elastic constant data are avail- 
able; nor has a dislocation calculation been carried 
through for hexagonal crystals. 

Gold cadmium alloys with about 50% cadium are 
body-centered cubic at high temperature and undergo 
a phase transformation near room temperature. Again 
the elastic anisotropy is about ten and increases as the 
temperature decreases.’ brass shows similar behavior.® 

A final theoretical suggestion might be made con- 
cerning a possible dislocation arrangement for a solid 
in which (E+d°E/d6*) is negative over a portion of the 
values of 6. It is possible that the following arrangement 
is adopted (see Fig. 10). This has the advantage that 
none of the portion having (E+d?E/d#@) negative is 
used. The arrangement is unusual in that it extends 
over a large distance, but perhaps that is a useful 
property if one is concerned with phase changes. 


1C. S. Barrett, J. Inst. Metals 84, 43 (1955). 

2C. S. Barrett, Structure of Metals (McGraw-Hill 
Company, New York, 1952), second edition, p. 557. 

3., C. Chang and T. A. Read, J. Metals 3, 47 (1951); L. C. 
Chang and T. A. Read, Acta Cryst. 4, 320 (1951); L. C. Chang 
and T. A. Read, J. Appl. Phys. 22, 525 (1951). 

4 A. Zirinsky, Acta Met. 4, 164 (1956). 

18 See D. Lazarus [Phys. Rev. 76, 545 (1949) ] for elastic con- 
stants. A. B. Greninger and V. G. Mooradian, Trans. Am. Inst. 
Mining Met. Engrs. 128, 337 (1938), have observed a transforma- 
tion in a 62.5% zinc alloy. 
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Calculations of the dislocation contribution to the measured elastic constants of face-centered cubic 
crystals are made as follows. First, the displacement of a pinned dislocation segment under an externally 
applied stress is evaluated. Then the contribution to the resulting macroscopic distortion of the specimen 
resulting from the motion of all the dislocations present is calculated. The results are that the contributions 
for given dislocation arrangements increase with increasing anisotropy. For copper and lead the contribu- 
tions can amount to a few percent in a pure well annealed crystal and can be as large as 10% in slightly 
deformed crystals. Edge dislocations are found to make about ten times larger contributions than a similar 


density of screw dislocations. 


I. INTRODUCTION 


T has been known for some time that the internal 

friction and the elastic constants of elastically 
anisotropic crystals even when measured at very low 
strain amplitudes are rather sensitive to the dislocation 
density. This paper attempts to calculate the dislocation 
contribution to the elastic constants and it attempts 
to describe how the dislocation and perfect crystal 
contributions to the elastic constants can be obtained 
experimentally. The calculations are given in a form 
suitable for the face-centered cubic metals, but the basic 
concepts can be applied to any crystal. 

Eshelby' was the first to note that the presence of 
dislocations would lower the measured elastic constants. 
In 1952 a detailed calculation? of the motion under a 
small oscillating stress of a dislocation pinned down by 
impurity atoms was given. This calculation showed 
that the reversible dislocation motion gives rise to a 
small extra strain which is interpreted in elastic constant 
measurement to mean a smaller elastic constant than is 
actually appropriate for the perfect crystal. If the dis- 
locations are very thoroughly pinned down by im- 
purity atoms then this picture predicts that they will 
not make any appreciable contribution to the elastic 
constants. Recently Thompson and Holmes’ have ob- 
tained beautiful data in which they have pinned down 
the dislocations in 99.999% pure copper single crystals. 
These data are given in Table I. Thompson and Holmes 
point out that the defect concentrations introduced by 
such irradiations are so small that it is inconceivable 
that the changes are a result of alterations of the perfect 
crystal elastic constants. 

Two points should be noted. Marx and Koehler‘ and 
later Bradfield and Pursey® demonstrated that in copper 


* Research supported in part by the Office of Naval Research. 

1 J. D. Eshelby, Proc. Roy. Soc. (London) A197, 396 (1949). 

2 J. S. Koehler, in Imperfections in Nearly Perfect Crystals (John 
Wiley & Sons, Inc., New York, 1952), p. 197. 

§D. O. Thompson and D. K. Holmes, J. Appl. Phys. 27, 713 
(1956). 

4J. Marx and J. S. Koehler, Plastic Deformation of Crystalline 
Solids, Office of Naval Research Pittsburgh Conference, p. 171, 
1950 (unpublished). 

5G. Bradfield and H. Pursey, Phil. Mag. 44, 437 (1953). 


single and polycrystals, respectively, small amounts of 
impurity can pin down the dislocations and hence in- 
crease the elastic constants. Less than one atomic per- 
cent of impurities is required. In addition, small 
amounts of cold work produce large changes in the 
measured elastic constants. Probably the large 9.55% 
change in Young’s modulus observed by Thompson and 
Holmes in specimen 1A (see Table I) was the result of 
a small deformation. Another example concerns NaCl. 
Granato, de Klerk, and Truell® found that the velocity 
of compressional elastic waves along the (100) direction 
increased with frequency 0.5% from 1 to 100 mega- 
cycles per second in undeformed NaCl. After a 0.06% 
compression, a 4% increase was observed. They attrib- 
ute the increase to the inability of the dislocations to 
follow the rapid oscillations. 


II. THE NATURE OF THE DISLOCATION 
CONTRIBUTION 


There are two kinds of problems which must be 
discussed to clarify the dislocation contribution to the 
elastic constants. First, how does each pinned down 
length of dislocation move in response to an external 
applied stress. Second, knowing how each loop behaves, 
what is the contribution of all the dislocations to the 
elastic constants. The first problem contains the major 
physical points involved. The second is essentially an 


TABLE I. Increase in Young’s modulus of copper single crystals 
produced by pile irradiation (data of Thompson and Holmes) 
(Ey — Eo) Integrated 
Eo(10% flux 
dyne/cm?) Fy Eo (nvt) 
0.0955 15 x10" 
0.0149 10 10" 
0.0148 3.1 1015 
0.0113 10 x10" 
0.0082 10 10" 
0.0022 8.5 10% 
0.0380 2.4X 104 
0.0472 4.8X 10'8 


Crystal 


1.344 
1.023 
1.028 
1.0325 
1.472 
1.477 
1.149 
1.196 
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6 Granato, de Klerk, and Truell, Phys. Rev. 108, 895 (1957). 
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Fic. 1. (a) Quantities used to calculate change in strain due to dis 
location motion. (b) Coordinate system used to calculate fdA. 


averaging problem. Let us consider the entire problem 
first. 

To clarify the way in which a dislocation contributes 
to the total strain, it is useful to review an operational 
way of defining a dislocation:’ make a cut in the 
material which ends on the dislocation line; choose the 
surface of the cut which would be reached first if the 
dislocation is encircled in the direction that a right 
hand screw turns in order to advance in the positive 
direction of the dislocation; translate this surface by b 
with respect to the other surface; glue the material 
together again and let it relax. When an external shear- 
ing stress is applied, a dislocation line pinned at its ends 
bows out. The material above the area swept out by the 
dislocation is translated by b relative to the material 
below this area. Let the xy plane be the slip plane; let 
x be in the direction of the Burger’s vector. The resolved 
shearing stress is ¢,:. Suppose JdA (/,00,022) is the area 
swept out by the dislocation as the stress increases 
from zero to its final value and NV (J,40)dld@) is the total 
length of dislocations per unit volume which have 
lengths between / and /+-d/, and whose Burger’s vectors 
make angle between @) and @)+d6) with the dislocation 
in the unstressed condition (see Fig. 1, the curve x 
versus y represents the bowed out dislocation). Let 
€22(1,00,022)dld0) be the average shearing strain caused 
by the motion of such dislocations. Note that the 
average shearing strain produced by the motion of 
each dislocation loop is :* 


b 
—— faa (1,00,0 22), 
2V 


7A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, New York, 1953), p. 15. 
® See reference 7, p. 19. 
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where V is the volume of the specimen. The number of 
loops of a specified type in V is N (1,00) Vdld@o/l. Hence 
we find that the average shearing strain associated 
with the motion of these dislocations is: 


€22(1,00,0 22) dld0y= (b/21)N (109) fas (1,00,0 22) dld0o. (1) 


The strain given by (1) is associated only with 
dislocations originally characterized by /, 60, and with 
one particular Burgers vector and occuring in slip 
planes of one orientation. To get the final macroscopic 
result the strain would have to be integrated over / and 
6, and averaged over the area of the slip plane if 
N(i,%) varies in space. Then the contributions from 
dislocations in various slip planes and with various 
Burgers vector (e.g., all the {111} planes and all the 
(110) directions in face-centered cubic crystals) would 
have to be combined. This could be done by choosing 
some axes fixed in the crystal and, by usual tensor 
methods, taking the components along these axes of the 
€zz for each slip system, and adding. It should be 
mentioned that the o,, which occurs in {dA in (1) is 
also a function of the orientation of the slip planes, 
since it is some component of the stress applied to the 
crystal. 


Evaluation of {dA 


The area swept out by the dislocation in reaching its 
equilibrium position must now be calculated. In an 
earlier paper an expression is obtained’? which gives 
the shape of a dislocation in an elastically anisotropic 
crystal under an applied stress as the solution of the 
differential equation of equilibrium. It is found that 
one cannot, in general, get an explicit expression for the 
constants of integration such that the dislocation curve 
passes through the fixed end points, that is, to identify 
which part of the curve x versus y (the general solution 
to the differential equation) represents the dislocation. 
Thus /dA cannot be evaluated in general. However, if 
oz is sufficiently small, an approximate relation for 
JdA can be obtained. 

To calculate the area swept out by a dislocation 
segment which originally was of length / and made an 
angle of @) with the Burgers vector, define a local 
coordinate system (v,w) with origin at the point on the 
curve x versus y where the tangent makes an angle of 6 
with the Burgers vector, and with the v axis tangent 
to the curve at this point. See Fig. 1. Thus 


2(6) =[x(0) — (60) | cos0o+[y (6) — y (Ao) | sind, 
w (0) = —[[x(6) — x (60) | sindo+[y (6) — y (00) ] cos. 


Finally, fdA can be evaluated as 
62 


faa = [w(6)—w(6;) |dv(6). 
6 =01 


*G. deWit and J. S. Koehler, preceding paper [ Phys. Rev. 116, 
1113 (1959) J. 





DISLOCATION CONTRIBUTION 
In the earlier paper it is shown that the shape of a 
dislocation lying in a glide plane under an external 
shearing stress o,, is given by 

X=C2— {o22b}—'{sindE (0) +cosd(dE/dé)}, 

y=cit {22b}—{ cosbE (6) — sind (dE/d6)}, 
where E(6) is the energy required to produce unit length 
of dislocation having angle @ between the tangent to the 
dislocation and the Burgers vector. Dislocation inter- 
actions are neglected in Eq. (3). It will be assumed that 
the dislocation does not bow out much so that 6,;—6 
and 6,—6) are much less than one. We then insert « 
and y from (3) into (2) and expand about 6. One finds: 
v (02) a. v(0,) = IR w (62) w (41) =(); (4) 


Finally {dA can be evaluated as: 


fea -f [w(0)—w (01) }dv(@). 
6, 


If this procedure is carried out, the following is obtained 


(3) 


(5) 


(01—61) = — (0260) = Se, 
2(04) = —v(0,) =¥, 


w (02) =w(01) = —}el, 


5 dA=3el?, 


where 

€=bez4/(E+a@E/d@)o. (6) 
In the above, ( )o means that quantity in parentheses 
is evaluated at 9=@. The quantity « must be small if 
(6) is to be valid. The strain e€,, can now be found from 
(1) as follows: 


€22(1,0,022)dld0o= (1/24)N (1,00)bledld%. (7) 


If the preceding calculation is carried out to a higher 
order of approximation, ¢,, also has a term in é. 


The Integrating Process 


As mentioned before, the strain given in (7) must be 
summed as follows: 


cu ff aladucald ure, 


where e€;, is the total strain caused by the motion of all 
the dislocations in one slip system. 

There is a possible difficulty associated with the 
evaluation of (8). In order for the expressions (7) and 
(8) to be valid, the following must be satisfied: 


€=[bo21/(E+@?E/dé)o \<1. (9) 


Thus o,, must be chosen so small that (9) is valid 
for the largest value of 7 which would be included 
in the integral (8). It would be hard to satisfy (9) if 
(E+d@E/d@)) approaches zero, as it might in some 
cases. 


(8) 
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TABLE II. Slip systems for the face-centered cubic crystals. 


Unit normal to slip plane Unit vector in direction of b 


4(011) 
4(101) 
4(110) 
4(011) 
4(101) 
4(110) 
4(011) 
4(101) 
4(110) 
4(011) 
4(101) 
4(110) 


3-4(111) 


3-4(111) 


NM Mh Ww NY bo 


bho 


3-4(111) 


Ro bh NM bh bo 


If it is assumed that o;, is small enough so that (9) is 
satisfied, then e,, takes the form 


€zs= (ou/24) f [aan 


XN (1,00) b°2/(E+d2E/d62) 9 |= (10) 


pias 


If it is also assumed that NV (J,00) is independent of o,., 
then S§ will also be independent of o,.. In deriving the 
equilibrium shape of the dislocation given by (3) o.. 
was taken to be constant. If an attempt is made to 
apply (10) to a case where o,, varies in space, but 
slowly enough so that it is essentially constant over the 
length of the dislocation segment, then the assumption 
that V (1,0) is independent of ¢,, may be poor. 


Geometric Aspects of the Problem 


The last step in finding the dislocation contribution 
so the elastic moduli, that is, combining the effects 
due to dislocations in the various slip systems, will now 
be considered for the case of the face-centered cubic 
crystal. The procedure is as follows. Using the cubic 
axes of the crystal for reference, an arbitrary stress 
field oi; is assumed. The value of o., for each slip 
system is found in terms of o;;. Using (10), the disloca- 
tion contribution to the strain e,, is obtained and its 
components with respect to the reference axes evalu- 
ated. It is assumed that S, in (10), is a constant and the 
same for all slip systems. When the contributions from 
all the slip systems are added, the result is 6e,;, the 
total dislocation contribution to the strain, referred to 
the cubic axes and expressed in terms of the applied 
Stress. 

The twelve slip systems are listed in Table LI. The 
results of the calculation are 

6€11;= (8/3)Sou— (4/3)So22— (4/3)So33, 
haan (4/3)Sou+ (8/3)So22— (4/3) Sos, 
ay — (4/3)Sou— (4/3) Soo2+ (8/3)Soss, 
b€23 os (4/3)Soo:, 
= (4/3) So31, 
, or (4/3) Soe. 


» 
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For the cubic crystals, the relation between stress and 
strain is! 
€11> SugiutSi2¢22+ S120 33, 
¢22= S201 + S11022+ S 12033, 
€33= Sedu tSi2022+-S 11033, 
2€o3= S 44023, 
2¢31= S44031, 
2€12= S44o12, 
and thus it can be seen that 
6S51,= (8/3), 
5S22= — (4/3)S, 
5S44= (8/3)S, 


where 6S;; is the apparent change in S,; due to 
dislocations. 


Numerical Estimate of S 


It is desirable to try to get some rough estimate of the 
magnitude of S. From (1) and (10) 


S=(1/6) J f dld0yN (1,8) l2/ 


[In(R/ro) |[-K+d?K/d0*]o, (11) 
where E=[6°K (0)/4m | In(R/ro), R is the average dis- 
location separation, and ro is the core radius of a dis- 
location. Two very simple forms of V(/,0) will be 
considered 


No(1,80) = 6(/—1)6(@.—0)N (1,0), 
and 


N,/2(1,00) = 6(I—1)5(@0.—2/2)N(L,x/2), (12) 


where 6(x) is the Dirac delta function and N(I,0) and 
N(lx/2) represent the density of screw and of edge 
dislocations, respectively, which are associated with 
one slip system. Both of the above represent a situa- 
tion where all the dislocation segments have the same 
length, l. In the first case, all the dislocations are screw, 
while in the second, all the dislocations are edge. If the 
integration in (11) is performed, S becomes 


So= (4/6)N (1,0)P/[in(R/10) [K+@2K /d0?]o—0, 
S_.= (4/6)N (Lx/2)2/[In(R/r0) [IK +22K /d® Jone 2. 


It might be expected that a correct value of S would 
fall between So and S,,/>. 

An attempt must now be made to obtain approximate 
values for the various quantities appearing in the rela- 
tions for So and S,/2. 


10 The sj; are defined for a system where €;=2 5,;0;. The relation 
between the two systems is as follows: €;= 1, €3 = €33, 
€4= 223, €5=2€3), €6 = 2€12; $15 =S11, $2= S20, $3= 533, $4= S23, S5=S 
$6=Si2. The e; are not components of a tensor. Further discussion 
of this can be found in J. F. Nye, Physical Properties of Crystals 
(Clarendon Press, Oxford, 1957), Chaps. V, VI, and VIII. 


€2 = €22, 
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N(1,0) represents the number of cm of dislocation 
per unit volume in one slip system for the simple case 
in which all the dislocations are screw, while N (l,7/2) 
is the corresponding quantity for the case in which 
all the dislocations are edge. Both of these will be 
approximated by: 


N(l, )N/n, (14) 


where JN is a value which falls within the range of values 
observed experimentally for the total number of centi- 
meters of dislocation per cm? in a crystal, and m is the 
number of slip systems. 

If thé pinning points are mostly dislocation nodes, 
a reasonable approximation for / might be 


I~Nn-1. 


(15) 


However, if point defects are introduced into the 
crystal, 1 could be decreased without changing NV. In 
constrast, deformation of a crystal might introduce 
some additional dislocations of long length, and thus 
increase N without decreasing l. 

If R is taken as the average distance between dis- 
locations, then the correct order of magnitude is ob- 
tained if 


R=N-4. (16) 


The radius of the core is usually taken to be some- 
thing like the length of the Burgers vector. For this 
rough calculation the following is sufficiently accurate 
for both Pb and Cu 


ro=b=3X 10-8 cm. (17) 


From the relations derived in the previous paper 
it is found that (K-+d?K/dé) has the following values 
in dynes/cm? 
6=7/2 


0.549 10" 
1.24 X10" 


6=0 
3.02 10" 
12.3 X10" 


Pb 
Cu 
If the approximations given by (14) through (17) are 
used, and if NV is taken as 10° cm~, the values obtained 
for S in cm?/dyne are 
So Se 2 


0.01 K10°" 0.08 X 10-” 
0.003 X 10-2 0.03 X 10-# 


Pb 
Cu 
Since the change in each of the s,; is of the order of S, 
a comparison of the above with the s;; will give an idea 
of how significant the dislocation contribution might be. 
The s;; are," in cm?/dyne 
Pb 
9.39X 10-2 


—4.30X 10-" 
6.95 10-” 


Cu 
Si 1.49 K10°" 
S19 —().625X 10-2 
S44 1.33 K10°" 


The preceding tables indicate that the dislocation con- 
tribution to the elastic moduli is about a few percent. 
However, care should be taken in interpreting these 


1 Cu, D. Lazarus, Phys. Rev. 76, 545 (1949); Pb, E. Goens and 


J. Weerts, Physik. Z. 37, 321 (1936). 
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results because many simplyifying assumptions have 
been used to derive the expressions in (13) and evaluate 
them numerically. In particular, note that So and S;/2 
differ by a factor of 5 or 10, which indicates that the 
angular distribution is important and should be con- 
sidered more carefully. Also, it should be mentioned 
that even though the expressions found in the earlier 
paper may be a fairly good approximation to K, it does 
not follow that the result of a double differentiation 
will yield an equally good approximation to @K/dé@. 
Some data of Thompson and Holmes are shown in 
Table I. The Young’s modulus (which would be the recip- 
rocal of 51; if the specimen axis were along a cubic axis of 
the crystal) is measured before and after pile irradiation. 
The difference between these is interpreted as the dis- 
location contribution since by thoroughly pinning the 
dislocations, the irradiation reduces or eliminates the 
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dislocation motion. The change is of the same order of 
magnitude as calculated above and in well annealed 
elastically anisotropic crystals can amount to a percent 
or two of the elastic constants. 

In slightly deformed crystals (such as Thompson 
and Holmes specimen 14) the change can amount to 
10%. The fact that anisotropic crystals give large dis- 
location motion for small stresses is also of importance 
if one considers the dislocation damping, i.e., the in- 
ternal friction associated with dislocation motion. One 
expects that for specimens of comparable purity and 
perfection the logarithmic decrement at low strain 
amplitudes increases as the elastic anisotropy in- 
creases. Although a quantitative comparison is difficult, 
the present data do indicate a trend of this kind.” 


2 A. Granato and K. Lucke, J. Appl. Phys. 27, 791 (1956). 
1959 
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Relative Measurement of the Photodetachment Cross Section for H~ 


STEPHEN J. SMITH AND Davin S. Burcn* 
Atomic Physics Section, National Bureau of Standards, Washington, D. C. 
(Received July 13, 1959) 


The spectral dependence of the photodetachment cross section for the negative ion of atomic hydrogen 
has been measured in the range from 4000 A to 13 000 A with approximately 300-A resolution. Measure 
ments were made with twenty-five band pass filters, each measurement taken relative to the value obtained 
with a control filter at 5280 A. A probable error of about 2% is attached to the relative value obtained 
for each filter. The results are in significant disagreement with available calculated cross sections 


W* have carried out a careful measurement of 
the wavelength dependence of the photon 
absorption cross section of the negative ion of atomic 
hydrogen. A direct interest in this cross section has 
arisen from the fact that solar emissivity is controlled 
by H-, through bound-free and free-free transitions. 
A special theoretical interest arises from the fact that 
the process is a particular case of the quantum-mechan- 
ical three-body problem; a wavelength dependence 
measurement would be useful in checking the success 
of various theoretical approximation methods. 
The H~ photodetachment reaction is 


H-+hv — H-+e, 


and the cross section for this is 


(2) 


ox Lf veeDbar ‘ 
| | 


Here D is a dipole length operator, y, is the wave 
function for the H~ ion, and y, is the wave function 
describing an outgoing electron in the field of the 


* Now at Oregon State College, Corvallis, Oregon. 


residual H atom. Approximations to yy have been 
developed from the Ritz variational principle of 
minimum energy, using wave functions with various 
modifications and as many as 24 adjustable param- 
eters!” to calculate the electron binding energy of H~. 
These calculations have satisfactorily converged on 
0.754 ev, although no accurate experimental check 
exists. Furthermore, Chandrasekhar* has shown that 
values obtained for the cross section from Eq. (2), or 
from velocity and acceleration forms derived from 
Eq. (2), are not very dependent on the number of 
variational parameters used, above about ten. We can 
then believe that the H~ ground-state wave functions 
are quite good; and that internal inconsistencies in 
values calculated from Eq. (2), and from the velocity 
and acceleration forms derived from Eq. (2), are due 
mainly to the limitations of the plane-wave and static 
central field approximations used for the continuum 
state, ¥-. No calculation of the photodetachment cross 
section presently available goes beyond the stati 

'—. A. Hylleraas and J. Midtdal, Phys. Rev. 109, 1013 (1958). 
J. F. Hart and G. Herzberg, Phys. Rev. 108, 79 (1957). 


'S. Chandrasekhar and D. D. Elbert, Astrophys. J. 128, 633 
(195 


o) 


8). See also earlier work referred therein. 
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central field approximation with subsequent symmetri- 
zation of the bound and outgoing parts of the total 
wave function. The present experiment is intended to 
be helpful in evaluation of the importance of these 
limitations in the calculation of ¥,, since we expect that 
they should be responsible for any significant differences 
between calculated and experimental values. The 
comparison will also be of interest for the calculation 
of free-free transitions and elastic scattering, since both 
of these depend on the description of an electron of 
arbitrary angular momentum in the field of a neutral 
hydrogen atom by a set of wave functions which includes 
the symmetrical p-wave description used for photo- 
detachment. 


PRINCIPLE OF THE EXPERIMENT 


Aside from solar data, the only observational data 
on optical transitions in H-, other than photodetach- 
ment studies conducted in this laboratory, have been 
arc and shock tube studies of the H~ emission con- 
tinuum.> The more recent of these was effectively a 
measurement of the slope of the detachment cross 
section from 4000 to 6000 A.° Various photodetachment 
experiments have been conducted since the detection 
of the photodetachment process under laboratory 
conditions was reported in 1954.6 The measurement 
of the relative H~ cross section reported in this paper 
supplements a careful measurement of the absolute 
integrated cross section carried out in 1955 by Brans- 
comb and Smith.? Our measurement of the relative 
cross section was done on an apparatus evolved from 
the 1955 version. 

Both experiments involved the collection of the entire 
current of free electrons produced at the intersection of 
an intense beam of photons with a beam of H~ by the 
photodetachment process [Eq. (1) ]. The current of 
photodetached electrons 7, is given by 


je kjW f oQ)TO)eO)O/h \dn, 


where j, is ion beam current; o(A) is the photodetach- 
ment cross section; 7(A) is the transmission of the 
optical system; ¢(A) and W give the normalized spectral 
distribution of the light source and the total power in 
the photon beam, respectively ; and & contains geomet- 
rical factors and ion beam velocity. The photon 
wavelength is A, and /ic/d is the photon energy. 

In the 1955 absolute measurement, the light source 
was a very stable tungsten projection lamp for which 
the color temperature was carefully measured and ¢(A) 
determined from information on the tungsten emissiv- 

‘W. Lochte-Holtgreven, Naturwissenschaften 38, 258 (1951). 

5Q. Weber, Z. Physik 152, 281 (1958). 

6L. M. Branscomb and W. L. Fite, Phys. Rev. 93, 651(A) 
(1954). 

7 L. M. Branscomb and §S. J. Smith, Phys. Rev. 98, 1028 (1955) ; 
S. J. Smith and L. M. Branscomb, J. Research Natl. Bur. Stand- 
ards 55, 165 (1955). 
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ity. The 7(A) of the optical system passed a very wide 
band of the continuum of the lamp in order to obtain a 
satisfactory signal-to-noise ratio for j-. W was measured 
by an absolute radiometer, and k was known. The 
absolute value of a theoretically determined cross 
section can be checked by inserting it into the integral 
and comparing the value of the integral with the value 
of j./kj,W determined experimentally. 

An attempt was made in 1955 to determine the 
spectral dependence of o(A) in the visible spectral 
region by measuring the different values obtained for 
je/kj;W with the modification of 7(A) with sharp 
cutoff absorption filters, but the method was to insensi- 
tive to provide more than a general confirmation of 
the shape of o(A) obtained in the visible in several 
theoretical calculations of the cross section. 

The point-by-point measurement of o(A) described in 
this paper requires the use of relatively narrow band 
filters. We assume that o(A) varies linearly in the 
interval where the optical transmission, 7,(A), of 
bandpass filter m is nonzero. Equation (3) is con- 
veniently written 


(je) m iW f oO)TaAEA)O he)dd, — (3’) 


and this leads to 


o(A m2) . alm RjW mdm; 


W a= wf T m(A) o(A)dd 


is the total power in the photon beam at the position 
of the ion beam. Am and A m2 are defined by the relation 


daa= f eo)TH OA / f e0)T HO), 


Errors will arise if o(A) is appreciably nonlinear within 
the transmission band. For all filters used in this work 
we introduce no significant error by assuming A m2=) m1. 
Henceforth, we refer only to A» by which we mean 
either Am1 OF A mo. 

The use of these narrow transmission bands with the 
tungsten lamp would have been difficult. The stable tung- 
sten lamp was abandoned in favor of a brighter but less 
stable carbon arc projection lamp. In addition, it was 
necessary to improve sensitivity of detection of /.. 
The fluctuating output of the carbon arc also required 
the development of a system of monitoring the light 
intensity and abandonment of the slow absolute radio- 
meter. A method of monitoring the light beam was 
developed and applied to the measurement of the 
spectral dependence of the O~ and O,~ photodetach- 
ment cross sections. 


where 


’ Branscomb, Burch, Smith, and Geltman, Phys. Rev. 111, 504 
(1958); Burch, Smith, and Branscomb, Phys. Rev. 112, 17 
(1958). 
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We have applied this method of point-by-point 
measurement of the photodetachment cross section to 
the atomic hydrogen negative ion. In view of the 
special position the atomic hydrogen negative ion 
occupies, as the simplest and most nearly calculable 
of the negative ions, we have attempted to obtain a 
precise and reliable measurement. We have tried to 
limit experimental errors to be no more than a few 
percent. The accomplishment of this has required a 
substantial effort in refinement of the experiment, 
particularly in the optics and measurement of photon 
beam intensity. A brief preliminary description of the 
results has been published.® 


OPTICAL MONITORING AND RADIOMETRY 


The method of monitoring the photon beam is 
indicated in Fig. 1. A chopped, approximately parallel 
beam of radiation was passed through a set of inter- 
ference and absorption filters, through a 1-mm-thick 
sheet of clear Corex D set at a 45° angle, and was 
focused into a 11.55 cm rectangular image at ~ f/1.5 
by an aspheric borosilicate crown glass lens. About 8% 
of the light beam was reflected by the diagonal sheet 
into a secondary aspheric lens identical to the first, 
and the entire secondary beam was passed into a small 
integrating sphere. The radiation intensity in the sphere 
was measured by a bolometer. 

The bolometer signal, W »’, can be expressed as 


W,- ew f T'(X)T mld) e(d)dd, (5) 


where 7” (A) gives the spectral selectivity of the monitor- 
ing system including the reflectivity of the diagonal 
sheet, the “whiteness” of the integrating sphere and 
the “blackness” of the bolometer. The proportionality 
constant k’ contains only geometry and the electrical 
response of the bolometer. Combining (5) and (4’), we 


have 
[wef T(r) ein] / 
E f 1") a) 00a (6) 


In principle, the two integrals in Eq. (6) can be 
evaluated from a knowledge of the factors occurring in 
their integrands. In practice, 7’(A) could not be 
determined sufficiently well, since the reflectivities of 
the diagonal sheet and of the bolometer window are 
functions of the angle of incidence, and the angular 
distribution of the incident radiation could not easily 
be determined. 

The calibration method used for the measurement 
described in this paper consisted of directly comparing 


9S. J. Smith and D. S. Burch, Phys. Rev. Letters 2, 165 (1959). 


CROSS SECTION 


FOR H 


Fic. 1. The arrangement of the photon beam optics and its position 
relative to the ion beam apparatus is shown schematically. 


Wm, the total power in the final focus of the primary 
beam (at the position of intersection with theion beam), 
with the bolometer response, W »’, for each of the m 
narrow band filters. This calibration was performed 
with the arc and optics pulled back from the ion beam 
apparatus. We measured power in the primary beam 
with a plane calorimeter consisting of a 1}-in.x}-in. 
disk of OFHC copper blackened on the face presented 
to the photon beam. This carbon-blackened surface, 
which appeared to be quite uniform, had a measured 
total reflectivity, at the center, of about 25%, with an 
almost negligible wavelength dependence, and a 
completely negligible specular reflectivity in the spectral 
range of interest here. This disk was suspended by fine 
wires in an airtight case and the temperature of the 
copper receiver was measured by a fine copper-constan- 
tan couple attached at the center of the back. The 
transmission of the fused quartz window of this 
calorimeter at normal incidence was identical to the 
transmission of the fused quartz window of the negative 
ion beam apparatus, and the angular distribution of 
radiation was the same in the two cases. Therefore, in 
the spectral range of interest, the calorimeter had a 
wavelength-independent response to the power in the 
photon beam, except for a correction for the slight 
selectivity of the black surface. 

Linearity of the calorimeter was demonstrated at 
fixed wavelengths by varying the power in the primary 
beam over a wide range. This was accomplished by 
varying the carbon current and by attenu- 
ating the beam with screens. The increase in calo- 
rimeter temperature was strictly proportional to the 
average bolometer response for the period of illu- 
mination, this ranging from three to twelve seconds. 
We found no error from nonlinearity of the calorim- 
eter such as might have occurred due to radiation 
losses from the black surface. Furthermore, we ob 
tained a physically reasonable smooth functional de- 
pendence of Wm’/W»2=T’(Am) On Am, Which required 
linear calorimeter response since W,, varied by factors 


arc 


of two or three from one filter to the next. 
In the calibration runs, a shutter was used to pass 
the photon beam through a given bandpass filter for a 
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carefully timed interval of from five to twelve seconds. 
The relative energy absorbed by the calorimeter during 
this time was determined from the thermocouple 
response, using an extrapolation procedure to correct 
for electrical and thermal time constants and for heat 
loss during illumination. This energy relative to the 
integrated bolometer response was W ,,/W m’. The time 
constant associated with the bolometer was negligible. 

In order to reduce time-dependent effects (amplifier 
gain changes, slow geometry changes, etc.) each filter 
was compared to one filter (designated No. 7) at 
5280 A, used for control throughout the calibration 
and measurement of the cross section. For convenience, 
filters were run against No. 7 in cycles of three, each 
cycle of filters being run six times. A representative 
group of filters was recalibrated after some weeks had 
elapsed, and these results were directly combined with 
the results of the first run. Twenty-four mean values of 
(W m/W m’)+(W:/W7') were obtained in this way. 
The standard deviations of the mean values ranged 
from 0.1% to 0.6%. 


BANDPASS FILTERS 


The use of Eq. (4) required that the filter transmis- 
sions be well defined—limited to a narrow enough 
spectral region so that the curvature of the cross 
section in these regions could be ignored. The filter 
transmissions were carefully examined on a Cary Model 
14M spectrophotometer. 

In the use of Eq. (4) it was assumed that transmission 
values, 7, below 1% could be neglected. For four 
filters, at 5280 A, 7500 A, 8740 A, and 12000 A, the 
transmissions have been measured with a sensitivity 
of 0.01%. We find from Eqs. (3) and (5) that there 
was negligible contribution of the transmission tail 
(outside the bandpass defined by >1% transmission), 
through additional increments of photodetachment and 
and bolometer response, to the value of the cross 
section, a, calculated from Eq. (4). 


THE ION BEAM 


The ion beam was composed of deuterium negative 
ions, rather than ions of the first hydrogen isotope, 
because of the lower velocity and lower sensitivity to 
magnetic fields at a given kinetic energy. The ions, 
extracted from a glow discharge in D,O vapor, had an 


energy spread of about 25 volts. A 90° sector magnetic 


field unambiguously separated D~ from other species 
before the beam passed into the reaction chamber. 
The ion energy at the reaction region was about 400 ev, 
and the beam current about 2X 10~* ampere. 
Apertures limited the ion beam divergence to an angle 
of ~4° with the axis. The beam diameter was apertured 
to 3% in. just before it was illuminated by the photon 
beam. A measurement of the distribution of ions at the 
collector showed them well concentrated on axis. 
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THE REACTION REGION 


The geometry of the intersection of the two beams 
was not so critical in this relative measurement as in 
the 1955 absolute measurement. With the control filter 
inserted at every fourth change of bandpass, systematic 
wavelength-independent changes in geometry and ion 
beam velocity could be detected and corrected. Only 
chromatic changes in geometry of the photon beam had 
to be separately determined. Such effects might 
include lateral and longitudinal chromatic aberrations, 
wavelength dependence of the spatial distribution of 
intensity in the photon beam, and selective reflection 
of radiation within the reaction chamber. 

As indicated in Fig. 1, the ion beam was passed 
through the image of the limiting optical aperture. 
Longitudinal chromatic aberrations were determined 
by studying the image with the aperture illuminated 
by an auxiliary lamp of low intensity. The longitudinal 
aberrations were measured over the visible region of the 
spectrum and extrapolated through the long wave- 
length (low-dispersion) region of the spectral range of 
this experiment. The longitudinal chromatic aberrations 
were corrected during photodetachment experiments 
by displacing the last lens in such a way that the image 
remained fixed in space independent of wavelength. 
It was also shown directly that failure to make this 
correction would produce a maximum error in photo- 
detachment signal of about 2%. 

Lateral chromatic aberrations 
making measurements of the size of the image of the 
limiting aperture, over the visible spectrum. No change 
in size with wavelength could be observed. The measure- 
ment was accurate to within one percent through the 
middle of the visible and within two percent at the 
extreme blue end of the spectral range. An allowance for 
this possible effect was included in the experimental 
error. 

The spectral distribution of the arc was roughly 
characteristic of a blackbody source at 5400°K and 
was peaked at about 5300 A. We studied the intensity 
distribution in the reaction region in detail with 
thermopiles, by removing the last lens, and obtaining 
a much magnified image of the limiting optical aperture 
at a distance of about six feet. The intensity distribution 
was measured at 4260 A, 5280 A, and 5760 A. These 
were on the peak and on either side of the peak of the 
spectral intensity distribution of the arc. The distribu- 
tion at 4260 A should have been extremely sensitive to 
temperature gradients. The three intensity distributions 
were identical within a few percent and could not have 
caused a significant error in the relative photodetach- 


were studied by 


ment measurements. 

About 5% of the incoming radiation was incident on 
the back wall of the reaction chamber, most of the rest 
permanently escaping through the pump-out aperture. 
That part of the radiation reflecting within the reaction 
chamber was divergent and was therefore dispersed. 
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We could see no possibility of this light being recon- 
centrated on the ion beam axis. The reaction chamber 
had about 200 cm? of wall surface area A, consisting 
mostly of electrolytically deposited nickel. This has a 
reflectivity R ranging from 0.56 at 4000 A to about 
0.75 at 13 000 A. Assuming effectively diffuse reflection, 
the background intensity would be roughly a fraction 
0.05/A(1—R) <10~ of the intensity in the primary 
beam, and could cause no significant error. 


EXPERIMENTAL PROCEDURE 


The measurement of the cross section at wavelength 
Am, the effective wavelength for filter m, consisted of 
simultaneous measurement of j., 7;, and W,,’ for use 
in Eqs. (4) and (5). The photodetached electrons had 
energies of up to 2 ev and were trapped by the weak 
magnetic field at the reaction region. A weak electric 
field parallel to the magnetic field was used to collect 
them at an electrode which cut across the magnetic 
field lines. The 450-cps current, 7., of photodetached 
electrons was, perhaps, 10~'* ampere and was measured 
with a very sensitive preamplifier, a narrow-band 
amplifier, a phase-sensitive detector, and a recorder. 
The time constant of this system was about three 
seconds. The electronics and other details of the 
apparatus will be described in a separate publication.” 
The bolometer signal, W,,,’, was also a 450-cps signal, 
and was recorded after amplification and rectification. 
The ion current, 7;, about 2X 10~* ampere, was meas- 
ured with an electrometer. 

The ion beam current was recorded continuously. 
With a given filter m in the optics, the shutter was 
opened and the ion beam illuminated with chopped 
light for 30 seconds during which signals 7, and W,,’ 
were obtained. The shutter was closed for 30 seconds 
while the next bandpass filter in the sequence was 
installed in preparation for measurement, and for 
base-line determination. In this manner we cycled 
through 25 filters, obtaining at least six measurements 
for each, inserting the control filter, No. 7, for every 
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Fic. 2. Our experimental values of the photodetachment cross 
section for H~. Each point is the mean value of from six to twelve 
measurements witha given bandpass filter combination. Estimated 
errors are listed in Table I. 


0S. J. Smith and L. M. Branscomb (to be published). 
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TABLE I. Relative H~ photodetachment cross section, ¢ (Am)/o (Az). 


Effective 
wavelength 


Probable error 
Am (angstroms) t 


a (Am) /a(A7) (%) 
0.76 
0.87 
0.91 
0.95 
0.98 
1.00 
1.02 


4260 
4620 
4880 
5060 
5180 
5280 
5340 
5560 1.05 
5620 1.07 
5760 10 
6170 19 
6890 29 
7500 28 
7520 .29 
7640 .29 
7650 31 
7940 29 
8270 28 
8740 31 
8960 30 
9020 32 
9700 .26 
10770 18 
12010 0.98 
13010 0.79 
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fourth measurement. We obtained a set of six to twelve 
values of 


a’ (Xm)/o" (Az) = L (je) m 17 a! \+ [(je) /jW7'], 


for each filter m. Equations (4) and (6) were then used 
to obtain the values of o(\m)/o(Az). 


RESULTS 


The mean of the values of o(\,,)/o(A7) obtained for 
each of the twenty-five filters m is plotted at the wave- 
length A, in Fig. 2. The values are also given in Table I. 
The standard deviations of the mean for the sets of 
values of o’(Am)/o’(A7) ranged from 0.2 to 1.0%. A 
“probable statistical error” could be determined by 
combining the statistical errors of the o’ values and the 
statistical errors in the calibration factors. It appeared 
desirable to make an additional allowance for possible 
accumulation of very small chromatic and _ filter 
dependent effects such as chromatic aberrations, in- 
homogeneities in filters, and nonparallel multiple 
reflections, although no single effect of significant size 
could be discovered. An additional one percent error 
was allowed for this in the visible region except for the 
shortest wavelengths where chromatic effects could be 
expected to be largest. The allowance was slightly 
increased in the infrared, where effects are not so 
the 
extreme infrared end of the range. These estimates were 


conveniently observed, to as much as 23% at 


directly added to the standard deviations of the mean 
of the calibration factors, and the resulting errors were 
combined with the statistical errors in o/(\m)/o’ (Az) 
values to obtain the “‘probable errors” listed in Table I. 
We feel that probable errors,” essentially 


““ 


these 
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Fic. 3. Our experimental cross section for photodetachment 

compared with cross sections calculated by Chandrasek- 

har and Elbert® | Chandrasekhar" ( and 
Geltman*® | 


estimated, satisfactorily represent the reliability of the 
measurements. 

A twenty-sixth bandpass filter, peaked at 17 000 A, 
was used to obtain a rough check on the theoretical 
value of the threshold of the H~ cross section (16 400 A). 
This filter, labeled No. 38, yielded a small photodetach- 
ment signal due to the overlap of the short-wavelength 
tail of the filter transmission and the H™ cross section. 
The measured quantities yielded a value of (je) 33/7:W 3s" 
relative to filter No. 7 which agrees very closely with 
that small signal predicted from Eq. (3) using reasonable 
values for (A) and g(A), and values of 733(A) measured 
with a sensitivity of 0.01%. The real significance of 
this measurement is that it does not permit the assump- 
tion of any large photodetachment contribution from 
excited ions, H~*, which would have a photodetach- 
ment threshold at a longer wavelength and possibly a 
large cross section near the detachment threshold for 
ground-state ions. Our cross section for photodetach- 
ment from the ground state of H™— is not in error from 
this cause by more than ~2% of the maximum value. 
It seems quite reasonable to assume that there is no 
H-* in the beam, there being also substantial theoretical 
indication that H-* is not bound. Unstable ions, such as 
doubly excited H~*, would not live long enough to 
pass through the apparatus to the reaction chamber. 


DISCUSSION OF RESULTS 


This measurement of the H~ photodetachment cross 
section is relative and is therefore presented on an 
arbitrary scale in Fig. 2. We have selected a smooth 
curve, through the points from Fig. 2, which represents 
our measured relative cross section. The result of the 
1955 Branscomb and Smith absolute measurement of 
the integrated cross section can be used to put this curve 
on an absolute basis within about 10%. Branscomb and 
Smith’ tabulated their values of g(A) and 7(A) and 
provided values necessary to determine the geometrical 
factor [k of Eq. (3) ] for comparison of their experi- 
mental photodetachment probabilities 7./7; with the 
value of the integral AW fo(A)T(A) (A) (A/Ac)dA using 


any proposed o(A). Using our experimental cross 


rip Dp. Ss. 


BURCH 


section we obtain a normalizing factor which is used to 
put our result on an absolute scale as the solid line in 
Fig. 3. 

The dashed line in Fig. 3 represents the most recent 
theoretical calculation of the H~ photodetachment cross 
section, by Chandrasekhar and Elbert.’ They used the 
Hart and Herzberg 20-parameter ground-state wave 
function? and a Hartree approximation for the con- 
tinuum wave function, using a momentum form instead 
of the dipole length matrix element indicated in Eq. (2). 
Chandrasekhar has given reasons for preferring the 
momentum form over the length or acceleration forms. 
This calculation takes incomplete account of exchange, 
and takes no account of distortion of the residual 
hydrogen atom. 

The experimental curve can be scaled by about 10% 
in the absolute value of ¢, so that it can be adjusted to 
fit the theoretical curve at either end. No adjustment 
in the wavelength scale is allowable. The major signif- 
icant feature of this comparison is a 20% discrepancy 
in the value of o across the spectral range of the 
measurement, from 4000 to 13 000 A. The experimental 
result appears, also, to be significantly more flat in 
the vicinity of the maximum than is the theoretical 
curve. Other details such as minor dips and wobbles 
appearing in Fig. 2 are within experimental error and 
cannot be said to be significant. 

The 20% discrepancy must be accounted for in 
terms of the approximations which have been necessary 
because of the difficulty of the calculation: neglect of 
distortion and limited treatment of exchange. Chand- 
rasekhar and Elbert have calculated the cross section 
at one point, 2985 A, using wave functions recently 
developed by Bransden, Dalgarno, John, and Seaton," 
which treat exchange fully but still neglect distortion 
of the residual H atom. They obtain a value about 20% 
lower than the value based on the Hartree approx- 
imation. Since the difference between the new 
wave functions and the Hartree approximation should 
decrease with wavelength, this fragmentary theoretical 
result is consistent with our experiment to the extent 
that it indicates a cross section dropping faster toward 
shorter wavelengths than the cross section based on the 
Hartree approximation. This suggests that a calculation 
of this nature extended over the appropriate range of 
wavelengths might be in significantly better agreement 
with our experiment. 

Also shown in Fig. 3 are cross sections calculated by 
Chandrasekhar” using the Hart and Herzberg ground- 
state function, a plane wave for the free electron, and 
a dipole length matrix element; and by Geltman™ 
whose calculation employed simple wave functions for 
the bound and continuum states of H~- consistent with 
the precisely known affinity, and constrained to yield 


4 Bransden, Dalgarno, John, and Seaton, Proc. Phys. Soc. 
(London) 71, 877 (1958). j 

12S. Chandrasekhar, Astrophys. J. 128, 114 (1958). 

18S. Geltman, Phys. Rev. 104, 346 (1956). 
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the same cross section on the basis of the dipole length, 
momentum, and acceleration matrix elements. 

Geltman’s spectral dependence is in good agreement 
with our result at wavelengths longer than 6500 A, 
but deviates at shorter wavelengths. In his calculation 
he used a continuum wave function consisting of a 
symmetrized product for an outgoing electron and a 
residual hydrogen atom. The hydrogen atom “size” was 
increased to take some account of distortion of the 
hydrogen atom and in a manner required to exactly 
satisfy the two-electron sum rules. Geltman, now at 
this Laboratory, points out that this distortion, which, 
for convenience, he took to be the same at all energies, 
would in fact decrease at higher energies of the outgoing 
electron. He finds that a cross section calculated on the 
basis of an undistorted hydrogen atom would be scaled 
down by a factor of 0.891, which is the square of the 
overlap integral of the distorted and _ undistorted 
hydrogen atom wave functions. If we apply this 
scaling rather abruptly at wavelengths shorter than 
6000 A, the modification would tend to make the 
spectral dependence of Geltman’s cross section very 
similar to our experimental result. This scaling would 
preserve equality of his dipole length, velocity, and 
acceleration matrix elements, but such a cross section 
would not exactly satisfy the sum rules without some 
adjustment of the contribution from photodetachment 
leading to the excited states of the residual hydrogen 
atom. 

Weber’ has recently measured the emission spectrum 
in a shock tube, using hydrogen gas. After accounting 
for observed neutral atom ionization continua and 
making appropriate subtractions, he is left with a 
continuum which he attributes to H~-. On the basis of 
certain simplifying assumptions including local thermo- 
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Fic. 4. Comparison of our relative H~ photodetachment cross 
section and a relative cross section derived from Weber’s hydrogen 
shock tube results, assuming local thermodynamic equilibrium 
and an optically thin gas. 


dynamic equilibrium and an optically thin gas, we 
have derived from his results the spectral dependence 
of the photodetachment cross section from 4000 A to 
6000 A, shown in Fig. 4 in comparison with our experi- 
mental cross section. The agreement between the slopes 
is remarkable in view of the difficulties in interpretation 
of the shock tube experiment, and is confirmation of 
Weber’s assignment of this continuum to radiative 
formation of H~. 
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The function for excitation of the 2s state of atomic hydrogen by electron impact has been measured from 
threshold to 45 ev by an atomic beam method. The absolute value of the total cross section has been 
determined by two independent methods which are in agreement. In one method the excitation function 
was normalized to the Born approximation at the higher energies. The mechanism of cascade from higher / 
states was found to play a significant role in population of the metastable 2s level. The other method 
proceeded by determining the metastable detection efficiency in terms of the known efficiency for Lyman-a 
photons. The yield for ejection of electrons from an untreated platinum surface by H(2s) is 0.065+0.025. 
The total cross section reaches a maximum value of (0.35+0.05)mao? at 11.7 ev. The exchange cross section 
was also measured by the atomic beam method. The incident atoms were polarized in a Stern-Gerlach 
experiment; the metastable atoms were analyzed by the selective quenching action of a magnetic field of 
575 gauss. The ratio of the exchange to total cross section is 0.45+0.05 near threshold. At higher energies, 
this ratio approaches zero. 

The cross section for production of metastable atoms by direct bombardment of molecular hydrogen is 
0.032a,?. This value is considered correct to within a factor of two. 


I. GENERAL DISCUSSION AND INTRODUCTION carried out their historic investigations of the fine 
structure of the n=2 states of H by exciting atoms to 
the metastable 2s level by electron bombardment. 
However, they made no systematic attempt to measure 
the cross section for this process. As a preliminary 
estimate they assumed the cross section to be one-half 
the value given by the Born approximation. However, 
their observed detector current corresponded to only 
one electron for each 80 metastable atoms predicted by 
their estimate. 

In the case of intercombination excitations for light 
atoms, the total and exchange cross sections are 
identical. Excitation functions of this type have been 
measured.4 In the more general case it is sometimes 
possible to measure separately both cross sections. 
Table I shows the well-known relationships for electron 
scattering by a hydrogenic atom. It can be seen that 
the total cross section can be resolved into three partial 
cross sections; exchange, direct, and mixed. Four 


HE excitation of the 2s state of hydrogen rep- 

resents one of the simplest cases of scattering of 
slow electrons by atoms. Yet it involves the general 
features of rearrangements and electron exchange which 
play an important role in collisions with complex atoms. 
For these reasons, a great many attempts have been 
made to calculate cross sections for the excitation of the 
2s state.’ Prior to the present experiment, no quantita- 
tive experimental measurements had been made of 
this important quantity.2 Lamb* and his co-workers 
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TABLE I. Electron scattering by a hydrogenic atom. 


Fic. 1. Plan of the experiment. 


Component of electron spin along magnetic field 
After collision 
Atomic Scattered 
electron electron 


* Work supported jointly by the U. S. Army Signal Corps, the 
Office of Naval Research, and the Air Force Office of Scientific 
Research and also in part by the U. S. Air Force under contract 
AF 18(600)-1334 monitored by the Air Force Office of Scientific 
Research of the Air Research and Development Command and in 1 f= 018/9 (mixed) 
part by the Office of Naval Research under contract Nonr-266(45). 42/2 (di 

t National Science Foundation postdoctoral fellow 1956-57; { 1 ol? 
Present address: Department of Physics, University of Chicago, q : 
Chicago 37, Illinois. F f 

! For a summary, see the article by H. S. W. Massey, Revs. i j ly 
Modern Phys. 28, 199 (1956). : 

? Preliminary results of our measurements of both exchange 
and total cross sections were given at the Conference on Physics 
of Electronic and Atomic Collisions, New York University, 
January 1958 (unpublished). Recently, at the May, 1959 Washing- 


Before collision 
Partial cross 
section 


Atomic Incident 
Case electron electron 


2 (direct) 
2 (exchange) 
2 (exchange) 
2/2 (direct) 
g|2/2 (mixed) 


and HVI. These are: HI, W. E. Lamb, Jr., and R. C. Retherford, 
Phys. Rev. 79, 549 (1950); HII, W. E. Lamb, Jr., and R. C. 


ton meeting of the American Physical Society, Fite and co-workers 
reported preliminary measurements of the total cross section for 
excitation of 2s atoms: Stebbings, Brackmann, Fite, and Hummer, 
Bull. Am. Phys. Soc. 4, 263 (1959). 

3 The articles on the fine structures of hydrogen were written 
as a series, and inthe text will bereferred, to as HI, HII, HIII, 


Retherford, Phys. Rev. 81, 222 (1951); HIII, W. E. Lamb, Jr., 
Phys. Rev. 85, 259 (1952); HVI, Dayhoff, Triebwasser, and 
Lamb, Phys. Rev. 89, 106 (1953). 

‘See, for example, H. S. W. Massey and E. H. S. Burhop, 
Electronic and Ionic Impact Phenomona (Clarendon Press, Oxford, 
1952), second edition. 
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possible operations can be performed to obtain addi- 
tional information from a scattering experiment. Two 
of them are polarization of the incident electron or 
struck atom: two are analysis of the scattered electron 
or atom after collision. It can be seen that performance 
of any two of these operations results in measurement of 
one partial cross section in addition to the total cross 
section. Performance of any three operations results in 
measurement of all three cross sections. 

To date all experiments have measured, in effect, 
at most the polarization of the atom before and after 
collision. There have been measurements of elastic 
electron-atom® or atom-atom® exchange cross sections 
in the case of alkali metals. 

Measurements of inelastic scattering cross sections 
have certain advantages over observations of elastic 
events. Elastic scattering from residual gases often 
introduces troublesome background which must be 
differentiated from the signal in question. In the case of 
inelastic scattering, there are often more specific events, 
such as an emitted photon or metastable atom, which 
serve to distinguish the desired signal from interfering 
background. 

In the case of elastic scattering, space charge effects 
place a lower limit on the electron energy available for 
measurements. For inelastic scattering, experiments can 
be performed much closer to threshold. 

Measurement of the inelastic 
scattering of electrons by H is especially favorable in 
the case of excitation of the 2s state. H(2s) is metastable 
and can eject electrons from a metal detector which is 
removed from the excitation region.’ Secondly, H(2s) 
can be quenched by electric fields.” This unique property 
enables H(2s) to be distinguished from all other interfer- 
ing photons and metastables. Finally in a magnetic field 
of approximately 575 gauss, a beam of H(2s) is polar- 
ized; that is, the 8 atoms (m,=—}) are quenched; the 
a atoms (m,= +4) are still metastable and can reach the 
detector. We have used these properties to measure 
both the total and exchange cross sections for excita- 
tion of the metastable 2s state. 


cross section for 


II. MEASUREMENTS 
A. General Plan of the Experiment 


A source of atomic H could be placed in one of two 
positions with respect to a deflecting magnet (Fig. 1). 
Each position corresponded to the selection of a beam 
of polarized H(1s) atoms,* with magnetic quantum 
numbers m,=+} or m,=—}, respectively. The 

5H. G. Dehmelt, Phys. Rev. 109, 381 (1958); Franken, Sands, 
and Hobart, Phys. Rev. Letters 1, 52 (1958); Rubin, Perel, 
and Bederson, Bull. Am. Phys. Soc. Ser. II, 4, 234 (1959). 

6 Franken, Sands, and Hobart, Phys. Rev. Letters 1, 52 (1958); 
R. Novick and E. H. Peters, Phys. Rev. Letters 1, 54 (1958). 

7 See HI (reference 3). 

8 Strictly speaking, the effect of the hyperfine interaction of 
the nucleus should be taken into account. In our experiment the 
fields are high enough to provide almost complete decoupling 
so that this is a small effect. It is treated in the Appendix. 
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Fic. 2. Apparatus: O, tungsten oven; So, source slit ; 5), separat- 
ing slit; M, deflecting magnet; H, direction of magnetic field; 
S2, collimating slit; 7, field rotator; W, movable stop wire; 
Ho, uniform magnetic field; S3, exit slit; C, collector; F, field free 
box; £, control electrode; K, cathode; Q, electrostatic quenching 
electrodes; S, electrostatic shields; D, detector. 
polarized beam was bombarded by unpolarized electrons 
of controlled energy in a homogeneous magnetic field 
of 575 gauss. Because of the analyzing effect of the 
magnetic field, only atoms in the a state could reach 
the detector and produce a signal. 

Thus (Table I), two cases arose. In case A, the 
detected signal S(+), was proportional to the sum of 
the mixed and direct cross sections, which we have 
called? (| f|?+ | f—g|*)/2; in case B, the signal S(—) 
was proportional to the exchange cross section| g|?/2. 
The sum of both signals was proportional to the /otal 
cross section, o7(2s). Hence, the ratio of the exchange 
to total cross sections is given by the expression ; 


S(—) 1gZ\° 


SCHFS(-) [fl 1-8 l?+1 61? 
B. Apparatus and Method 


The source of atoms (Fig. 2) was a tungsten oven, 
copied from Hendrie’s'® improvement of the original 
design of Lamb and Retherford." Typical operating 
conditions were oven temperature 3000°K and gas 
pressure 2 mm. Under these conditions dissociation was 
91% complete." The atoms were polarized by a 
Permendur magnet with the usual two wire field,” 
with Hmax=17.5 kilogauss and a ratio of gradient to 
field of 2.5. 

In order to have the electron and atomic beams 
coplanar it was necessary to rotate the magnetic field 
90° in going from the deflecting magnet to the bombard- 
ment region. Also, to prevent accidental depolarization 


®In our experiment, partial, as opposed to differential, cross 
sections are measured. The partial cross sections actually are 
equal to the integrals over all solid angles of the squares of the 
amplitudes of the quantities; f, | f—g|, and g. Since no ambiguity 
arises, we consistently omit the integral sign in our expressions. 

10 J, M. Hendrie, J. Chem. Phys. 22, 1503 (1954). 

1! See HI (reference 3) paragraph 21. 

2 Wooley, Scott, and Brickwedde, J. 
Standards 41, 379 (1948). 

13 Rabi, Kellogg, and Zacharias, Phys. Rev. 46, 157 (1934). 
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of the atomic beam, some care had to be taken to 
prevent nonadiabatic transitions of the atoms. Ex- 
perience of atomic beam workers indicates that these 
transitions do not occur to any measurable extent unless 
the magnetic field goes to zero at some point along the 
atomic beam. A magnet constructed with helical pole 
faces served to rotate the field (Fig. 3). It insured an 
adiabatic transition into the uniform field region. 

The entire bombarding and detecting regions were 
in a uniform primary field of 575 gauss, produced by a 
magnet made of two oval coils of water cooled copper 
tubing. This field had the dual function of quenching 
H(2s,8) and collimating the bombarding electrons in 
the plane of the atomic beam. A pair of coils, external to 
the apparatus, produced a small secondary uniform 
field perpendicular to the primary field for the purpose 
of controlling the direction of the electron beam. 

The electron bombardment apparatus was designed 
to obtain a minimum loss of metastable atoms through 
recoil dilution and accidental quenching. In the latter 
respect we benefitted greatly from advances made by 
Heberle ef al." in the design of equipment for producing 
H(2s). The bombarding electron beam was inside a 
field free box of 5X 5X1 cm. 

In order to achieve. accurate measurement of the 
total cross section, it was important for the electron 
beam current to be known correctly. This implied 
the necessity of quantitative collection of the electron 
beam. The difficulties of achieving this in kinetic 
vacuum systems are caused by the formation of 
insulating layers upon the collector surface which 
reflects incident electrons. These difficulties were 
obviated by the use of a copper collector heated to 
350°C.'> The collector was biased 45 v positive with 
respect to the field free box and was tilted 22.5° from 
parallelism with the electron beam (Fig. 4). Under these 
conditions there was quantitative electron collection. 

A movable stop wire could be placed such that the 
atomic beam could not reach the bombardment region. 

The detector was a platinum sheet, enclosed in a 
brass box. The side facing the electron gun was covered 
with a grid of 0.024-cm nichrome wires spaced 4 per cm. 
Between the detector and the electron gun was a pair 
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Fic. 3. Field rotator. 


14 Heberle, Reich, and Kusch, Phys. Rev. 101, 612 (1956). 
16 A. E. Ennos, Brit. J. Appl. Phys. 5, 27 (1954). 
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Fic. 4. Schematic view 
of electron gun. The 
atomic beam is perpen- 
dicular to the plane of 
the paper. 
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of parallel plates spaced 1.5 cm apart. By applying a 
potential difference of 45 volts between the plates, the 
assembly acted as an electrostatic quencher. Additional 
shielding electrodes prevented spurious signals arising 
from stray fields from the quenchers. The current to 
the detector arising from electrons ejected by the 
metastable atoms was measured by a conventional 
electrometer circuit. The detector accepted all atoms 
within a recoil angle $22° (vertical), and +7° (hori- 
zontal). The recoil dilution factor (percent of metastable 
atoms failing to strike the detector) was calculated by 
assuming s-wave scattering.'® For deuterium atoms, the 
calculated recoil dilution was negligible up to the 
ionization potential. At 20 volts it rose to 10%. At 
high energies where the Born approximation holds, it 
was about 10% and roughly independent of energy. 

To insure that the apparatus was in fact operating as 
we anticipated, several test experiments were made. 
These will be discussed in the next section. 


III. PROCEDURE 
A. Preliminary Observations and Adjustments 


Except for preliminary optical alignment of the 
apparatus, all adjustments were made by observation 
of the detector current itself. With the deflecting magnet 
turned off, the atomic H beam and electron beam were 
made coplanar by lateral displacement of the oven and 
by adjustments of the secondary magnetic field. 

Typical observations are shown in Fig. 5. The total 
galvanometer deflection was diminished when a voltage 
was applied to the quenchers. We define this diminution 
as the guenchable deflection. The remaining galvanom- 
eter deflection is called the DC background. The quench- 
able deflection was diminished when the stop wire blocked 
off the atomic beam. We define this diminution as the 


signal. The remaining quenchable deflection is desig- 
nated as the background. The signal arose from excita- 


16 HI (reference 3) Appendix III. It is necessary to multiply 
the velocity distributions used in this analysis by the factor 1/v, 
to allow for the effect of the excitation process. 





EXCITATION: OF 
tion of atomic H in the collimated beam.!? The back- 
ground arose from metastable atoms formed from bom- 
bardment of molecular hydrogen gas in the chamber 
containing the electron gun.!* 

Before hydrogen was admitted to the oven, it was 
established that the quenchers had no effect on the 
DC background current in the detector. This insured 
that the relative potentials of the components of the 
detector and electron gun were chosen such that no 
ions or electrons reached the detector. 


B. Energy Calibration 


The electron energy scale was calibrated by making a 
linear extrapolation of the signal to zero current near 
threshold. This was assumed to be 10.2 volts, the 
excitation energy of H(2s). The bombardment current 
was held constant; this necessitated a small correction 
for the change in space charge depression of potential. 


C. Secondary Processes 


Auxiliary experiments verified that the signal was 
proportional to bombarding current beyond the 100 
ua used in the experiment. This served to exclude the 
possibility of secondary processes involving electron 
bombardment. The pressure in the chamber containing 
the electron gun could be varied by changing the 
opening of the separating slit S, (lig. 2). The signal 
was found to be independent of the pressure over the 
range of pressures observed during the experiment 
(2X 10-7—10-* mm) as read on an ionization gauge. 
Thus, there was no evidence for secondary processes in 
the main chamber. On the other hand, it was found that 
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Fic. 5. Typical observations: The points represent single 
observations. The points with bars represent averages of several 
observations. The bars passing through the points show limits 
of + one standard deviation of the mean. 


17 The signal arising from molecular hydrogen in the atomic 
beam was negligibly small. 
18 Since no background was observed below the threshold of 


14.7 ev for the process e- +H: — e +H(2s)+H(1s), we conclude 
that, except for the directed beam, there was a negligible amount 
of atomic H in the apparatus. 
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Fic. 6. Typical single observations of signal at low energies 
for both H and D. The results of each run are normalized to give 
the same area under the curve representing the excitation function. 


the signal was nol proportional to the source pressure 
under typical conditions of the experiment. This is 
attributed to collisions of the atomic beam in the 
vicinity of the source slit So, and not to secondary 
processes. Since the experiments were conducted at 
constant source pressure, relative cross sections were 
unaffected. However, were 


obtained by extrapolating source pressure to zero.f 


absolute cross sections 


D. Exchange Cross Section 


After measurements of the total cross section were 
performed, the deflecting magnet current was turned 
on for the purpose of producing polarized beams of 
H(1s). The oven displacement was chosen large enough 
to insure a negligible amount of H(1s) of the wrong 
polarization. Also, the oven was placed at a position 
corresponding to maximum intensity to minimize errors 
caused by irregularities and misalignments of the 
apparatus. Estimated asymmetries in the deflection 
pattern caused an error in the exchange cross section 
of 1% or less of the total cross section. The effective 
electron beam width was 0.029 cm, effective atomic 
beam width, 2a=0.026 cm, displacement of the oven 
was 0.019 cm, and deflection of the atom with the most 
probable velocity, Sa=0.039 cm. 

In the absence of a magnetic field the decay lengths 
of a and B states become equal. By varying the primary 

t Note added in proof.—It is possible that extrapolation to zero 
oven pressure can introduce an error on account of thermal 
transpiration effects. Under these circumstances our absolute de 
termination of the cross section by the direct calculation would be 
erroneous. However, we feel our determination of the absolute 
cross section rests primarily on the validity of the normalization 
to the Born Approximation over the higher energies. 
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magnetic field and extrapolating the ratio of the signals 
S(—)/S(+-) to zero field, we determined the asymmetry 
of the apparatus. The measured ratio was S(—)/S(+) 
=1.01+0.07, which corresponds to a maximum 
standard error in the ratio of exchange to total cross 
section of (0.254-1.8)%. This constitutes a negligible 
error, in agreement with our expectations. 

Successive trials of different values for S,/a led to a 
lower limit for the % polarization of the incident atomic 
beam. If it is assumed that the atoms underwent only 
adiabatic transitions before electron bombardment 


occurred, the limit would be approximately 95%. 


IV. RESULTS 
A. Detector Yield 


The metastable detector efficiency was found in 
terms of the known yield (1.8+0.5)%"™ of an un- 
treated platinum surface for Lyman-a photons. By 
increasing the electric field between the detector and 
the grid, substantially all the H(2s) atoms were 
quenched before reaching the detector. The signal 
then arose completely from Lyman-a photons which 
originated from the quenched atoms.” Utilizing the 
known geometry and photoelectric yield,” we obtained 
the metastable yield of an untreated platinum surface 
for H(2s) to be 0.065+-0.025. 


B. Excitation and Polarization Functions 


The excitation functions for H(2s) are shown in 
Fig. 5 and Fig. 6. Different runs were all normalized 
to the same area over suitable ranges. The high-energy 
and low-energy excitation functions were normalized 
to each other over the energy range 12.5 to 14.5 ev, 
since the shape of the excitation function there is 
relatively insensitive to energy spread of the electron 
beam. An oxide-coated cathode (energy resolution 0.2 
ev) was used in the low-energy experiments (Fig. 6) 
to show any fine structure in the excitation functions 
near threshold. In the high-energy experiments (Fig. 5), 
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Fic. 7. Polarization measurements: each point 
represents a single observation. 


Appl. Phys. 26, 1367 


! Walker, Wainfan, and Weissler, J. 
(1955). 

”H. E. Hinteregger and K. Watanabe, J. Opt. Soc. Am. 43, 
604 (1953). 

2! The relevant equations for this type of calculation are given 
in HIII, (reference 3), Sec. 67. 

* The value for the yield was chosen equal to the mean, and the 
uncertainty taken as the difference between the values given in 
references 19 and 20. 
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Fic. 8. Born approximation for the total cross sections for the 
excitation of the 2s and 3p states. The additional curve for a (3p) 
is our best estimate based on the results of Fite and Brackmann 
for o(2p), (reference 27). 


a thoriated tungsten cathode (energy resolution 1.5 ev) 
was used to achieve greater stability in the signal. The 
excitation function rises sharply from threshold to a 
maximum at 11.7 ev. Figure 7 shows the results of the 
measurements of the polarization of the metastable 
atoms. The excited atoms are almost completely 
depolarized near threshold. 


C. Total Cross Section 


The excitation function was normalized to give 
absolute values for the total cross section in two ways. 
The first method was an absolute one, which utilized 
our determination of the yield of the detector, the 
geometry of the apparatus, and the known conditions 
in the source and electron gun.” This determination was 
carried out at an electron energy of 11.7 ev, which is 
low enough to insure that negligible recoil dilution 
occurred. However, corrections were applied for the 
estimated effects of quenching losses, the effect of the 
grid wires, incomplete detector electron collection, and 
incomplete action of the quenchers. The result for the 
maximum total cross section was or(2s)= (0.28+0.14) 
mao’, where the largest source of uncertainty was 
the metastable detection efficiency. 

There always is the possibility of accidental loss of 
metastable atoms by stray fields from contaminated 
electrode surfaces, poor vacuum conditions, etc. Under 
these circumstances, our estimate would be erroneously 
low. However, we took all possible precautions to 
avoid accidental loss of metastable atoms. On the other 
hand, we feel that lower values of or(2s) are quite 
possibly incorrect.” 


% The relevant equations for this type of calculation are given 
in HI (reference 3), Sec. 12. 

* For example, one might try to estimate o7 (2s), from the work 
of Lamb et al. Although they used a W detector, they noted that 
the yield for W and Pt were approximately the same (reference 3, 
HVI). Therefore, from the data given in HI (reference 3) Sec. 26, 
and from our estimated yield for Pt, o7(2s)~0.032a¢?. Presumably 
this value is low because of the large amount of accidental quench- 
ing which plagued early experimenters working with metastable 
H. Also, failure to extrapolate results to zero source pressure can 
give erroneously low results. Probably Lamb’s results and some 
of our preliminary values (reference 2) were low for this reason. 





EXCITATION OF METASTABLE 2s 


The second method involved normalizing the excita- 
tion function to the Born approximation at high 
energies. At dow electron energies (E$12.1 ev), the 
signal resulted only from excitation of the 2s state. At 
higher energies, population of the 2s state also resulted 
via cascade from higher states excited by electron 
bombardment. This mode of excitation affects the 
magnitude and shape of the excitation function and the 
polarization of the metastable atoms. In order to 
compare experimental results with theoretical calcula- 
tions, it was necessary to make some correction for 
these cascade processes. 

Since none of the cross sections for excitation of 
higher states of H has been measured, we used the Born 
approximation®® and the known branching ratios for 
radiative decay”® to make at least order of magnitude 
estimates. We concluded that only np (n23) states 
should make appreciable contributions. 

The energy dependence of the cross sections for the 
excitation of the 2p state and for ionization of H have 
been made by Fite and Brackmann.”’ Both crosssections 
deviate considerably from the Born approximation at 
lower energies, but both curves have approximately 
the same shape. Also, the Born approximation predicts 
essentially identical shapes for the excitation of all np 
states. Therefore we feel it is reasonable to assume that 
the shape of all the higher p states are identical to that of 
the 2p state and that the absolute magnitudes of the 
cross sections are proportional to the square of the 
respective dipole matrix elements (1s|z|mp). Also, 
the branching ratios between the 1s and 2s states are 
approximately the same for all mp states.?6 On the basis 
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Fic. 9. Normalization of the excitation function to op(2s) 
= Born (25) +0.210 (3p), where o(3/) is our estimated cross section. 


25 Formulas for the Born approximation to the cross sections 
are given in HI (reference 3). The numerical values for the 
cross sections for the 2p and 3p states given in Fig. 6, HI, are in 
error. Published values of the Born approximation frequently 
are in error near threshold because of the use of a high-energy 
approximation. This approximation gives too large a cross section. 

26H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One 
and Two Electron Atoms (Academic Press, Inc., New York, 1957), 
Table 15. 

27 W. L. Fite and R. T. Brackmann, Phys. Rev. 112, 1141 and 
1151 (1958). 
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Fic. 10. Total and exchange cross sections for excitation of 
H(2s) by electron impact. The estimated error for the total 
cross section is 15%. The estimated error for the exchange cross 
section is 8% relative to the total cross section. The errors are 
the root-mean-square sum of all systematic errors and three 
times the probable statistical error. 


of these two assumptions we have obtained an approxi- 
mate formula for the cross section for production of 
metastable H by all atomic processes: op(2s)=o7(2s) 
+0.210(3p). The estimated curve for the 3 cross 
section is given in Fig. 8.8 

The normalization of the deuterium high-energy 
data to op(2s) is shown in Fig. 9. The fit is excellent; 
the standard deviation of the error of the normalization 
factor is 1.5%. The results for o7(2s) are shown in 
Figs. 10 and 11. The maximum cross section is (0.36 
+0.05)aa¢?, where the major source of error is caused 
by the uncertainty of +10% introduced by recoil 
dilution at high energy. 

The agreement between the two independent values 
for the total cross sections is within the experimental 
error. Because of this, we have considerable confidence 
in our final weighted value for the maximum cross 
section, o7(2s)= (0.35+0.05)2a,’. 


D. Exchange Cross Section 


The determination of the exchange cross section can 
be made from the polarization measurements (Fig. 7) 
and from the known total cross section. At low energies, 
where cascade phenomena play a negligible role, this 
follows straightforwardly from our discussion of Sec. 
II A. At higher energies, correction must be made for 
cascade from p states. This procedure is complicated 
by the fact that there are two cross sections for the 
excitation of p states, o(+) and o(0).” o(+) and o(0) 
represent the cross sections for exciting an electron of 
orbital magnetic quantum number +1 or 0, respec- 


28 Dr. Fite has informed us that the published 2/ cross section 
is in error from threshold to 25 ev. This in turn introduces an 
error in our estimate of or (2s). On the basis of preliminary results 
for the remeasurement of the 2) cross section the maximum error 
introduced in our estimate of o7(2s) is 3%. This is negligible 
compared to our stated error. 

*S. Khashaba and H. S. W. Massey, Proc. Phys. Soc. (London) 
71, 574 (1958). 
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tively. It can be shown” that 
S(—) |g|2/2+K (0.21)0(3p) 


S(4)4+S(—) — or(2s)+0.210(3p) ’ 
where K=4(1+X)/9(1+2X) and X¥=oe(+)/a(0). 

Percival and Seaton* have shown that X is related 
to the polarization of radiation emitted in H(np — ms) 
transitions by the expression P=3(1—X)/(7+11X), 
where P is the polarization of the emitted radiation. 
It is possible to do experiments which would give us the 
necessary information to allow for the effect of cascade 
on the observed results of the polarization experiments. 
In lieu of such experiments we have made an estimate 
of the effect of np states. 

X is close to zero near threshold.” This is confirmed 
by the calculations of Khashaba and Massey” for the 
2p state of H. Corroboration is added by the observation 
that electron excited Lyman-a radiation, (2p— 1s), 
is highly polarized at energies up to 100 ev.?7-* 


oy (2S) 


CBORN (2S) 


Texcuance (25) 


L 1 
12 14 
ELECTRON ENERGY (VOLTS) 








Fic. 11. Experimental total and exchange cross sections near 
threshold. The absolute errors for the cross sections are the same 
as in Fig. 10, but the error for the ratio of exchange to total cross 
section is 5%. Theoretical estimates of total cross sections: 
(E.P.D.E.), G. A. Erskine and H. S. W. Massey, Proc. Roy. Soc. 
(London) 212, 521 (1952); (E.C.C.), reference 35. 


® Unpublished calculation by the authors. The expression for 
K given above was derived neglecting electron exchange. Since 
the cascade contribution is only important at the higher energies 
where the exchange amplitude is small, it is felt that the omission 
of exchange effects is tolerable. A calculation including exchange 
effects placed K within the limits of 2/9 and 2/3. 


“7. C. Percival and M. J. Seaton, Phil. Trans. Roy. Soc. 
(London) 251, 113 (1958). 

#H. A. Bethe, Handbuch der Physik, edited by S. Fliigge 
(Verlag Julius Springer, Berlin, 1933), second edition, Vol. 24, 
Part 1, p. 508. 

33 However, some caution should be applied, since these results 
exceed the theoretical limit of P=3/7. However, the discrepancies 
are within the author’s quoted errors. 
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We made the reasonable assumption that X is 
small for all mp states up to 45 ev. We took K to be 0.4, 
which corresponds to small X. We also assumed the 
values for the cross sections for np and 2s discussed in 
the previous section. The results for the exchange 
cross section for excitation of H(2s) are shown in Figs. 
10 and 11. 


E. Formation of Metastable Hydrogen from 
Molecular Hydrogen 


From the magnitude of the background signal (Fig. 5) 
and from the pressure of the molecular hydrogen in the 
apparatus, it was possible to make an estimate of the 
cross section for production of metastable H from Hy» 
molecules. It is 0.032a,?. This value is believed to be 
correct to within a factor of two. 


V. DISCUSSION 


A. Comparison with Theory and 
Other Experiments 


The rapid rise of the H(2s) excitation function to a 
sharp peak near threshold is typical of forbidden 
transitions. The steep decline of the exchange cross- 
section curve at higher energies resembles the pure 
exchange singlet-triplet excitations in light atoms.‘ 

Cross sections for the excitation of optically allowed 
s— p transitions in H and He agree with the Born 
approximation only at energies several times Eo, the 
threshold energy.'*?? Near threshold, the Born approxi- 
mation is greater than experimental results by about 
a factor of two.2’ Here, the distorted wave calculation” 
leads to a lower cross section than the Born approxima- 
tion. This represents an improvement which is too 
small to be considered significant.?’ 

The results of the present experiment form a striking 
contrast. Massey and Burhop conclude that the Born 
approximation agrees with experimental results for 
excitations of singlet s states in He down to energies 
as low as 1.5 Eo. Within experimental error, our results 
also agree with the Born approximation in this energy 
range (Fig. 10). Near threshold, the Born approximation 
underestimates the experimental cross section by about 
a factor of two. Other theoretical calculations (Fig. 10) 
fall still further below the experimental results.* 
Marriott’s close coupling calculation*®® of o7(2s) contains 
the least number of approximations of all computations. 
Yet it is lower than the experimental results by a 
factor of seven, in greater disagreement with our 
results than any other calculation. 

In both cases of inelastic scattering of electrons from 
H, the best calculations are in poor agreement with 
experiment. On the other hand, calculations of the 
elastic scattering cross section of H are in good agree- 

* The Born-Oppenheimer approximation generally falls too 


far above experimental results to be considered seriously. 
35 R. Marriott, Proc. Phys. Soc. (London) 72, 121 (1958). 
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ment with experiment.*® This may be related to the 
exceptionally large separation of the ground state of 
H from other states. 

Massey’ has indicated that close coupling between 
the degenerate 2s and 29 levels of H may be important, 
and that improvement may be obtained by taking this 
coupling into account. This represents going from a 
two-state to a three-state approximation. It is possible 
that even an m state approximation, where n is a very 
large number, may fail to give satisfactory results. The 
eigenfunctions of present-day scattering calculations 
are built of products of one-electron wave functions. 
In the case of variational calculations of atomic energy 
levels, it was found that such wave functions did not 
give satisfactory agreement with experiment; it was 
necessary to introduce the interelectronic distance as 
an explicit variable.*” 

Massey and Moiseiwitsch have pointed out the 
importance of resonance effects for electron scattering 
near the threshold for excitation of the 4S state of He.** 
Baranger and Gerjuoy® found that the excitation 
function of the 4S state fits a one-level Wigner resonance 
formula. They have proposed the possibility of extend- 
ing the resonance approach to other cases of electron 
scattering. Dehmelt® also has used the Wigner 
approach in discussion of elastic scattering of electrons 
by Na atoms. The excitation function for the 2s state 
of H seems too complex to be fitted by a one-level 
formula, but it is possible that a resonance theory 
might be used to explain the results near threshold. 


B. Conclusion 


The present investigation of the excitation of the 
forbidden transition H(1s— 2s) and the corresponding 
results of Fite and Brackmann on the allowed transition 
(1s — 2p) represent a considerable body of experimental 
knowledge on the subject of inelastic collisions of 
electrons with the H atom. In both cases, the best 
approximate calculations show no significant improve- 
ment over the agreement of the fast-electron, Born 
approximation with experiment. This represents a 
largely unsolved problem in the theory of collisions of 
slow electrons with atoms. 
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APPENDIX. EFFECT OF HYPERFINE INTERACTION 
ON POLARIZATION OF METASTABLE ATOMS 


The theory given in Sec. II-A is valid only for 
magnetic fields large enough to decouple the electronic 
spin § from the nuclear spin I. We have computed the 
effect of the nuclear hyperfine interaction on the 
polarization of the excited atoms. Because of the 
smallness of all spin dependent interactions with 
respect to electrostatic forces, the approximation of 
sudden perturbation theory was assumed to hold for 
the collision.“ The spin functions of the incident and 
scattered electrons were assumed to be diagonal in 
the S-H interaction; the eigenfunctions of the atom in 
the ground and excited states were found by diagonaliz- 
ing the Breit-Rabi equation. The calculations then 
were averaged over all states having the same high 
field value of m,. The results are shown graphically 
(Fig. 12). 


411), Bohm, Quantum Theory (Prentice Hall, Inc., Englewood 
Cliffs, New Jersey, 1951), p. 507. 
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It is shown to be unlikely that a positronium atom, described by a hydrogenic wave function, can exist in 
an electron gas of a density corresponding to that found in metals. 


Is a recent paper with this title, Bég and Stehle have 
calculated the rate at which positrons, placed in an 
electron gas, should capture electrons to form posi- 
tronium.! They have assumed that the resulting 
positronium “atom” is described by a _ hydrogenic 
ground-state wave function and that its binding energy 
is 6.8 ev, which is characteristic of positronium in free 
space. Arguments can be given, however, which 
suggest that it is unlikely that the positronium “atom” 
can exist in an electron gas of a density corresponding to 
that found in metals. This problem is of particular 
importance since, according to presently accepted 
theories, measurement of the angular correlation of the 
y rays from positron annihilation in a metal gives 
information from which the electron momentum 
distribution can be deduced.’ This possibility probably 
would not exist if annihilation took place in an atomic 
system with a hydrogenic wave function. 

The essential point is that, according to recent 
theories of the properties of an electron gas, the 
Coulomb interaction of a positron and an electron is 
screened by the polarization of the medium.’ This is 
manifested in that a distribution of charge whose 
Fourier transform is p(k,w) produces a potential whose 
transform ¢(k,w) is given by 

4 p(k,w) 
i ee ’ 
k? €(kyw) 
where e(k,w) is the dielectric coefficient of the gas. If 
the positron is represented as a static point charge, 
we find approximately a potential energy of interaction 
V (r)=— (e/r) exp(—aAr), 
where A depends on the density of the gas.‘ 

We can now investigate the question whether a 
bound-state solution with the required properties 
exists for this potential. To do this, we consider the 
Schrédinger equation for an s state 

@R yw eé 
—+-— [z+ exp(—W) |R=0, 
dr? fh? r 


* Present address: Department of Physics, University of Miami, 
Coral Gables, Florida. 
1M. A. B. Bég and P. M. Stehle, Phys. Rev. 113, 1545 (1959). 


2R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 

§ J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 

‘It is perhaps more appropriate to use a frequency (as well as 
wave number) dependent dielectric coefficient [Eq. (9) of reference 
3]. However, in first approximation, the same screening of the 
interaction is obtained as in the case of a static point charge. 

5 A somewhat similar study has been made by H. Kanazawa, 
Progr. Theoret. Phys. (Kyoto) 20, 400 (1958). 


where yu is the reduced mass of the system and R=n. 
The substitution «=Ar allows the equation to be put in 
the standard form 


d?R be-* 
+ («+ —) R= 
dx? x 


in which a= 2pE/\*h?, and b= 2yue?/Ah?. The properties 
of solutions of this equation have been investigated 
by several authors; in particular it can be shown that 
no bound-state solution exists unless 62 1.68. For the 
problem at hand, this condition is that A<0.595 (in 
atomic units). 

It is likely, however, that a more stringent require- 
ment exists. It seems probable on physical grounds that 
the positronium ‘atom’ could not exist in a metal 
unless its binding energy, E, were approximately equal 
to the Fermi measured with respect to the vacuum 
(not the bottom of the band). Otherwise, the posi- 
tronium should be able to ionize spontaneously. We 
shall investigate the consequences of requiring | E|>0.2 
Rydberg, which should be a rather conservative figure.’ 
From reference 6 we find this requires 625 or A< 0.2. 

From the relation between the screening constant A 
and the density of the gas, the maximum possible 
density for which the required solution exists can be 
determined. Unfortunately, an exact expression for 
the dielectric coefficient is not known. The approximate 
theory of reference 3 yields \=1.56r,-! (in atomic 
units), while Bég and Stehle employ a much smaller 
value taken from the theory of Bohm and Pines,® 
\=0.67r,-*. We will consider both choices as possibly 
representing extreme values. For the larger value of X, 
we find that the smallest value of r, for which a bound 
state can exist is r,=6.9 (Bohr units). By way of 
comparison, the metal of lowest density, cesium, has 
(at room temperature) 7,=5.8. Using the smaller 
value of A, we find a bound state may exist for reasonable 
r,, but it will not have | £|20.2 unless r,2 11.2. 


6L. Hulthén and T. Laurikainen, Revs. Modern Phys. 23, 1 
(1951). 

7It is assumed here that the binding of the positron in the 
field of a real crystal is weak compared to that of an electron. 
Although a more detailed investigation of this point might be 
desirable, it seems quite plausible since the potential experienced 
by a positron in any atomic cell corresponds, in the approximation 
of a self-consistent field, to a repulsive force. Allowance is made for 
a weak binding of the positron by choosing a rather small | £}. 

’D. Pines, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 
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The inelastic excitation of N2 and CO by electron impact is studied using the trapped-electron method. In 
this method those electrons which have lost a portion of their initial energy in an inelastic collision are 
trapped in a potential well. Well depths up to 3 volts are used in the present experiment. The operation of 
the apparatus is checked for helium, where the shape of the excitation function is known accurately. The 
shape of the excitation function for metastable helium atoms obtained by the trapped-electron method is in 
good agreement with previous results. A large inelastic peak is observed at 2.3 ev in Nz and 1.7 ev in CO. 
This phenomenon is discussed in terms of the formation of a temporary negative ion state of Nz or CO and 
subsequent decay into various vibrational levels of the molecule. This model explains the sharp peak in 
both the elastic and inelastic cross section in Nz and CO. Neither O2 nor H2 show such a sharp peak at low 


energies. 


XCITATION of molecules by electron impact can 
be studied by means of the trapped-electron 
method. Some aspects of this method have been de- 
scribed in a previous publication! which will be referred 
to as Part I. In this method, an electron beam traverses 
an electric and magnetic field configuration in which 
those electrons which have lost energy in an inelastic 
collision are prevented from reaching the electron beam 
collector by a potential well. These ‘‘trapped electrons” 
(also called ‘‘slow electrons’ in Part I) are collected on 
the trapped-electron collector and are a measure of the 
inelastic cross section. This paper presents an extension 
of the technique described in Part I. With the present 
tube, measurements can be extended to a well depth of 
about 3 to 4 volts, whereas the results presented in 
Part I extended to a well depth of only 0.1 to 0.2 volt. 
This increased depth of the potential well enables us 
to study the excitation function of atoms up to 3 to 
4 ev above the onset of excitation. The results in 
helium are reported in Sec. IIT. In the case of molecules, 
inelastic processes can be detected which could not be 
detected with a small well depth. The results obtained 
in Ng and CO are discussed in Secs. IV and V. 


I. APPARATUS 


Two different tubes are used for this experiment. 
They are identical in the principle of operation and 
differ from each other in the magnetic field uniformity 
and in the length of the collision chamber. The original 
tube will be designated as Tube A and the improved 
version as Tube B. Following a general description of 
the method, the differences between the two experi- 
mental arrangements will be discussed. 

A schematic diagram of the experimental arrange- 
ment is shown in Fig. 1. Electrons from the filament, F, 
pass through the electron gun (only the retarding plate, 
P»2, is shown) into the collision chamber and are col- 
lected on the electron beam collector EZ. A magnetic 

* This work has been supported in part by the Office of Naval 
Research. 

1G, J. Schulz, Phys. Rev. 112, 150 (1958). This paper will be 
referred to as Part I. 


field aligns the electron beam. The construction of the 
electron gun, and the vacuum technique used have 
been described previously.'* The electron gun employs 
the retarding potential difference method so that the 
effect of nearly monoenergetic electrons can be mea- 
sured. The grid, G, is surrounded by the cylindrical 
collector, M (10-millimeter diameter). The potential on 
M is usually positive with respect to G. The grid is 
much coarser than that used in the tube described in 
Part I; ten gold-plated molybdenum wires of 0.06-mm 
diameter are strung between the end plates, forming a 
cylindrical screen six millimeters in diameter. A large 
fraction of the potential applied between the grid, G, 
and the cylindrical collector, M, penetrates into the 
center of the tube. The potential difference between 
the center of the tube and the collision chamber elec- 
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Fic. 1. Schematic diagram of tube and potential distribution 
at the axis of the tube. F is the filament, P, is the retarding 
electrode, G is the cylindrical grid forming the collision chamber, 
M is the cylinder for collection of trapped electrons, £ is the 
electron beam collector. V4 is the accelerating voltage and W is 
the depth of the well. The double line in (b) indicates the energy 
of the electron beam and the arrow indicates the energy lost by 
an electron in an inelastic collision. ‘The electron energy in the 
collision chamber is (V4+W). 


2G. J. Schulz and R. E. Fox, Phys. Rev. 106, 1179 (1957). 
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trodes is the well depth and is denoted by W. Figure 
1(b) shows, schematically, the potential vs the distance 
along the axis of the tube. 

The length of the collision chamber in Tube A is 19 
millimeters, that of Tube B is 152 millimeters. The in- 
creased length of the collision chamber should improve 
the uniformity of the well. A magnetron magnet with 
pole spacing of 5.5 centimeters and a flux density of 
1000 gauss is used with Tube A and a solenoid supply- 
ing a flux density of 300 to 1000 gauss is used with 
Tube B. The more uniform magnetic field in Tube B 
forces the electrons to travel along the center of the 
tube so that the potential drop across the electron 
beam due to the variation of the well potential in the 
radial direction is minimized. This is especially impor- 
tant when high values of well depth are used. Experi- 
mental evidence for this improvement is discussed in 
the next section. 

Another refinement of Tube B consists of plating the 
electron collector with platinum black in order to re- 
duce secondary electron emission at the electron col- 
lector. The remainder of the tube parts is gold plated. 
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Fic. 2. Determination of the well depth by electron retarding 
(Tube type B). Electrons are retarded before entering the collision 
chamber, and collected at the electron collector, Z, which is kept 
at +3.0 volts with respect to the collision chamber. The shift of 
the curves on the voltage axis is due to the penetration of the 
applied voltage, Vive, into the center of the tube and equals the 
well depth, W. 

The principle of the method has been described in 
Part I and will be only briefly summarized. An electron 
in the beam which makes an inelastic collision and 
whose residual energy is smaller than the well-depth 
voltage, is trapped in the axial direction by the electro- 
static well. It cannot reach the collision chamber elec- 
trodes and will oscillate in the well until it finds its 
way to the trapped-electron collector, M. The collec- 
tion mechanism is discussed in Sec. IT of Part I. 


II. DETERMINATION OF WELL DEPTH 


It is desirable to establish accurately the well depth, 
W. This is done by three independent methods, namely 
the potential mapping of a scale size model of the tube 
in an electrolytic trough; by observing the shift in the 
threshold for positive ion production® as a function of 

* The positive ion current is plotted against electron accelerating 
voltage (using the retarding potential difference method) from 


threshold to about 2 volts above threshold. This curve is extra- 
polated linearly to the voltage axis for each value Vg. The shift 
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the potential between M and G(V wa) ; and by observing 
the shift in the electron retarding curve* when a nega- 
tive potential is applied between M and G such that the 
electrons have to overcome a potential barrier. 

The latter method is by far the simplest and fastest 
way to determine the well depth and it is used peri- 
odically to ascertain that the alignment of the grid and 
the cylinder M has not changed. A plot of the retarding 
curves at various values of Vasg is shown in Fig. 2. 
These data have been obtained with Tube B. Similar 
curves using Tube A show a broadening of the retarding 
curves which increases with an increasing value of 
V wa. It is believed that electrons in Tube A do not 
pass through the exact center of the tube and thus a 
potential drop exists in the radial direction, across the 
electron beam. This effect is especially pronounced at 
a high well depth. 

The well depth determined by the three methods 
described above should agree within experimental error. 
Figure 3 shows a plot of the well depth determined by 
the three methods vs the magnitude of the applied 
potential, Vasc, for Tube A. The agreement is seen to 
be most satisfactory. 


II. ATOMIC EXCITATION--HELIUM 
Energy Dependence of Cross Section 


In order to check the operation of the tube with a 
deep well, the trapped-electron current is measured as 
a function of electron energy for helium. With a fixed 
well depth, W, we can trace out the excitation function 
by varying the electron accelerating voltage, V4. This 
allows a determination of the excitation function be- 
tween the onset of excitation, Vx, and (Vx+W); at an 
energy (Vx+W), an artificial cutoff occurs due to the 
fact that electrons having suffered inelastic collisions 
now end up above the top of the well and are not 
trapped. 

Alternatively, it is possible to keep the electron ac- 
celerating voltage fixed at a value below the first excita- 
tion potential and vary the well depth. The advantage 
of this method is the absence of an artificial cutoff; all 
inelastically scattered electrons are collected at all 
energies.> Both these methods yield nearly identical 
results in atomic excitation (except for possible modi- 
fications discussed in the next section) but not in all 
cases of molecular excitation. 


on the voltage axis results from the penetration of the voltage 
Vue to the axis of the tube and is equal to the well depth. In this 
experiment the potential of M must be negative with respect to 
G so that positive ions can reach the ion collector, M. 

4 Electrons are retarded as they enter the collision chamber and 
are collected at the electron collector E which is kept at a poten- 
tial of about +3 volts with respect to the collision chamber elec- 
trodes. The shift of the inflection point of the retarding curve 
from that of the retarding curve taken with Vycg=0 is equal to 
the well depth W. 

5 Above energies where ionization occurs this method measures 
directly the cross section (Q:+2Q;) where Q, and Q; are the ex- 
citation and ionization cross sections, respectively. 
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Figure 4 shows a comparison between the excitation 
cross section obtained by the trapped-electron method 
with the well depth fixed at 2.6 volts and by the 
“metastable production method.” ® Both curves are 
normalized to unity at the peak of the 23S excitation. 
The trapped-electron method shows a less pronounced 
dip at about 20.6 ev due to the poorer energy distribu- 
tion of the electrons when using this method.’ The de- 
parture above 21.2 ev is presumably due to the excita- 
tion of the 2'P resonance level which the metastable 
production method cannot measure. The shape of the 
excitation function of helium metastables determined 
by the trapped-electron method and the metastable 
production method is, therefore, identical within the 
limitations of each experiment. Since the latter method 
depends on the yield of electrons by metastable atoms 
in the 25S and 2!S states* and the trapped electron 
method is independent of these secondary coefficients, 
it can be concluded that the yields of electrons by the 
incidence of metastable atoms in the 2°S and 21S states 
on a gold surface are identical. This finding is in agree- 
ment with theory.® 


Magnitude of Cross Section 


It was originally believed that the trapped-electron 
method would be a most reliable way of determining 
the magnitude of the cross section at the peak of the 
2°S level. The method is independent of any secondary 
coefficients for metastable atoms and does not include 
transmission coefficients through grids since none of the 
trapped electrons are collected by the grid. In addition, 
it is easy to check the instrument by measuring positive 
ion production and thus calibrate the pressure gauge.” 

Careful experiments under a variety of operating 
conditions and with both types of tubes (4,B) show 
that the cross section measured by the trapped-electron 
method at the peak of the 2*S level is larger than the 
accepted value of 5X107'8 cm? given by Maier-Leib- 
nitz."' In fact, the measured cross section at a fixed 


6 In the metastable production method, the secondary electrons 
due to the arrival of metastable atoms at a metal surface are 
measured. See reference 2 and R. Dorrestein, Physica 9, 447 
(1942). 

7 Although the electron beam reaching the collision chamber 
has an energy spread of the order of 0.1 ev, it will acquire a larger 
effective energy spread due to the nonrectangular shape of the 
potential well. 

8 The excitation function obtained by the metastable produc- 
tion method is due primarily to the 25S and 2!§ states in the 
energy range shown in Fig. 4. The position of the second peak on 
the energy scale makes it improbable that it can be due to the 
2'P state as recently postulated (S. J. B. Corrigan and A. Von 
Engel, Proc. Phys. Soc. (London) 72, 786 (1958). Further proof 
that the second peak results from the 2!S state is given in Part I 
where it is shown that the slope of the excitation function for the 
2! state near threshold is three times larger than the slope for the 
2'P excitation function near threshold. 

9H. Hagstrum, Phys. Rev. 91, 543 (1953); L. J. Varnerin, 
Phys. Rev. 91, 859 (1953). 

10 Tn the present experiment, a correction of 7% was necessary 
to bring the positive ion cross section into agreement with that 
given by P. T. Smith, Phys. Rev. 36, 1293 (1930). 

1H. Maier-Leibnitz, Z. Physik 95, 499 (1936). 
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Fic. 3. Well depth vs applied potential, Vie, determined by the 
three methods indicated on the graph. In the geometry used, 
thirty-seven percent of the potential applied between M and G 
penetrates to the axis of the tube. These data are obtained with 
Tube 4 and an electrolytic analog of the same. 


electron energy (peak of the 2S excitation) increases 
with increasing well depth despite the linear depend- 
ence of the measured current with pressure. The dis- 
crepancy is 14% at a well depth of 0.69 volt and 50% 
at 1.6 volts. 

The dependence of the measured cross section on 
well depth is believed to be caused by those electrons 
in the beam which have made elastic collisions. These 
electrons maintain their original energy but their 
velocity vectors are reoriented. Those electrons whose 
velocity is nearly perpendicular to the axis of the tube 
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Fic. 4. Excitation function in helium. The closed circles are 
data obtained by the trapped-electron method and the open 
circles are data obtained by the metastable production method 
The discrepancies between the two methods are discussed in the 
text. Both curves are normalized to unity at the peak of the 24S 
excitation. 
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are now trapped until another collision reorients their 
velocity in the axial direction, such that they can reach 
the electron beam collector or the collision chamber 
electrodes. These elastically scattered electrons do not 
reach the trapped electron collector because many col- 
lisions are necessary to diffuse there. However, the 
elastically scattered electrons essentially increase the 
effective path length. They make many traversals 
parallel to the axis of the tube and are measured on the 
electron collector only once. The fraction of elastically 
scattered electrons trapped in the tube depends on 
(W/U), the ratio of well depth to the total electron 
energy, U, and the angular distribution of elastically 
scattered electrons.” Since the shape of the angular 
distribution is not known accurately, it is not known at 
present how to extrapolate absolute cross-section data 
to zero well depth. 


IV. MOLECULAR ELECTRONIC EXCITATION 
NITROGEN 


When applying the trapped-electron method to mole- 
cular electronic excitation one must distinguish between 
two limiting cases, namely, (a) transitions to a repul- 
sive-type state in which the potential curve for the 
state traverses the Franck-Condon region over an 
energy range much larger than the well depth, and (b) 
transitions to a bound state. In case (a) we trace out 
the integral of the cross section for production of elec- 
trons with kinetic energy from 0 to W (ev) resulting 
from transitions from the ground state to the repulsive 
state within the Franck-Condon range. (See Part I, 
Sec. V.) Case (b) resembles the excitation to atomic 
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Fic. 5. Excitation spectrum of nitrogen using a well depth of 
0.2 volt. The Franck-Condon range of a few states of the nitrogen 
molecule is indicated. 


2 If we assume that the confined elastically scattered electrons 
have a path length in the collision chamber equal to their mean 
free path, then the measured cross section, Qy, can be related to 
the true cross section, Q, by the relation Qy=Q[1+(W/U)"] 
where W is the well depth and U is the electron energy. The ex 
ponent, m, depends on the angular distribution of elastically 
scattered electrons. For an isotropic distribution, we have n=0.5. 
However, an anamolous angular distribution of elastically scat 
tered electrons could occur near the peak of the 28S level in view 
of the suggestion of E. Baranger and E. Gerjouy (Proc. Phys. Soc. 
(London) 72, 326 (1958) ] that a compound state exists in that 
energy range. 
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Fic. 6. Excitation spectrum of nitrogen using 
a well depth of 0.8 volt. 


levels (as discussed above for helium) if a given vibra- 
tional state is preferentially excited. This condition is 
fulfilled when the minimum of the potential curve for 
the excited state lies at approximately the same inter- 
nuclear separation as the minimum of the potential 
curve for the ground state. 

Figure 5 shows the results obtained in N» with a 
fixed well depth of 0.2 volt. In this case, only electrons 
with kinetic energy in the range 0-0.2 ev contribute to 
the trapped-electron current. Four distinct peaks occur 
below 12 ev. The first, at 2.3 ev, will be discussed in 
the next section. The second, with an onset above 6.0 
ev, is associated with the A*,+ state, which is the 
lowest electronically excited state of the nitrogen mole- 
cule. The potential curve for this state traverses the 
Franck-Condon region over an energy range of 4 ev,” 
and thus fulfills our definition of a repulsive-type state. 
The second peak results from the a'z, and other states 
in that energy range. The onset at 11.2 ev (with a peak 
at 11.5 ev) coincides energetically with the excitation 
of the C*x,, state. An examination of the potential curve 
for the C state shows® that the potential minimum 
occurs at almost the same internuclear separation as the 
minimum of the ground state. Thus, we must consider 
the C state an atomic-type excitation process. 

Figure 6 shows the trapped-electron current vs elec- 
tron energy at a well depth of 0.8 volt. The absence of 
a peak due to the C state should be noted. It is an indi- 
cation that the excitation function for the C state peaks 
less than 0.8 ev above threshold. This finding is confirmed 
by recent optical experiments." 


V. LOW-ENERGY INELASTIC PROCESS— 
NITROGEN 


The most striking feature of the curve in Fig. 5 is the 
peak with a maximum at 2.3 ev. This low-energy loss 


‘8 For a diagram of potential energy curves for nitrogen, see 
W. Lichten, J. Chem. Phys. 26, 306 (1957). Higher states could 
contribute to the first peak of Fig. 4 above 7.5 ev, but the lack of 
a break in the curve suggests that the cross section for these 
higher states must be smaller near threshold than for the A*D,* 
state, 

J). T. Stewart and E. Gabathuler, Proc. Phys. Soc. (London) 
72, 287 (1958). 
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process in nitrogen was first observed by Haas" in a 
swarm experiment. The inelastic cross section shown in 
Fig. 6 does not result from any known electronically 
excited states of the nitrogen molecule since the first 
electronically excited level, A*Z,, lies above 6.0 ev. 
Haas has also pointed out that the “direct” excitation 
of vibrational states of the nitrogen molecule by elec- 
tron impact is improbable.'® Only when the incoming 
electron spends a time long compared to the vibration 
time in the vicinity of the molecule can the cross section 
for vibrational excitation be appreciable. This leads to 
the hypothesis that a temporary negative ion state of 
the nitrogen molecule exists around 2.3 ev. 

A sharp increase in the total cross section at 2.3 ev 
in nitrogen has been observed in Ramsauer type experi- 
ments,'? and has been interpreted theoretically by 
Fisk'® as being due to an elastic process. His calcula- 
tion gives a peak in the elastic cross section at 2.5 ev 
and a subsidiary rise at 5.0 ev. Since the resonance 
behavior in elastic and inelastic processes is related it 
is possible that Fisk’s elastic resonance process is a 
manifestation of the existence of the nitrogen negative 
ion state. 

The curve of Fig. 6 exhibits a rise at 5.0 ev, and it is 
possible that this increase in the inelastic cross section 
results from a higher negative-ion state. Fisk’s calcula- 
tion of the elastic cross section shows a similar rise at 
about 5.0 ev, but the cross section obtained by Ram- 
sauer-type experiments remains flat in that energy 
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Fic. 7. Hypothetical diagram of the negative-ion state of 
nitrogen. The energy scale is chosen to conform to the experi- 
mental evidence. The negative ion presumably decays to various 
vibrational levels of the neutral molecule. 


15R, Haas, Z. Physik 148, 177 (1957). 

16 In order to explain the phenomena observed in the present 
experiment (and also in Haas’ experiment) one would have to 
postulate the excitation of high-lying vibrational states by the 
incoming electron. However, in “direct” excitation, the time spent 
by the incoming electrons in the neighborhood of the molecule is 
about 100 times smaller than the vibration time. Under these 
conditions, the excitation of vibrational levels is not appreciable. 
(See H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 454. 

17 For a review, see H. S. W. Massey and E. H. S. Burhop, 
Electronic and Ionic Impact Phenomena (Clarendon Press, Oxford, 
1952), p. 206. 

18 J. B. Fisk, Phys. Rev. 49, 167 (1936). See also reference 17, 
p. 214. 
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Fic. 8. Low-energy inelastic process in nitrogen. The data are 
obtained by keeping the accelerating voltage, Va, at the values 
indicated on the graph and changing the well depth, W. The 
electron energy is equal to V4+W. All curves are normalized to 
unity at their peak. The relative magnitudes of the curves and 
the cause for the shift are discussed in the text. 


range. Regarding the magnitude of the inelastic cross 
section at 2.3 ev, Haas gives a value of 15% of the 
elastic cross section, i.e., 3X 107!® cm?. In view of the 
difficulties with absolute cross-section measurements 
described in Sec. III, no attempt was made to deter- 
mine the magnitude of this cross section. 


Interpretation of the Trapped-Electron Method 
for the Low-Energy Loss Process in Nitrogen 


Figure 7 shows a hypothetical diagram of the tem- 
porary negative-ion state and the ground state of 
nitrogen. The energy scale and the general shape of 
the negative-ion state are chosen so as to conform to 
the experimental evidence. On this model, the incident 
electron excites the negative-ion state and the com- 
pound molecule decays to the various vibrational states 
of the neutral molecule."® The two possible measure- 
ments of the energy dependence of the cross section, 
namely, with a fixed well depth or a fixed accelerating 
voltage, do not give the same curve on a model such as 
Fig. 7. With a constant accelerating voltage fixed at 
V4, and the remainder of the electron energy supplied 
by the well depth, W, we collect those electrons that 
have a residual energy between 0 and W (ev). However, 
the residual energy of the electrons is equal to: the 
difference between the incident electron energy, V4+W, 
and the vibrational energy of the molecule. Thus, with 
a fixed V4 we measure only those processes which have 
left the molecule in a vibrational state in excess of V 4. 
It follows that with V4 equal to 0.1 volt, all inelastic 
processes are measured (the vibrational spacing is ap- 
proximately 0.3 ev), whereas with V4 equal to 1.0 volt, 

9 The incident electron does not suffer any energy loss if the 


negative ion relaxes to the ground vibrational state; this type of 
collision is indistinguishable from an elastic collision. 
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Fic. 9. Comparison of the peak shape of the low-energy in- 
elastic process in nitrogen obtained by various methods. The 
dashed curve is Haas’ result in a swarm experiment, the solid 
curve is replotted from Fig. 9 (constant accelerating voltage, 
V4=0.1 volt). The experimental points are obtained by varying 
the accelerating voltage and keeping the well depth fixed at the 
values indicated on the graph. The points lie below the “total” 
curves because of the relatively lower probability of exciting high 
vibrational states. 


only those states which have a vibrational energy in 
excess of 1 ev above the ground state contribute. Figure 
8 shows the experimental results for V4 equal to 0.1, 
1.0, and 1.5 volts. All curves-are normalized to unity at 
their peak. Actually the cross section at the peak of 
the 0.1-volt curve is twenty times higher than the peak 
of the 1.5-volt curve. This decrease in peak height can 
be ascribed not only to the decrease in the number of 
states included in the 1.5-volt curve but also to the 
fact that the cross section for production of high-lying 
vibrational states is low.” The shift on the energy 
scale of the curves in Fig. 8 is attributed to the rela- 
tively higher probability of exciting high vibrational 
states with the faster electrons. The overlap integral 
between the high vibrational states of N2- and high 
vibrational states of N2 is higher than the overlap of 
low vibrational states of N2~ with high vibrational 
states of NV». Haas observed that the energy distribution 
of the electrons after inelastic excitation in his swarm 
experiment is peaked around 1.5 ev, independent of the 
incident electron energy, in the energy range from 
2.7 ev to 5.2 ev. A tendency toward a constant value 
for the departing electron energy is to be expected from 
the above considerations (at higher incident energies 
there is a trend toward excitation of higher vibrational 
levels and, therefore, the departing electron energy 
tends to remain constant). 

Figure 9 shows, on a normalized scale, a comparison 
of the data obtained in the present experiment with 


” The smaller population of the higher vibrational levels is the 
reason for the very small effect seen at 2.3 ev in Fig. 5, where a 
small well depth is used, i.e., only high-lying vibrational states 
are included. 
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Va=0.1 volt (total excitation) with Haas’ experi- 
mental data. The agreement is seen to be good. The 
experimental points shown in Fig. 9 are obtained with 
a well depth fixed at the three values indicated in the 
figure and varying the accelerating voltage, V4. In 
this type of experiment, the trap depth determines the 
number of vibrational states included in the experi- 
ment. Thus, with W=0.8 volt, approximately three 
vibrational states contribute to the experiment. As the 
electron energy is increased by increasing V4, states 
lying higher above the ground state will be included 
and lower states will be excluded. If the cross sections 
for production of various vibrational states were equal, 
the points should lie on the curves marked “total exci- 
tation” in Fig. 9. The fact that the points lie con- 
siderably below the curves, especially at the higher 
energies, is taken as a further indication that the cross 
section for production of high vibrational states is 
smaller than the cross section for the low states. The 
elastically scattered electrons trapped in the tube dis- 
cussed in Sec. III may influence the shape of the curves 
shown in Fig. 9. However, the ratio W/U remains 
almost constant (near unity) for the “total excitation” 
curve of Fig. 9 so that elastically confined electrons may 
not influence the shape of the curve. 


VI. RESULTS IN CO, H:, O» 


The results obtained in carbon monoxide are shown 
in Fig. 10 for a well depth of 0.7 volt. The inelastic 
cross section has a behavior very similar to that ob- 
served in nitrogen, including the low-energy peak 
which occurs at a slightly lower energy (1.7 ev) in CO 
than in No. The onset of the a*z state in CO occurs at 
lower energies than the A*Y state in Ne. The similar 
behavior of CO and Nz is expected since the two mole- 
cules are iso-electronic. A search for low-energy inelas- 
tic processes in Hz and O, by the same methods as used 
in N2 and CO showed no pronounced peaks similar to 
those observed at 2.3 ev in Ne. An inelastic process is 
observed using a large well depth in Hy. The shape of 
this peak is similar to the 5-ev process observed in Ne 
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Fic. 10, Excitation spectrum of carbon monoxide 
using a well depth of 0.7 volt. 
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(see Fig. 6), except that the broad onset occurs around 
3.5 ev. 
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Results of Sauter are expressed in the form of a transition matrix which determines the photoelectric 
effect cross section for arbitrary x-ray polarization and arbitrary initial and final orientations of the electron 
spin. The structure of the matrix elements accounts for curious properties of the cross section in terms of 
interference between orbital and spin currents. Expansion of the wave functions into powers of 2/137 
simplifies the calculation of the transition matrix, reduces it to a special case of the bremsstrahlung theory 
in Born approximation, and explains discrepancies between results of earlier calculations. Analytical and 


graphical data are given on the photoemission of polarized electrons by circularly polarized x-rays. 


1. INTRODUCTION 


NCERTAINTIES regarding the significance of 
theoretical results on the photoelectric effect and 
discrepancies between experimental results have stimu- 
lated an effort to clarify the content of the theory and 
to develop further its application. In the course of this 
work it has emerged that the theories of the photo- 
electric effect and of bremsstrahlung coincide, in essence, 
to lowest order in Z/137. This paper reports the results 
of analysis and calculations on the photoelectric effect. 
Separate papers deal with the mathematical justification 
of the expansion which establishes the connection with 
bremsstrahlung,! with applications of this connection?~4 
and with a detailed analysis of spin effects in the absorp- 
tion or emission of radiation.® 
An important relativistic calculation of the cross 
section for the photoelectric effect in the K shell of 
atoms was carried out by Sauter in 1931.67 The calcu- 
lation involved an expansion into powers of the atomic 


* Supported by the Office of Naval Research and the U. S. 
Atomic Energy Commission. 

t Present address: Brandeis University, Waltham, Massa- 
chusetts. 

1K, W. McVoy and U. Fano, this issue [Phys. Rev. 116, 1168 
(1959) ]. 

2U. Fano, following paper [Phys. Rev. 116, 1156 (1959) 7. 

3 Fano, Koch, and Motz, Phys. Rev. 112, 1679 (1958). 

4J. W. Motz and R. C. Placious, Phys. Rev. 112, 1039 (1958). 

5 Fano, McVoy, and Albers, this issue [Phys. Rev. 116, 1159 
(1959) ]. 

6 F, Sauter, Ann. Physik 9, 217 (1931). 

7F, Sauter, Ann. Physik 11, 454 (1931). 


number Z and has accordingly often been classed as a 
Born approximation, although this term is properly 
applied in a more restricted sense. Because Sauter did 
not follow the usual rather simple method of Born 
approximation calculations, his results are not physic- 
ally transparent.® Sauter himself felt unable to “read 
out” of his calculation results on the probability of 
electron spin reorientation which were implicity con- 
tained in it (reference 7, p. 485). Spin orientation and 
its relation to circular polarization of the x-rays have 
attracted increasing attention in recent years,’ and 
will be considered in some detail in this paper. 

It may be noted that the integral cross sections for 
the photoelectric effect calculated by Sauter for high-Z 
materials exceed by a factor ~2 those obtained nu- 
merically by Hulme ef al., with exact Coulomb-field 
wave functions" and those obtained experimentally 
at relativistic energies. (The discrepancy is much larger 
still at lower energies, e.g., at 50 kev.) On the other 
hand, the Hulme procedure has never been applied 
extensively or to verify whether any of the more 


8 An independent derivation of Sauter’s results by A. Sommer- 
feld, Atombau and Spektrallinien (F. Vieweg und Sohn, Braun- 
schweig, 1939), second edition, Vol. 2, p. 482 fi., proved of little 
advantage in this respect. 

9 See in particular, K. W. McVoy, Phys. Rev. 108, 365 (1957). 

10 Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. 
Soc. (London) 149, 454 (1935). 

11 See in particular, W. Heitler, Quantum Theory of Radiation 
(Oxford University Press, Oxford, 1954), third edition, p. 209 ff 
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detailed results of Sauter should be attributed to in- 
adequate approximation. 

Two qualitative features of the Sauter results are 
somewhat surprising. One is that the differential cross 
section for ejection of photoelectrons in the direction 
of the incident x-rays vanishes. This result would 
follow for a spinless K-shell electron from the trans- 
verse character of x-rays and the conservation of 
angular momentum, but the possibility of a spin flip 
makes forward emission consistent with the conserva- 
tion requirements. Forward emission has in fact 
been observed and Sauter himself verified that his 
formulas do yield forward emission when evaluated 
numerically prior to an approximate expansion.” 

The other surprising result concerns the preferential 
direction of photoelectric emission under the influence 
of linearly polarized x-rays. Maximum emission might 
be expected in the plane containing the electric vector 
and the direction of propagation of the x-rays. However, 
according to Sauter this occurs only at low energies, 
whereas at energies of the order of 1 Mev and at large 
angles with respect to the x-ray direction ejection occurs 
with maximum probability in the plane of the magnetic 
vector. Direct experimental evidence on this point has 
thus far been contradictory." 

Still another remarkable phenomenon, contained 
implicitly in the Sauter theory and emphasized in 
reference 9, is a strong correlation between any circular 
polarization of high-energy x-rays and the helicity 
(longitudinal spin polarization) of the photoelectrons. 
This effect has an analog in the bremsstrahlung pro- 
cess,!*-!7 [t is explained only in part by the conservation 
of anguiar momentum in spin-flip processes and it will 
be shown to be closely related to the other effects of 
x-ray polarization. 

In order to facilitate the interpretation and extension 
of Sauter’s result, two steps were taken. Sauter’s results 
were expressed in the form of a transition matrix'® 
rather than of a cross section averaged over spin 
orientations; each element of the transition matrix is 
the probability amplitude that a photon of specified 
polarization be absorbed by a K-shell electron of given 
spin orientation in a transition to a state of given final 
momentum and spin orientation. Alternative forms of 
the transition matrix, corresponding to different choices 
of x-ray polarization and spin orientation, are given 
and discussed in Secs. 2 and 3. The spin and polariza- 
tion effects discussed above can be identified in the 
#2 A, Hedgran and S. Holtberg, Phys. Rev. 94, 498 (1954); 
Arkiv Fysik 9, 245 (1955). 

18 F, Sauter and H. O. Wiister, Z. Physik 141, 83 (1955). 

1 W. McMaster and F. Hereford, Phys. Rev. 95, 723 (1954). 

16 T), Brini et al., Nuovo cimento 6, 98 (1957). 

16K. W. McVoy, Phys. Rev. 106, 828 (1957); 111, 1333 (1958). 

17K. W. McVoy and F. J. Dyson, Phys. Rev. 106, 1360 (1957). 


18 We thank Dr. H. Mendlowitz for suggesting this procedure 
and for numerous discussions. 
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structure of the matrix elements and traced, in part, to 
interference between contributions from the action of 
X-rays upon orbital and spin currents. 

A second step of simplification of Sauter’s theory is 
carried out in Sec. 4 by expanding the initial and final 
wave functions of the electron into powers of Z/137 
before the calculation of matrix elements, instead of 
calculating the matrix elements first and then expand- 
ing them to lowest order in Z/137. The expansion of 
the K-shell wave function [exp(—r/az)~1—r/az] has 
only a restricted, ad hoc, mathematical significance; it 
may be regarded as a symbolic procedure whose signifi- 
cance and justification are given in reference 1. The 
first two terms of the expansion represent a K-shell 
state as a zero-energy free-particle state perturbed to 
first order by the nuclear attraction; the binding energy 
due to this attraction is disregarded because it is of 
order (Z/137)?. The calculation of the transition matrix 
for the photoeffect becomes thereby equivalent to the 
corresponding calculation, in Born approximation, for 
a bremsstrahlung process in which the electron is left 
with zero kinetic energy. The calculation shows then 
that the forward emission of photoelectrons vanishes 
in the Sauter approximation because of cancellation 
between the contributions of two Feynman diagrams. 
It also shows that the results of reference 9 differ from 
Sauter’s because reference 9 disregarded the Feynman 
diagram corresponding to nuclear perturbation of the 
final-state wave function.’ One can also analyze, 
simultaneously for the photoelectric effect and brems- 
strahlung, the calculation of matrix elements to see 
how the dependence of the process on x-ray polarization 
and spin orientation derives from the mechanics of the 
Dirac electron; this is done in reference 5. 

Because a significant contribution to the matrix 
element for the photoelectric effect has been disre- 
garded in reference 9, the data on the cross section given 
in that reference must be rectified. This has been done 
independently by Olsen,” but some data are neverthe- 
less presented analytically and graphically in Sec. 5. 

No effort has been made in this paper to proceed 
beyond the Sauter approximation, even though it 
yields absolute cross sections of very low accuracy for 
heavy atoms. The next higher order of approximation 
has recently been calculated.”! 


2. TRANSITION MATRIX DERIVED FROM 
SAUTER’S CALCULATION 


The state of a K-shell electron perturbed by x-rays is 
described in the Sauter theory®”? by means of a 4-com- 


19 The perturbation vanishes in the nonrelativistic limit. It was 
also disregarded in an unpublished calculation which was men- 
tioned in references 9, 14, and 15. 

2” H. Olsen, Festskrift til Egil Hylleraas (Bruns, Trondheim, 
1958). We thank Dr. Olsen for an advance copy of his paper. 

21M. Gavrila, Phys. Rev. 113, 514 (1959). 
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ponent Dirac wave function. This wave function in- 
cludes an outgoing spherical wave which represents the 
current of ejected photoelectrons. Polar coordinates 
(r,0,¢) are utilized with the direction of the incident 
x-ray beam as polar axis. Spin orientation states with 
magnetic quantum numbers +3 are referred to this 
polar axis. 

As emphasized by Lenard,” it is sufficient to consider 
a single state which, in the absence of x-ray perturba- 
tion, has a spin orientation represented by a specific 
value of the magnetic quantum number mp; other states 
are related to it by symmetry transformations. The 
quantum number mp of the initial state of the photo- 
electron is observable because it coincides with the 
quantum number of the “hole” left in the K shell after 
photoelectric emission and thereby influences the polari- 
zation of the characteristic x-rays or Auger electrons 
which are emitted subsequently. 

It is also sufficient to consider incident x-rays 
polarized linearly in a single plane, provided one 
considers the emission of photoelectrons as a function 
of the azimuth difference between the meridian planes 
containing the directions of the photoelectron and of the 
linear polarization. Sauter considers x-rays with the 
electric field at the azimuth g= 7. 

If we call Yxmo the wave function of unperturbed 
K-shell electrons with spin orientations mo= +3, 
Sauter’s wave functions may be indicated respectively 
by Wa;+y1 and yx_;+y2, where ¥; and yz indicate the 
outgoing spherical waves resulting from the perturba- 
tion by the x-rays. Sauter represents ~; and yw in 
the form 


i(Fxe-'¥-+-Gye'*) ) 
_| =—(FitGie*) | 
| — (Fye-'?+- Gye’) | 
i(Fs+Gse"*) 3 
i(F\+Gye?'")  ) 
Fye'?+Gre'? 
— (F;+Ge*'*) 
—4+(Pie'*-+Gie*”) J 


’ 


Y= | 


where each F and Gis a function of the polar coordinates 
rand 6 and the dependence ong characterizes the photo- 
electron’s orbital angular momentum about the polar 
axis. 

Complicated analytical expressions of F and G are ob- 
tained in reference 7 and are then evaluated asymptoti- 
cally for r— & and by expansion into powers of Z/137 
and Z/1378, to lowest order in these parameters. As usual, 
8 indicates here the velocity of the ejected electron, in 
units of c; units such that #=c=1 will be used through- 
out this paper. Notice that Z/1378<1 only if the photon 
energy greatly exceeds the K absorption edge. The 
result to first order in 1/r, reference 7, Eq. (28), is 


# A. Lenard, Phys. Rev. 107, 1712 (1957), 
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f(r) =e'?*/r, (3) 


Z} m B? sind 
B(0)=ro— ( ) : (4) 
2v2137?7\ E—m/ (1—8 cos)? 


i, p, and m are the energy, momentum, and mass of the 
photoelectron, Z the atomic number, and ro=e?/me? 
the ‘electron radius.”’ The factor B is normalized so 
that the outgoing wave represents the effect of perturba- 
tion by an incident x-ray flux of 1 photon cm™ sec. 

If the electron had been treated by the Schrédinger 
method and its wave function for large r were of the 
form yi=/(r)g(8,¢), with the conventions adopted 
above, the differential cross section for photoelectric 
emission of K-shell electrons per unit solid angle in the 
direction (8,¢) would be simply 


da (8,¢)/dQ= 2B! g(6,¢) |?. (5) 


Fd 


The Dirac wave functions given by (1)-(4) may also be 
expressed in the form f{(r)g(@,¢), where g(@,¢) indicates 
a spinor with components g;(@,¢). The cross section 
obtained by Sauter has accordingly the form 


da (0,¢)/dQ= 28 > ;| g:(0,¢) |?, (6) 


considering that the >> ;| g;|? has the same value for the 
two initial K-electron states with my= +}. 

The summation over squared spinor components in 
(6) makes no use of the information which is contained 
in ¥; regarding the spin orientation of the ejected 
electron and which could be represented by other 
expressions bilinear in g; and g;*. One method of analyz- 
ing this information consists of expanding the spinor 
g(0,¢) into a superposition of two spinors 4»(0,g) with 
m= +4, corresponding to outgoing electrons whose 
spin—in the rest frame of reference—is directed either 
way along the z axis. These spinors are determined as 
solutions of the Dirac equation for free electrons of 
momentum p= (p,8,¢), because the spherical wave y; 
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approximates a plane wave with this momentum to 
lowest order in 1/r in the neighborhood of the point 
(r,0,¢).” In the representation of Dirac matrices adopted 
by Sauter the plane wave spinors are 

0 


4 
u4(0, p) _— ( ) | , 
| [p/(E+m) ] cosé 
—iL_p/(E+m) ] sinbe‘? | 


1 
E+m 
2E 


~ 
) 


( 


| 


0 


E+m 1 
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(7) 
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and where the functions 


(1- 


« Py. 
are shown in Fig. 1. 
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Fic. 1. The functions 
a(@) and 6(@), for various 
values of the incident 
photon energy in Mev. 
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3 The 4-component wave function ¥, can be resolved into a 
combination of only two basic spinors because it obeys a wave 
equation with a positive energy eigenvalue EZ. 
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We then set 


¥1(r,0,0) = f(r) g(0,¢) 
= f(r) dX ma+j Um(O,¢) hms (0,¢), 


where /imj=)0i Umi*gi, since the spinors “» are nor- 
malized to 1, and where the subscript } has been added 
as a reminder that the wave function y; and the spinor g 
pertain to the initial K-shell state with spin quantum 
number mo=}. Combining the preceding equations, 
and proceeding similarly for the Sauter wave function 
Yo with mo= —}, one finds 


2) 


(8) 


) 


4 
) T mmoy (8, ¢), (9) 


h m mo(6, ¢) = B (0) ( 


E-—m 


where the subscript y of the matrix Tmmoy indicates the 
electric field direction of the incident x-rays, where 


1 


0) 
—e€ ie+[1—a(6) Je‘*| 


6) le ‘e 
(10) 





Equations (9) and (10) include all the information 
contained in the Sauter theory for Z7/1378<«1. The 
transition matrix 7110p, for arbitrary polarization P 
of the incident x-rays and for spin quantum numbers 
M,M, referred to arbitrary axes of reference, is obtained 
from (10) by means of coordinate changes and unitary 
transformations. Thus, for linear polarization parallel 
to the x axis (P=) and with spins referred to the 
polar axis, as above, we have 


T mmoz(6, ¢) 
= ei'™ Tm mou (8, otinye -imo}r 
e+ [1-a@]* 6) 


= i| (1 


» 
—b(6) e-i+[1—a(6) Jei# 


where the rows and columns are labelled as in (10). For 
circular polarization with helicity 6=+1 (P=6) we 
have the double matrix 


(1/v2)Tm mo5(8, ¢) 
ae sme SiL Tm mox(8, ¢) + 16 Tm moy (6, ¢) ] 
b(@) | 


_ | for 6=1 
[1—a(6@) Je‘?| 


ete 
0 
\[1—a(6) Jee 0 


| 
=| | ford6=—1. (13) 
| e~ie| 


b(@) 


To obtain the transition matrix for circular polarization 
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and for spins referred to the direction (6,¢) of photo- 


emission (electron helicity eigenstates, M=e, Mo= eo), 
one transforms (13) with the unitary matrix 
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[In this matrix the phases are adjusted in accordance with those of the Sauter spinors (7). ] One finds 


(1/v2) Teos(0, ¢) = (1/v2) > mmo UemT m mos(8, ¢) U= moeo 


1—43a(@)(1—cos0)—435(8) sind 
ti[ a(6) sind—b()(1—cos6) ] 
—4}a(6) (1+ cosd)+30(6) sind 

—til_a(6) sind+6(6)(1+cos6) ] 
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The total cross section (6) is given in terms of T by 


_ > |Tumor(6,¢)\*; 


E—m MMo 


(16) 


the partial cross section for photoemission of an electron 
with spin M is 


doyp(6,¢) 2E 
acai = BB?(0)—— > | Tumop(6,¢)|*. (17) 
dQ E—m Mo 


3. DISCUSSION OF THE TRANSITION MATRIX 


The matrices T are unnormalized transition matrices. 
Their elements are proportional to probability ampli- 
tudes of electron transitions from a K-shell state with 
spin orientation Mo to an unbound state in which the 
electron travels away in the direction (6,¢) with spin 
orientation M, the transition being produced by the 
absorption of a photon with polarization P. The de- 
pendence on ¢ of the matrix elements in (13) has the 
simple form 

ei(dtmo—m) @ (18) 
The difference of the initial and final state quantum 
numbers 6+ my and m in the exponent represents the 
quantum number that identifies the photoelectron’s 
orbital angular momentum about the z axis, as antici- 
pated at the beginning of this section. Accordingly, ihe 
terms with exp(+i¢) in the diagonal elements ot the 
linear polarization matrices (10) and (12) represent 
the separate contributions of the circularly polarized 
components into which the linear polarization can be 
resolved.”4 

All probability amplitudes for the emission of a 
photoelectron in the forward direction (@=0) vanish 
owing to the factor sin in the coefficient B(6), Eq. (4), 
which multiplies all the matrices T. As noted in the in- 
troduction, photoemission must vanish at @=0 when- 
ever the orbital motion of the photoelectron receives 


* It can be verified that the terms with exp(+7y) originate 
respectively from the terms G and F in (1) and that these terms 
stem, in turn, in reference 6, from the circularly polarized com- 
ponents of the x-rays. 


—ti[a(8) sind+6(8) (1+ cos6) ] 
1—}3a(8)(1+cos6)+30(0) sind 
si{a(@) sind—b(6)(1—cos6) ] 
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for 6=1 


foréd=—1. (15) 





a nonzero angular momentum about the polar axis. 
In the scheme of Eq. (13), this angular momentum is 
(6+mo—m)h. Therefore the matrix elements corre- 
sponding to spin flip (m¥mo) need not vanish at 0=0 
for transitions with 6+mo—m=0. In fact, these matrix 
elements vanish quadratically at 0=0 owing to the 
additional factor sin@ in the expression (11) of 6(@). A 
further analysis of this result is achieved by a recalcula- 
tion of the matrix elements in Sec. 4 and reference 5. 
Another remarkable feature of the Sauter results is 
the fact that photoelectrons with kinetic energies ~2m 
are less likely to be directed along the electric than 
along the magnetic field of the x-rays, for @~}1. This 
result is observed by comparing the transition matrices 


\2—a(0) _—(8) 
T mmoz(0,( )) _ | | 
—b(0) 2—a(6) 


—a(6) aon 

T mmox(0,377) = : (19) 
pe a(6) | 

In these two matrices all spin-flip elements (m*#mpo) 
have the same magnitude, 6(@), as one would expect. 
‘Jn the other hand, the nonflip elements have magni- 
tudes |2—a(@)| and a(6), respectively. Consider now 
the behavior of a(@) in Fig. 1. This function is always 
positive, it increases with increasing @, and it increases 
rapidly with increasing photon energy E—m. Therefore 
the ratio of matrix elements 


[2—a(6) |/a(6), (20) 


whose square is the probability ratio of nonflip photo- 
emission at the azimuths of the electric and magnetic 
fields, is very large at low energies and small @ and there- 
after it decreases as 6 or E—m increases. In particular 
this ratio is less than 1 at 6= 4x provided E—m>m; it 
passes through zero at 6=}r and E—m=2m and 
eventually approaches —1 for very high energies. 
Therefore the photoemission at any given @ is largest 
at the electric field azimuth at low energies, at the mag- 
netic field azimuth at higher energies, and eventually 
becomes uniform in the high-energy limit. 

This variation of the ratio (20) may be called an 
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effect of destructive interference between the contribu- 
tions 2 and —a(@) to the nonflip transition matrix 
elements 74;,(0,0) and 7_4~;2(0,0). This interference 
effect will presumably remain significant in a theory 
more accurate than Sauter’s, because the corresponding 
effect in bremsstrahlung has been clearly observed ex- 
perimantally.4 Because both a(6) and 6(6) vanish in the 
limit of low photon energy, at which limit the transition 
matrices take the form to be expected for the photo- 
emission of a spinless particle, one may surmise that 
the contributions a(@) and 6(@) to (19) and the resulting 
behavior of the ratio (20) stem from the electron spin. 
This surmise is confirmed by the recalculation of the 
transition matrix in reference 5. 

In summary, a detector capable of observing only 
nonflip photoemission would yield zero response for that 
combination of electron energy and direction in the xz 
plane which makes 2— a(@)=0. A detector insensitive to 
spin orientation observes only a minimum in the 
xz plane. 

The correlation between the circular polarization of 
the x-rays and the spin orientation of the photoelectron, 
which was mentioned in the introduction, is displayed 
in the transition matrix (13), where the elements 
whose 6 and m have equal signs are larger than those 
with opposite sign (except @> 4 at very high energy). 
We have indeed two separate effects: (1) The spin-flip 
elements vanish when 6 and m have opposite sign. 
(Since in this case 6+mo—m=2, the matrix elements 
could differ from zero provided two units of angular 
momentum were absorbed by the orbital motion of 
the photoelectron.) (2) The non-spin-flip elements 
with 6 and m of opposite sign are reduced by destructive 
interference between the contributions proportional to 
1 and to —a(@). This effect is thereby related to the 
reduction of the ratio (20) for linearly polarized x-rays. 

Whenever 1—a(@)=0, one whole row of each 2X2 
matrix in (13) vanishes. No electron is then ejected 
with spin opposite to that of a circularly polarized 
photon; the degree of spin polarization of the photo- 
electrons equals the degree of circular polarization of 
the x-rays (see Fig. 3 in Sec. 5). This condition is ful- 
filled for one angle 0<6 <a whenever the photon energy 
exceeds }mc’. In particular, circularly polarized x-rays 
of energy mc? yield 100% transverse spin polarization of 
the photoelectrons ejected at 90°, according to the 
present (Sauter) approximation. It seems plausible that 
the matrix elements indicated by 1—a@(6) in (13) would 
in fact vanish, in an exact theory, at some value of 0 
whenever the photon energy is sufficiently high. On the 
other hand the matrix elements equal to zero in (13) 
would probably not vanish in an exact theory; an 
experimental determination of the maximum attainable 
degree of spin polarization would provide an estimate 
of the actual departure from the Sauter approximation. 

Notice finally that the elements of the matrices T are 
related to one another by a relationship equivalent to 
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Lenard’s,” namely, 
’ 


(— 1)*— 7’ —m —moP’(8, = ¢) = TmmoP(0,¢), (21) 
where the polarization P’ is obtained from P by reflec- 
tion of the polarization vectors on the xz plane. This 
reflection leaves the polarization x unchanged, changes 
y into y’=—y and thereby reverses the sign of the 
matrix (10), and changes 6 into 6’= —4. Equation (21) 
expresses the fact that the transition probability ampli- 
tudes are invariant under the following combination of 
operations: (a) reflection of all polar vectors on the xz 
plane, which changes ¢ into —¢ and P into P’, and 
(b) rotation of all spins by 180° about the y axis, which 
changes (m,mo) into (—m, —mp) and multiples T by 
(—1)"™~™, This invariance derives from the well known 
invariance under the following separate operations, 
whose combination is equivalent to the combination 
of (a) and (b), namely: (A) inversion of all polar 
vectors, but not of spins, at the origin of coordinates, 
(B) simultaneous rotation of all polar and spin vectors 


25 


by 180° about the y axis. 


4. EXPANSION OF THE K-SHELL WAVE FUNCTION. 
CONNECTION BETWEEN PHOTOEFFECT 
AND BREMSSTRAHLUNG 


The interaction of an electron with radiation of wave 
vector k and polarization vector e may be represented 
by the Dirac operator 

ee ¢**, 


(22) 


The probability amplitude for the photoeffect in the K 
shell is proportional to the matrix element of (22) 
between a K-shell and a free-electron state. In the 
calculation of this matrix element a K-shell state with 
spin quantum number mo=} is usually represented 
by the Coulomb-field Dirac wave function 


2Zm\ 1+ 
Wx«3(7,0,¢) =[8aT' (2y+1) | ( “) yr 
13 


(1+)! 


0 
xe ~Z mr /137 ; 
i(1—)! cosé 


(23) 


i(1—v)! sin6e‘? 

where 
y= (1—2?/137*)}. (24) 
The calculations we are considering in this paper are 
approximate ones, in which the matrix elements are 
expanded into powers of Z and only the lowest signifi- 
cant power is retained. To simplify the calculation and 
make it more transparent we shall expand the wave 
function (23) prior to calculation of the matrix element. 
*6 The theorem in reference 22 is restricted to Born approxi- 
mation matrix elements because only in this approximation and 
with appropriate phase conventions the sign reversal of ¢ can 
be expressed as a complex conjugation and sign reversal of the 

matrix element. 
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Interchanging the order of the operations of matrix 
calculation and expansion should be. regarded as an 
illustrative device, in that the expansion of the wave 
function has very limited validity per se but must be 
judged in connection with its intended application. 

A detailed analysis of the expansion, of its signifi- 
cance, and of its mathematical justification has re- 
quired considerable effort and is given in reference 1; it 
leads specifically to the following results. The factor 
ry in (23) can be disregarded in calculations to first 
order in Z/137 because y—1=O(Z?/137?). After this 
factor is dropped, only the values of the wave function 
and of its first derivative at r=0 are relevant, to first 
order in Z/137, because the photoelectric process takes 
place near the nucleus.”* That is, the approximate form 
of the wave function to be utilized must be realistic 
only near the nucleus. This form is found to be 

z 
Vx«3(7,0,¢) =VK, + VK; De .se 
137 


47 cos0 
— } | 
>t sinBe'?) J 
A final state in which, following a photon absorption, 
the electron travels away with momentum p and spin 
quantum number m may now be represented, in analogy 
with (25), by the usual Born approximation wave 
function 
ZA 
Vom(r)~ e'P r— aes Se 
13/25 


E(p)+a-p’+8m 
x fav eiP’ a ~ fen) 
(pp) |p—p’ |? 


where “»(p) is given by (7) in the Sauter representation. 
The relationship of the expansions (25) and (26) is 
brough. out by noticing that 


(26) 


Wx, (r) = 2} (Zm/137) 30, (0) 
and by expanding Vx,;“(r) into momentum eigen- 
states. This expansion is part of the procedure discussed 
in reference 1. One find: 


1/Zm\*7} Z A 
ro LOM 
w\1377 - 137 27° 
m+a-p’+ 8m 
x fap’ en's 0) (27) 


26The minimum nuclear recoil momentum gm, under the 
limitation Z/1378<«1 of the Sauter approximation obeys the 
condition m>qm>>mZ/137. That is, the corresponding de Broglie 
wavelength is much smaller than the K-shell radius. 
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EFFECT 


Comparison of (27) with (26) shows that 


r1/Zm\*} 
¥ei(| ( ) | vate, 
aw \137 


to first order in 7/137. (28) 
It follows from this relation among wave functions that 
the calculation of the matrix element of the interaction 
(22) in the Sauter theory of the photoelectric effect 
coincides with the corresponding calculation in the 
Born approximation theory of bremsstrahlung. More 
specifically, the photoelectric effect corresponds to the 
high-energy limit of bremsstrahlung at which the in- 
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Fic. 2. Differential cross sections for photoemission, by circu- 
larly polarized x-rays, of electrons with spin parallel or opposite 
to the direction of incidence. 
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cident electron radiates all of its kinetic energy and is 
left with zero momentum. 

The relation between the Sauter calculation of the 
photoelectric effect and that of reference 9 may be 
indicated at this point. The matrix element of the 
interaction (22) calculated with the wave functions 
(27) and (26) separate out into terms of different order 
in Z/137. The combination of the lowest order term of 
(27) with the lowest order term of (26) yields a zero 
contribution to the matrix element, because the 
momenta k and p of the photon and electron cannot be 
equal consistently with energy conservation. The com- 
bination of the second term of (27) with the lowest 
order term of (26) yields a contribution to the matrix 
element arising from the component p’”=p—k of the 
Fourier integral of (27). This contribution is of order 


10 Mev 


Fic. 3. Degree of electron spin polarization parallel to the 
circular polarization of the incident x-rays, as a function of the 
angle of emission. 


Z/137 and was considered in reference 9. However, this 
reference disregarded*the second term of (26) and 
thereby the contribution it yields in combination with 
the lowest order term of (27). This contribution arises 
from the component p’=k in the Fourier integral of 
(26) and is again of first order in Z/137. The combina- 
tion of the second term of (26) with the second term 
of (27) is of order (Z/137)? and is accordingly disre- 
garded in the Sauter approximation. 

As indicated in the introduction, the approximate 
connection between the photoelectric effect and brems- 
strahlung established by (28) has applications de- 
scribed in references 2, 3, and 4. It also makes applicable 
to the photoeffect the calculation of the bremsstrahlung 
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Fic. 4. Integral cross sections for photoemission, by circularly 
polarized x-rays, of electrons with spin parallel or opposite to the 
direction of incidence. 


matrix elements of reference 5, in which the contribu- 
tion of different effects in the mechanics of the Dirac 
electron are kept separate. This calculation identifies 
the terms containing a(@) and 6(@) in the transition 
matrices of Sec. 2 as contributed by the action of 
x-rays upon the spin current of the electron. It also 
shows that the combinations of the first term of (26) 
with the second term of (27) and of the second term of 
(26) with the first one of (27) contribute separately 
finite amounts to B(@)b(@) at 6=0, but that the two 
contributions cancel out. 


5. CROSS SECTIONS 


Olsen®’ has given an explicit formula for the cross 
section (17), dowp(6,¢)/dQ, for ejection of an electron in 
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Fic. 5. Average degree of electron spin polarization in the direc- 
tion of incidence ((Px)) and in the direction of emission ((Pp)). 


27 Reference 20, Eq. (16); the factor e should be deleted in this 
equation. 
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the direction (6,¢) and with spin quantum number 
M =} referred to an arbitrary axis s by a photon with 
any given polarization P. Here we give data for the 
special case of helicity eigenstates (M=e= +4) and of 
circular polarization (P=6= +1) to replace the data 
of reference 9. We also give data for the case of spin 
orientation in the direction of the incident x-rays 
(M=m= +3), and for circular polarization, because 
the results of Sec. 2 indicate that analytical expressions 
are simpler in this case and, therefore, possibly more 
fundamental. 
Equations (17) and (13) yield 


do ms(0,¢) =C (8)[1+8?(@) ]dQ, 
do ms(8,¢) = C(e)[1 =—<_ (0) PdQ, 


for m= }6, (29a) 
1 


—36, (29a) 


for m= 
where 


E 
C (0) =4——_6B? (6) 


E-m 
i Z of” 5k+2m ° sin’6 
te 
and a(@), 6(6) are given by (11). Figure (2a) and (2b) 
show Seal /dQ as a function of @ for various values of 


k= E—m. Figure 3 shows the degree of spin polarization 
in the direction of ‘the photon momentum k. 


oa +6(6) ]—[1—a(6) } 


~ [1+80)]4[1-aopP 


Notice that P, attains 1 at one value of 6 provided 
k> $m, as discussed in Sec. 3. The corresponding integral 


(30) 
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Fic. 6. Degree of electron spin polarization with helicity equal to 
that of the incident x-rays, as a function of the angle of emission. 
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Fic. 7. Integral cross section for photoemission, by circularly 


polarized x-rays, of electrons with helicity equal or opposite to 
that of the x-rays. 


cross sections are given by 
ky? 
He) 


? 


yaAR 


k+2m 


Z5 1/2 7k+2m " 5 4m 
™ ref ) ( i “) - " 
137! k m 3 k+2m 


2km 1 1+£ 
Neg ee 
(k+m)(k+2m)128 1-6 


_ 1 
for m= —}46, (32b) 
with B= k}(k+m)*/(k+m). They are plotted as func- 
tions of the photon energy & in Fig. 4. Figure 5 shows 
the “average” spin polarization 


“He @ } ; 
(Px)= (33) 


O43,8+O_45,8 


The differential cross sections pertaining to eigen- 
states of helicity of the outgoing electron are obtained 
from (17) and (15); they are”® 


28 Note added in proof.—We are very grateful to Dr. H. Banerjee 
for pointing out to us that the sign of the last term of (34) in the 
manuscript of this paper was originally incorrect, being at variance 
with results published by him in Nuovo cimento, 10, 863 (1958) 
and 11, 220 (1959). The error arose from an inconsistency in the 
phases of (7) and (14). Equations (14), (15), (34), (35), (36), 
Figs. 5, 6, and 7, and the relevant discussion have now been 


corrected, 





1156 FANO, 
=C(0){3[1+8(6)+ (1—a@))*] 
+ (—1)*-43[1+8°(6)— (1—a(6))? } cosé 
— (—1)***(6)[1—a@(6) ] sind} dQ. 


dow 
(34) 
The corresponding degree of polarization (helicity) is 
P,(0) 
{1+-67(0)—[1—a(@) }*} cosé—26(0)[1—a(@) ] sind 
1+82(6)+[1—a(6) }? _ 
k 11+3(k+m)(k?—2m*)(1—8 cos6) 
(, a 1+3k(k?—m’*)(1—8 cos) : 


and is plotted in Fig. 6. As expected, P)(@) and P,(@) 
are nearly equal at small #, where the cross section is 
largest at relativistic energies, and have opposite sign 
at 6~180°. It is remarkable that P,(6) approaches 1 
for all values of 6 in the high-energy limit. 

The integral cross sections pertaining to helicity 
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eigenstates are given by 


Zz m2? {k+2m\! 
03> 2r- ri(™) ( ee ) 
137 k k 


4 k?—m? m 1 1+8 
|: —_— -— (:- In ) 
3. m(k+2m) (k+m)?28 1-8 


k 44 ktm k?—2m? 
fae Oe fa 
k+2m7 13 k m(k+2m) 


m* 1 1+ 
x(1- In )||. (36) 
(k+m)’28 1-8 


and are shown in Fig. 7. The corresponding “average” 
degree of polarization (P,) is shown in Fig. 5. 
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High-Frequency Limit of Bremsstrahlung in the Sauter Approximation 
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The expansion in powers of Z/137 utilized in the Sauter theory of the photoelectric effect yields a nonzero 
cross section proportional to Z* at the high-frequency limit of the bremsstrahlung spectrum, and also at the 
low electron energy limit of the pair production spectrum. These cross sections are related to the Sauter 
photoelectric cross section by detailed balancing. The results apply equally when the effects of spin orienta 


tions and x-ray polarization are considered. 


HE x-ray emission by electrons is calculated most 
simply in the Born approximation.’ However this 
approximation breaks down completely at the upper end 
of the x-ray frequency spectrum, because it involves an 
expansion in powers of Z/13789 and of Z/1378, where Bo 
and B are the electron velocities (in units of c) before and 
after a radiative collision with a nucleus of atomic 
number Z. The high-frequency end of the spectrum 
arises from collisions in which the electron emerges with 
8=0, so that Z/1378= © instead of being <1 as re- 
quired by the approximation method. Procedures have 
been proposed to compensate this failure of the simple 
theory through corrections derived by comparing the 
exact and the Born approximation results in the non- 
relativistic limit.'? 
1See, e.g., W. Heitler, Quantum Theory of Radiation (Oxford 
University Press, Oxford, 1954), third edition, pp. 242-247. 
2G. Elwert, Ann. Physik 34, 178 (1939); E. Guth, Phys. Rev. 
59, 329 (1941); P. Kirkpatrick and L. Wiedemann, Phys. Rev. 67, 
321 (1945). In addition, F. Nagasaka, thesis, University of Notre 
Dame, 1955 (unpublished), and M. V. Mihailovic, Nuovo cimento 


This paper presents a modified Born approximation, 
which applies at 8~0 and involves an expansion in 
powers of Z/1378o and Z/137 instead of Z/1378. The 
modified (‘‘Sauter’*) approximation yields, like the 
earlier corrections, a simple renormalization of the Born 
approximation results. Whereas the earlier corrections 
were tentative extrapolations and were intended to 
apply throughout the range 0<f$<1, the correction 
introduced here has a more definite foundation and 
applies only for 8S Z/137. The result obtained in this 
paper for the high-energy limit of the bremsstrahlung is 
directly applicable to the low electron energy limit of 
pair production and is related by detailed balancing to 
the cross section for the photoelectric emission of atomic 
electrons calculated in the same approximation. No 
attempt is made here to take into account the terms of 


9, 331 (1958), have carried out calculations at the high-frequency 
limit using Sommerfeld-Maue wave functions; however, they do 
not discuss the significance of these wave functions at B=0. 

3 F, Sauter, Ann. Physik 9, 217 (1931) and 11, 454 (1931). 
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order (Z/1378o)? and (7/137)? which are usually far 
from negligible. 

The expansion in powers of Z/137, carried out to first 
order only and for Bo~1, is the same as in the Sauter 
theory’ of the photoelectric effect. It was suggested by 
an analysis of the Sauter theory‘ and it is based on 
properties of the relativistic Coulomb “zero-energy”’ 
wave functions which are studied in detail in a separate 
paper.® The theory of the photoelectric effect to lowest 
order in Z/137 disregards implicitly the binding of an 
atomic electron, inasmuch as its total energy departs 
from mc* by terms of order (Z/137)*. Within this ap- 
proximation the photoelectric process is indeed inverse 
to the process of x-ray emission at the high-frequency 
limit, which leaves the electron with zero residual 
energy. We shall apply the term ‘‘zero energy” to any 
free or bound electron state whose energy, inclusive of 
the rest mass, departs from mc? by an amount of order 
< (Z/137)?. 

Among the zero-energy states, those with the spectro- 
scopic classification s; are most likely to partake in high- 
energy radiative transiticns because electrons in these 
states are not subjected to centrifugal force and there- 
fore can stay in the region close to the nucleus where 
the high field strength permits high-frequency oscilla- 
tions. More specifically, all stationary bound states are 
eigenstates of the angular momentum and are classified 
by the symbols s;, 3, ~;, --:, which correspond, re- 
spectively, to the values —1, 1, —2, --- of the quantum 
number x.® Stationary free states may be eigenstates of 
angular momentum or may be superpositions of such 
eigenstates. It is shown in reference 5 that radiative 
transitions between zero energy states s; and high- 
energy states with 8y>~1 have probability amplitudes of 
lower order in Z/137 than transitions that involve only 
states other than s;. Therefore the total probability of 
bremsstrahlung emission in which the electron is left 
with a given very low energy and travels out in any 
direction is equal to the probability of radiative transi- 
tion to the s; state of the given energy, to lowest order 
in Z/137. 

The value of this probability is further shown, in 
reference 5, to depend only on a few characteristics of 
the Dirac s; wave function, namely, on the magnitude 
of the “large” and ‘‘small” radial functions, and on the 
first derivative of the “large” one, evaluated at the 
position of the nucleus.” These characteristics are repre- 


‘Fano, McVoy, and Albers, preceding paper [Phys. Rev. 116, 
1147 (1959) ]. 

5K. W. McVoy and U. Fano, this issue [Phys. Rev. 116, 1168 
(1959) ]. 

6 See, e.g., H. A. Bethe and E. Salpeter, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 35, p. 151. 

* The Dirac sy radial wave functions are singular at the nucleus 
through a factor r’, where b= (1—Z?/1372)4—1, but this factor has 
no effect on calculations to lowest order in Z/137, as shown in 
reference 5, and will therefore be disregarded. 
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sented, for magnetic quantum number 3, by the formula 
1— (Z/137)(mc/h)r| 
0 
34(Z/137) cos 
4i(Z/137) sinde*? 


Ys;(7,0,¢) ~N 


in which only the normalization factor depends on 
whether the state is free or bound. Equation (1) may be 
regarded as the expansion of Ws; into powers of 2/137, 
limited to the first order term. This expansion should 
not be considered by itself, but only in the context of 
its intended application; its mathematical discussion 
and justification proved laborious and is given sepa- 
rately in reference 5. 

The approximate wave function (1) can be reduced, 
by Fourier transformation, to the form of the wave 
functions utilized in the Born approximation treatment 
of bremsstrahlung. Indicating a Dirac free-particle wave 
function by y,(r)=«u(p) exp(ip-r/h), one obtains 
from (1)*: 


(2ar)°5(p) +-82(Z/137)mc/ p'| 


0 


Ys(r)~ Niny f dpe a/8 


4 (Z/137) p./ p* 
| 4a (Z/137)(prtip,)/p' | 


1 


7 Vo LE vol) 


mc?— E:(p) 


Z 


. 72 
x f ary") volt), (2) 
Yr 


where the sum extends over free-particle states with all 
momenta p, with either spin orientation, and with 
E(p)=+ (m’c'+ pp). The expression in the braces is 
recognized as the wave function of a zero-energy free 
particle perturbed to first order by the interaction with a 
Coulomb field. It is the wave function which represents 
the zero-energy final state of the electron in the usual 
theory of bremsstrahlung.! 

Once the wave function (1) is cast in the form (2), it 
becomes unnecessary to calculate anew the radiative 
transition probability from an initial high-energy state 
with momentum fp to a final zero-energy s; state. The 
calculation of reference 1 utilizes wave functions nor- 
malized, like the expression {---} of (2), to one particle 
per unit volume, but then it introduces in the final resuls 
a factor representing the density of final electron statet 
per unit energy range. This factor is 

P dp pk 
sind d6dyg= sind d@dy, (3) 
(2rh)* dE (2rh)*c? 

8 The Fourier transformation of r, cos@, and siné exp(zg) must be 

suitably defined; this is done in Appendix A of reference 5. 
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where p represents the final electron momentum which 
we want to set equal to zero and E= (m*c!+- p*c*)!. The 
probability of radiative transition to a zero energy state 
5} is then obtained by replacing, in the formulas of 
reference 1, the factor (3) by the square of the normal- 
ization factor N indicated in (1) and (2). This nor- 
malization factor is® 


Zmc Z fmcrv?® 1 
N2= ee ‘ ( ~) jaca. (4) 
137 wh® 137\ h mc 


Therefore one can simply multiply the cross section 
(13) of reference 1 by the ratio 


Z mc pe 
(— )/( — snd do de) 
137 xh® (2rh)3c? 


Zmemce 4 
=29r — —, (5) 


137 p E sinddédy 


and set p=0, E=mce*. The result is 


Z fe \? (me*)® 
1377-\mes RPE? 


1 Eo( Eo—mce*) (Eo— 2mc*) 
x| — | 


dk 4a sin*0od6 


k ( 1 a Bo cos6y)* 


1+ ——— (1—Bo cos6) ’ (6) 
) 


(mc?)* 


where Jy is the energy and Bp the velocity of the incident 
electron, k~ Eo—mc? the (maximum) energy of the 
emitted photon, and 6 the angle between the directions 
of emission and incidence. Integration of (6) over 4 
yields 


Zferv-dk Eomce 
d?=4r (- ) —-——_——— py 
1377\meS kk (Eo—mce*)? 


4 Eo(Eo—2mc*) [ mce\? 1 
x{-+———1-(=) — 1 
3 mc?(Eo+mc’*) Ey 7 2Bo 
The ratio (5) is equivalent to the Elwert corrective 
factor’ applied in the limit Z/13789«1, Z/1378>>1, where 
8= p/mce. In this limit the factor f(Z/1378,Z/1378o) given 
by Eq. (19), reference 1 reduces to 24(Z/137)(mc/p), 
which is the essential constituent of (4). (The remaining 
factors are mc?/E=1 and 42/sinédéd¢ which represents 
an integration over the direction of the outgoing 


|| 
a ° 
1—Bo 


electron.) 
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The spectrum of pair production particles at the limit 
of high positron energy and zero-energy electron presents 
the same problem as the high photon energy limit in the 
bremsstrahlung. Equation (6) on p. 257 of reference 1 
can be modified by the same factor (4) as the brems- 
strahlung formula. (The problem is different at the 
opposite limit of the spectrum, for low positron energy, 
owing to the repulsion exerted by the nucleus on the 
positron; the spectrum vanishes in this limit expo- 
nentially rather than in proportion to p, as predicted by 
the Born approximation.) 

Because the wave function (1) coincides, except for 
the normalization factor, with the relevant part of the 
K electron wave function in the Sauter theory of the 
photoelectric effect, the cross sections (6) and (7) are 
the same as those obtained by Sauter for the photoeffect 
by unpolarized x-rays. The normalization factor (4) of 
zero-energy states per unit energy is replaced for K 


electrons, by 
Z me\*1 
POF fale ps ‘ 
137 h/ 


A factor k* in the bremsstrahlung formulas, proportional 
to the spectral density of states available for brems- 
strahlung emission, is replaced with a factor epo'dpo/dE 
=cpoE for the photoelectric process, and a factor 1/8 
in the cross section for bremsstrahlung by incident 
electrons is replaced with 1 for the photoelectric absorp- 
tion of incident photons. Thereby the photoelectric and 
bremsstrahlung cross sections are related to lowes! order 
in Z/137, by 


Z >" Eot+tmce? d® 
® photo= ( ) mec ee Pr, (9) 
137 Eo— mc? dk 


Entering in (9) the expressions (6) or (7) of d&/dk 
yields, respectively, the Sauter differential and integral 
cross sections,* averaged over the polarization of the 
incident x-rays. 

The relationships among cross sections obtained in 
this paper apply equally when the polarization of the 
incident or emitted x-rays or electrons is taken into 
account rather than averaged out, because they involve 
only normalization constants independent of spin and 
polarization. 

Applications and comparisons with experimental re- 
sults have been presented separately.® 


9 J. W. Motz and R. C. Placious, Phys. Rev. 112, 1039 (1958); 
Fano, Koch, and Motz, Phys. Rev. 112, 1679 (1958). 
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The matrix elements of the Born approximation theory of bremsstrahlung are resolved into sums of 
terms classified according to whether the radiation interacts with orbital or with spin currents and on the 
basis of additional spin effects which result from electron motion before and after the emission. Observable 
features of angular distribution, x-ray polarization, and spin orientation can be interpreted as effects of 
interference between the separate terms. The results are applicable to corresponding features of the photo- 


electric effect. 


I. INTRODUCTION 


HE emission or absorption of electromagnetic 

radiation is caused by rapid variations in electric 
currents. If the radiating particle is a Dirac electron, 
these variations may involve both its orbital (i.e., 
charge) and spin currents: a change of momentum 
constitutes a change of orbital current, and a change of 
spin orientation (‘‘spin-flip”) constitutes a change of 
spin current. The complexity of the radiation process 
for such a particle is compounded by the fact that 
changes in the orbital and spin currents are not in- 
dependent. Not only is the spin orientation affected by 
spin-orbit coupling, but it is also subject to statistical 
fluctuations which are connected with the momentum. 
That is to say, no spin component of a Dirac particle 
can have a well-defined value, with zero mean-square- 
deviation, except in the particle’s own rest frame or 
when its spin is exactly parallel or antiparallel to its 
momentum (helicity eigenstates). 

As a consequence, even the elementary processes of 
emission and absorption of a single photon by a Dirac 
electron have considerable complexity, and_ their 
calculated cross sections are “far removed from an 
interpretation of the physical process in terms of a 
model,” as Sommerfeld observed with some regret 
many years ago.' It appears to us, in fact, that in the 
intervening twenty years little progress has been made 
toward such an explanation, and that many important 
questions may still be asked about the mechanics 
embodied in the well-established results and procedures 
of the Dirac theory. 

Our main purpose in this paper is to suggest that a 
promising means for investigating the details of the 
Dirac mechanics is afforded by the large number of 
spin and polarization variables which are rapidly 
becoming accessible to experimental observation.’ 

* Supported by the Office of Naval Research and by the National 
Science Foundation. 

1A, Sommerfeld, Alombau and Spektrallinien (F. Vieweg und 
Sohn, Braunschweig, 1939), Vol. 2, p. 500. 

2 The emphasis on these variables distinguishes our approach 
from the otherwise analogous effort of A. W. Matveev, J. Exptl. 


Progress in both the experimental and_ theoretical 
analysis of these variables has recently been accelerated 
by their relevance to experiments on parity noncon- 
servation in 8 and yu decay. As an extrapolation of this 
progress, one might conceive of a future ideal experi- 
ment employing detectors sensitive to the energy, 
direction, and polarization of the initial and final 
electron states and of the photon state. We hope that 
the present analysis of bremsstrahlung and the photo- 
electric effect may provide some stimulus for further 
developments in this direction. 

The original Born approximation calculation, which 
gave the dependence of the bremsstrahlung cross 
section on the energies and directions of the particles 
involved, has been extended by recent calculations to 
include all polarization variables as well.*" The 
multiplicity of variables in these more complicated 
expressions makes the phenomenon difficult to survey 
and raises a bookkeeping problem of such complexity 
that the most general theoretical result been 
prepared in the form of a code for automatic computa- 
tion.® In the Tolhoek formulation":’ the cross section 
depends on 4X4X4=64 functions of energies and 
directions, corresponding to combinations of 4 photon 
polarization parameters with 4 for the initial and 4 
for the final electron spin orientation. Actually, these 
functions are combinations of only 2X2X2=8 matrix 
elements, but the trace technique for the direct calcula- 
tion of cross section has diverted attention from the 
study of matrix elements. 


has 
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recent encounters with peculiar features of Dirac-theory 
cross sections. One such feature occurs in the photo- 
electric effect. Low-energy, linearly polarized x-rays 
eject photoelectrons predominantly in the plane of 
the electric field, as one would expect ; at higher photon 
energies, however, the Dirac theory predicts maximum 
emission at right angles to the electric field.” Brems- 
strahlung calculations! exhibit an entirely analogous 
effect. Although the electron spin plays no obvious 
role in this phenomenon (which occurs even for un- 
polarized electron beams), we shall find that it is a 
spin effect, in the sense that it would not occur at all 
if the electron had no spin. An effect which does depend 
on the electron spin orientation is the circular polariza- 
tion of bremsstrahlung from longitudinally polarized 
electrons,’ a spin-correlation phenomenon which can 
only partially be understood in terms of conservation 
laws.!® Finally, the Born approximation predicts that 
there should be no photoemission in the direction of 
the incident x-rays.” An analogous effect is obtained 
for bremsstrahlung,!® and neither of them is accounted 
for by conservation laws. 

As a step towards understanding these phenomena we 
have undertaken an analysis of the interaction of a 
Dirac electron with radiation, choosing as leitmotiv 
the changes of its spin orientation in the course of an 
interaction process ; the Feynman diagram classification 
will also be utilized. We shall calculate the brems- 
strahlung matrix elements, in the Born approximation, 
keeping separate the contributions from different 
combinations of the following alternatives: 


(a) Photon emission by orbital or spin current 
variation; the value of a “current” parameter c=0 or 
1 will identify a contribution from orbital or spin 
current (i.e., without or with spin flip in the interaction). 

(b) Spin orientation in the laboratory frame parallel 
or opposite to the orientation in the rest frame, for the 
initial electron “Lorentz transformation” 
parameter 1,=0 or 1 will identify the parallel or 
opposite orientation (i.c., without or with spin flip in 
the Lorentz transformation between the two frames). 
Consideration of this alternative is necessitated by the 
spin fluctuations of a Dirac particle referred to in the 


state; a 


opening paragraph. 
(c) Corresponding alternative spin orientation for 
the final state, identified by a parameter L2=0 or 1. 
(d) Photon emission before or after interaction 
with an atom, identified by a Feynman diagram 
parameter F=1 or 2. 


Each matrix element, between states of given spin 
orientation, will accordingly be expressed as the sum 
of 24'=16 contributions, which we will define in detail 


”% F, Sauter, Ann. Physik 9, 217 (1931), and 11, 454 (1931). 

Fano, McVoy, and Albers, this issue [Phys. Rev. 116, 1147 
(1959) ]. 

“K.W. McVoy and F. J. Dyson, Phys. Rev. 106, 1360 (1957). 

16K. W. McVoy, Phys. Rev. 111, 1333 (1958). 
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in Sec. 2. These contributions reduce to 2 in the 
nonrelativistic limit where the spin orientation remains 
constant (c= Z,=L2=0) and the alternatives (a), (b), 
and (c) do not arise. At relativistic energies each of 
these alternatives affords a possibility of spin reorienta- 
tion, and each of their combinations yields a sequence 
of (L:+c+Lz) spin flips. The sequence of spin orienta- 
tions pertaining to a given contribution may be 
represented by a diagram as in Fig. 1. A sequence with 
(Litc+L2) even (odd) contributes only to matrix 
elements between states identified by equal (different) 
spin quantum numbers with respect to a given axis. 
Conservation of angular momentum in the emission of 
a photon by spin flip causes additional contributions to 
vanish as will be seen, provided a suitable reference 
system is chosen for the photon polarization and spin 
orientation. 

We shall utilize for the photon a base set of circular 
polarizations (with helicity 6= +1) and, for the electron, 
two base sets of spin orientations parallel and opposite 


to the photon momentum (m= +34) in the two Lorentz 


frames (1 and 2) where the electron is at rest before 
and after the process. For given energies and momenta 
of the photon and of the electron before and after the 
process we shall then calculate 2*=8 bremsstrahlung 
matrix elements, corresponding to 6=+1, m= +3, 
m,= +}. These matrix elements form a pair of 2X2 
spin matrices, and the matrix clement for arbitrary 
photon polarization and arbitrary initial and final 
spin orientations can be obtained by unitary trans- 
formations of this matrix pair. Cross sections for 
bremsstrahlung emission observed with arbitrary 
polarizers and analyzers (or lack thereof) can be 
obtained from the matrix pair by means of the trace 
technique, if so desired. 

The discussion in Sec. 3 will show how the peculiar 
properties of cross sections mentioned above may be 
interpreted as effects of interference among the 16 
contributions. Presumably additional properties with 
analogous interpretations could be identified by further 
inspection and verified ‘experimentally. In fact, one 
might conceive of a program of systematic investigation 
of the interference effects so defined. 

Some notes of qualification should be added at this 
point. We have dissected the matrix elements according 
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INTERFERENCE OF 


to a functional classification of their constituents. 
The significance of this classification should be regarded 
as tentative until the mathematical procedures of the 
Dirac theory have been more clearly related to physical 
observables. Notice further that the first Born approxi- 
mation is utilized not only for the evaluation of the 
matrix elements but also for the very classification of 
the separate contributions. In particular, alternative 
(d) implies that only the two simplest Feynman 
diagrams are considered, and alternative (a) will also 
be seen to emerge from the approximation formalism. 
It is unclear at this time how serious this limitation is 
or how one could classify contributions to the matrix 
elements irrespective of the approximation procedure. 
Judging from the examples to be discussed in Sec. 3 
as well as from other applications of the bremsstrahlung 
theory in Born approximation, many predictions based 
on the calculations of this paper may be well cor- 
roborated by experiments and others hardly at all, 
thus showing a localized influence of higher order 
effects. 

The knowledge gained by this investigation of the 
anatomy of bremsstrahlung applies to other basic 
radiation processes as well. Reference 13 shows that the 
matrix elements of the photoelectric process in the 
Sauter approximation differ only by a normalization 
factor from those obtained in this paper for the limiting 
case in which the electron emerges from the collision 
with no residual kinetic energy. (This connection 
between bremsstrahlung and photoelectric effect has 
been discussed and applied in other papers.)!*!* The 
calculation of pair production in the Born approxima- 
tion is well known to coincide almost completely with 
that of bremsstrahlung; connections between the two 
calculations will be indicated where relevant in the 
next section. 


2. THE MATRIX ELEMENTS 
(a) Operators and Wave Functions 
The emission of a photon of helicity 6=+1 ina 
direction identified as the z axis is characterized by 
matrix elements of the Dirac operator 
a-e*e—‘##= (1/V2) (az—tbaz)e~**?. (1) 


Units in which #=c=1 will be utilized, so that k 
represents the momentum or the energy of the photon. 
The operators a, and a, represent components of the 
electron current, unresolved into orbital and spin 
contributions. The Dirac operator representation with 
B and a, diagonal will be utilized. 

The matrix elements should be taken between an 
initial and a final state of an electron in the field of an 
atom of atomic number Z. These states are identified, 
respectively, by electron momenta p; and pz at infinite 
distance from the atom, by spin orientation quantum 


16 J. W. Motz and R. Placious, Phys. Rev. 112, 1039 (1958). 
17 Fano, Koch, and Motz, Phys. Rev. 112, 1679 (1958). 
18 U. Fano, preceding paper [ Phys. Rev. 116, 1156 (1959) ]. 
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numbers m, and m.= +3, and by the positive sign of 
the energy. The spin orientation refers, for each state, 
to the z axis in the Lorentz frame in which the electron 
is at rest.” 

For a given p; and m, the wave function of the 
incident electron is represented by a 4-component 
(vertical) Dirac spinor. The four spinors corresponding 
to a given py, to alternative spin orientations (m,= +3), 
and to alternative energy signs (+) form together a 
4X4 Dirac matrix, which we call U(p;,Z), and whose 
columns correspond, respectively, to the following 
combinations of values of (mm, +1) : (4, +), (—4, +), 
(3, —), (—4, —). Out of this matrix, the positive-energy 
wave functions may be singled out by multiplication 
with the projection operator }(1+-8). That is, we write 
the combination of two spinors with positive energy in 
the matrix form 


U'(pi,Z)3(1+8), (2) 


in which the last two columns, corresponding to negative 
energy, vanish. In practice, the Born approximation 
will require only the use of the free-particle wave 
functions in the momentum representation, for which U 


1S 


U (pi,0)=((£i4+-m)/2E, |} [(B+ea-pi/(E:t+m)], (3) 


where m indicates the electron mass, and 6 and a 
indicate Dirac matrices. Notice that in the rest frame 
of the electron the spinors of its alternative states form 
the simple matrix 4(1+ 8) and that U/(p.,0) may be 
regarded as the Lorentz transformation of these 
spinors from the rest frame to the laboratory frame. 

This matrix representation is frequently used to 
carry out calculations by Dirac matrix algebra. Note 
that the replacement of 1+8 by 1—8 in (2) singles out 
the negative-energy states which must be considered 
in the pair-production process or in the bremsstrahlung 
by positrons. 

In the Born approximation, the effect of unscreened 
interaction of the electron with a nuclear charge Ze 
may be combined with the radiation interaction 
operator (1) to yield a second order perturbation 
operator to be utilized with the free-electron wave 
functions (3). In the momentum representation the 
resulting operator may be expressed as 


‘ 4nZe? | [(E:—k) +a: (pi—k) +8m ](1/V2) (a,— tdary) 
¢ (E,—k)?— (m?+ | p,—k |?) 


(1/V2) (az—iday)[ (E2+k) +a: (po+k)+ 8m ] 
+— aaanenmpenreren . » (4) 
(E2.+hk)?— (m?+- | po+k!?*) 


1’ This frame is chosen because the orientation is not well 
defined in any other frame, except for helicity eigenstates in which 
it is parallel to the momentum. Reference to the rest frame of the 
electron could be avoided by taking matrix elements between 
helicity eigenstates. In that event the spin orientation, identified 
initially with reference to the electron momentum, would have 
to be related to the direction of photon emission in the course of 
the calculation. The treatment would then be no simpler than the 
one given in this paper. 
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where q=pi—k—p: is the nuclear recoil momentum, 
and where the two terms correspond to the two Feyn- 
man diagrams in which the photon is emitted before or 
after the interaction with the nuclear charge. The 
matrix elements to be calculated may then be indicated 
as 

$(1+8)U (po,0)'OU (pi,0)3 (1+8). (5) 
This expression represents a 4X4 matrix, but its only 
nonzero elements constitute the 2X2 submatrix corre- 
sponding to initial and final states of positive energy 
and of alternative spin orientations. By changing the 
signs of one or both 8 matrices in (5) one obtains, 
instead, the submatrices corresponding to pair produc- 
tion, one-photon annihilation, and bremsstrahlung by 
positrons. 


(b) Simplifications and Analysis 


The operator O in (5) is brought to a simpler and 
physically meaningful form by a standard procedure 
utilizing the fact that the matrix U(p;,0)}(1+£) 
obeys the Dirac equation [a-p;+Sm—£,]U(p,,0) 
4(1+8)=0. Anticommutation of the matrices in the 
numerator of the first term in (4) leads then to cancella- 
tion of many terms. After similar treatment of the 
second term and algebraic simplification of the denom- 
inators, and recalling that k is directed along the z 
axis, the operator O in (5) reduces to 


1 a,— Way 
k (1—a,) 
2 Ei— pu 


4nZe? 1 1 [ pirz—tpiy 
q° kv2 Ei— pu 
oz— 6 2 
? Pe e1—a.) 
Es— poz 


The operator O’ can be resolved into two parts, which 
represent the contributions of orbital and spin currents 
to the emission of bremsstrahlung [Sec. 1, alternative 
(a) ]. The orbital current contribution is represented 
by the first and third term in the braces of (6), that is, 
by the operator 


O'=- 


la, ~ Baty | 
- (6) 
2 Es— poe) 


AnZe? 1 1p piz—tpiy prr— pay 


)0- . 
Ei- pu Fo— prs 

The identification of this portion of O’ rests primarily 
on the fact that it represents the component along the 
polarization direction e* of the momentum change of 
the electron; the denominators E—p, represent the 
influence of retardation. Notice also that O’ contains 
no spin operator and that it approaches O’ in the 
nonrelativistic limit where the factors k in the second 
and fourth term of O’ become negligible. No attempt is 
made at this time to compare, in analogy with reference 
2, the contribution to bremsstrahlung of the orbital 
current operator O’) with the bremsstrahlung emission 
by a hypothetical spinless electron. (Such a comparison 
is complicated by the fact that a Dirac electron differs 


g kv2 
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from a spinless particle even in the Born approximation 
scattering by the spin-independent interaction with a 
potential well; the electron cross section includes a 
factor 1—(p/E)? sin?(30) which is absent for spin-zero 
particles.) 

The second and fourth terms of O’ will be regarded 
as the contributions of spin currents. Indeed they 
contain the operators a,—téa, which have a spin- 
flipping action, as will be seen more clearly below. The 
spin-current contribution O’—O’) always occurs in 
conjunction with O’o whereas the effect of O’o alone 
would be observed for a spinless electron. [The neutron, 
which has a magnetic moment and no charge, interacts 
with radiation through “Pauli terms” that differ from 
(1) or (6). ] 

Equivalence to the bremsstrahlung emission by a 
spinless electron might afford a criterion for identifying 
the contribution of orbital currents independently of 
the Born approximation. However, the separation in 
(6) of the orbital and spin currents, which are un- 
resolved in (1), derives from the presence of the 
Hamiltonian operator a-p+(m in (4). Multiplication 
of the current operator a,—iéa, by the Hamiltonian is 
analogous to the operation that replaces the first 
order Dirac equation with a second order one. This 
operation is known to separate the orbital and spin 
effects as emphasized recently by Brown.”® In fact, 
Brown’s treatment yields the bremsstrahlung operator 
directly in the form (6), but it relies also on the Born 
approximation expansion; it remains, therefore, un- 
certain whether the separation could be performed in- 
dependently of this expansion. 

The operator in the second (spin-current) term of 
(6) may be condensed in the form —é(o,—ié0,) 
+ (a:—ida,), where the two groups of terms represent, 
respectively, the interaction of the radiation with the 
magnetic and with the induced electric dipole moments 
of the spin. However, it is not desirable to express the 
operator in this form if one wants to take advantage of 
the circumstance that it is a projection operator and 
therefore picks out, in effect, a single spinor component. 
To this end, it is convenient to utilize the identities 


(a,—1t6a,) (1—a,) =io,(1+60,)(1—a,), 
(1—a,) (a:—téay) = — (1—a, io, (1+-40,). 


The factor 1+60, shows that the wave function of the 
initial electron state contributes to bremsstrahlung by 
spin interaction only through its components that 
correspond to spin angular momentum parallel to that 
of the photon to be emitted. The skew-diagonal factor 
io, indicates that the photon emission by the spin 
proceeds through a spin flip. The interpretation of the 
residual factor 1—a, is less clear but relates to a selection 
of electron helicity since this factor equals 1+6éys5 
when it operates next to 1—ée,. Similar considerations 
apply to the operator in the fourth term of (6). 


(7) 


*L. M. Brown, Phys. Rev. 111, 957 (1958). 





INTERFERENCE OF 


We write (6) in the form 
4nrZe* 1 1 piz—MOpiy 
fission —|| 


q Ei— Ps 


k 
a io, (1 tan) (1a) 
Ei-pu 
por— 1b po ¢ ’ 
-| helen, it — (1—a)ioyb(1+é0) | } (6’) 
Eo— pr 


to emphasize that the terms without or with the spin-flip 
operator io, yield contributions identified by the 
parameter values c=0 or 1 [Sec. 1, alternative (a) ]. 
The contributions of the terms in the first or second 
brackets are identified by F=1 or 2 [alternative (d) ] 
since they correspond to the two Feynman diagrams, 
as mentioned above. 

The wave-function matrix U(pi,0) in (5) may be 
cast in a form which is suited for analyzing the matrix 
elements according to spin orientation, which is 
simplified by its multiplication with (1+ 8), and which 
simplifies further when multiplied with 1—a,. From (3) 
and from the properties of Dirac matrices we obtain 


U (pi,0)3 (1+) = [(Eit+m)/2E1 if (1+a,71,) 
+atoy(miztiowm,)}$(1+8), (8) 


where == p:/(/i+m). In this formula the matrix a, 
equals simply +1 when multiplied by 1+-a,. The factor 
that multiplies ic, may be regarded as the probability 
amplitude of finding the electron in the laboratory 
frame with spin orientation opposite to its orientation 
in the rest frame. Therefore, the terms in the braces of 
(8) without or with the spin flip operator io, yield 
contributions to (5) that we identify by the parameter 
values L,=0 or 1 [Sec. 1, alternative (b) ]. Similarly, 
an expression of 3(1+8)U(po,0)t analogous to (8) 
separates out terms that yield contributions with 
L,=0 or 1 [alternative (c) ]. 

It can be seen now how the multiplication of the 
three factors U(p2,0)t, O’, and U(p,,0) in (5) yields the 
16 contributions indicated in Sec. 1 and identified by 
combinations of alternative values of the parameters 
I, c, Le, and F. Each of these contributions is obtained 


it © 
T (000,1) = Ris(1+-aiz32) | , 
10 1} 
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by multiplying one of the two groups of terms in 
U(p2,0)t one of the four terms in O’, and one of the 
two groups of terms in U(p,,0).’,We write accordingly, 


3 (1+)U (p2,0)'0’U (pi,0)3 (1+8) 
2nZe? 1 ny 
gk 2FiEs 


xX b& T(Licls,F), (9) 


LicLeoF 


where 7(LicL2,F) indicates one of the 16 contributions, 
simplified by factoring out the expression before the 
> symbol. 
(c) The Separate Contributions 

The calculation involves now only the application of 
Dirac matrix properties, among which 

1(1+8)a,"4(1+8)=3(1+ 8) 

=() for » odd, 


for n even, 


(10) 


proves particularly useful. This equation reduces the 
contributions T(Liclo,F) to rather simple forms, of 
which typical examples are 
T (000,1) =[(piz—t5piy)/ (Ei— pre) ](1 +2220 12)3 (1+8), 
T (001,1)=[(piz—i6piy)/(E1— pz) ](—ioy) 
X (wo2t+ tomy) m123 (1+), 
T (010,1) = —[R/ (F.i— pis) ](1+ 7128) 
Xioy} (1-+602) (1—212)3 (1+8), 
T (111,1) =[k/ (Ei— pre) (r22—tomey) 
X toy} (1—d0,) (412+10,91,)3(1+8). 


The complete results are given by Eq. (11) in the form 
of explicit 2X2 matrices T relating to the alternative 
initial and final spin orientations (i.e., with columns 
m,=-+4 and rows m,.=+4) without further reference 
to the energy sign [i.e., dropping the factor }(1+-8) ]. 
The abbreviations pi, = pistipiy, pris* = piz— pry, etc., 
prove convenient. A symbol which represents schemat- 
ically the appropriate “history of spin orientations,” 
according to Fig. 1, is indicated next to each group of 
nonvanishing matrix elements with the same history. 


1 
R2s(14 1 127 22) | , (11b) 
19 1| 
| 0 
(11d) 


| 124 


T (100,2) = — Rasr2e 


T (101,2) = —R:2 
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T (010.1) = —S,(14+22,) (1- (11i) 


7 (O11,1 (11k) 


7 (110,1) = —S,(14+-72,) (11m) 7 


= S\r23*m 15" llo 1 


7(i11,1 


where Rr; prs*/(Er—pr )and Srp=k/(Er—pr.). 

Notice that each of the 16 matrices (11) is either 
diagonal (i.e., indicates no spin flip) or skew diagonal 
(spin flip), depending on whether c+Li+Lz is even or 
odd, and that each of the last 8, which correspond to 
bremsstrahlung by spin current, has only one non- 
vanishing element since either 1—6 or 1+6 vanishes 
when 6=+1. 

All the orbital current contributions 7(1,0L2,F) 
contain a factor pis*/(Ei—piz) or pos*/(E2— pr), 
respectively, for F=1 or 2 but the spin contributions 
do not. However it is possible to replace each pair 
of T(Licls,F), with the same L; and L» and different 
F, by two linear combinations which contain, respec- 
tively, the factors prs*/(E1— pis) and pos", (E2— poz). 
Thereby one combines two contributions from the 


T(L,0L2,F) =T(L,0L2,F 


-_ k 
7 (010,1) = Ryg— (1 +2 


m 


14i 


k 
=Ris—ms 
m 


T(011,1 


T (110,2) 


T(111,1)=Ris [ 
E,4 


7(111,1 


A few notes on the analogous calculation for pair 
production or annihilation: If 8 is replaced by —8 in 
(8), 1-m, is replaced by —1+71,. If one of the factors 
1+ is replaced by 1—8 on the left side of (10), the 
whole expression vanishes for even rather than for 
n odd. This latter change causes merely a sign reversal 
of all the spin-current contributions T(1,1L2,F) but 
affects substantially the of the orbital 
T(L,OL2,F); particular it 
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| 


T (010,2) = S2(1—2a2) (14-712) 


T (01,2) 


110,2) 


111,2 (11p) 


alternative Feynman diagrams and separates them 
again into contributions having the same resonance 
denominators as before but no longer the same physical 
meaning. We shall indicate by T(Licl2,F) alternative 


7 


sets of contributions, with /=1, 2, such that 


(12) 


> P(Licl.,F)= ¥ T(Licls,F). 
F F 


Utilizing the identity 


1—2,=[ (1+7,)(E—p.)—m,9_(E+m) ]/m, (13) 


the expressions (11i)-(11n) may be transformed to 
yield (14i)-(14n). The remaining expressions (11a) 
~(11h) and (110), (11p) need not be transformed but 
are included for completeness in the list of contributions 
r. Eq. (14), with some convenient reordering of 
factors in (140), (14p). 


(14a-h) 


0 $(1—8)| 
(14j) 
—4}(1+6) 0 _ 
k |4(1+6) 0 
(1 —m2) (14 Wiz) 


|, (141) 


(14n) 


Ex+m 


=7(111,2 


3. DISCUSSION AND EXAMPLES 


Among the 16 contributions (11) or (14) to each 
matrix element, 10 always vanish, 8 of them because 
each of the 2X2 matrices is either diagonal or skew 
diagonal, according to the parity of Li+c+JL2, and 2 
more because of factors 1+6. Among the remaining 6 
contributions, several vanish in limiting cases or are 
small in certain ranges of the variables. Therefore, the 
results obtained by combining the different contribu- 
tions can often be easily surveyed. 
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_ Notice that the contributions from spin currents, 
T (L\1L2,F), vanish in the limit of low photon energies, 
owing to the factor k. This factor also causes the 
spin-current effect to predominate at high photon 
energy, unless it is counterbalanced by other influences. 
In fact the spin contributions predominate, in general, 
for the emission of a high-energy photon in a direction 
forming a larger than average angle with either the 
initial or the final direction of the electron. Notice, 
in particular, that, for photons in the upper portion of 
the spectrum emitted by high-energy electrons, the 
products 74k/m are small when the angle between = 
and k is very small but become ~1 when this angle 
attains the order of m/k at which the matrix elements 
are largest. 

The high-frequency limit of the bremsstrahlung 
spectrum corresponds to pp=z2=0; the results in this 
limiting case are applicable to the photoeffect. At this 
limit, 13 out of the 16 contributions vanish altogether, 
namely, all except (a), (i), and (m). Of these, 7 (000,1) 
yields two nonvanishing matrix elements, and T(010,1) 
and 7(110,1) yield one each. The contribution 7 (010,1) 
is skew-diagonal in the spin orientation, whereas 
T(000,1) and 7(110,1) are diagonal so that their 
superposition is the only source of interference effects 
in this limiting case and in our scheme of spin orienta- 
tion states. These effects are discussed below. 

At relativistic energies there is a high probability 


that the angles between the photon direction and the 
initial and final electron directions be small, owing to 
the factors gq? and E—p, in the denominator of (6). 


For such electron directions, the factors m4, py, and also 
1—7- are small so that the number of these factors in 


each contribution T or T 
order of magnitude. Notice that one such factor occurs 
whenever Z:=1 and one whenever L2=1. The factor 
k/m influences, of course, the order of magnitude of 
spin-current contributions. 

The matrix elements for the emission of bremsstrah- 
lung polarized linearly in the plane of azimuth ¢ are 
linear combinations, with coefficients (1/v2) exp(+ig), 
of the matrix elements for emission of photons with 
helicities 6=+1. More specifically, separate contribu- 
tions T,(Licl2,F) to the linear polarization matrix 
elements are obtained by combining the separate 
contributions 7(Licl2,/) with 6=+1. It is readily 
seen that the orbital current contributions 7,,(L,0/.,1) 
and T,(L,0L2,2) vanish, respectively, when the polariza- 
tion azimuth ¢ is perpendicular to p; and pe. That is, 
each of the orbital current contributions with F=1 or 2 
yields bremsstrahlung linearly polarized in the (z,p,) or 
(z,p2) plane, respectively. (This result can also be found 
by noticing that, if the « axis is laid in the plane of p; 
and z, we have pi,=0 so that pis*= pz independently 
of the helicity 6.) When i, po, and z lie in a single plane 
the entire contribution of orbital currents is polarized 
linearly in that plane. 

On the other hand, each of the spin current contribu- 


constitutes an index of its 
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tions yields bremsstrahlung which is circadarly polarized. 
This result follows from the fact that each element of 
the matrices 7(1,1L2,/) either is zero or vanishes for 
a specific value of the helicity variable 6=+1. The 
circular polarization has helicity 

6= (—1)4 m— (—1)2 m. 


(a) Lack of “Forward-Forward”’ Bremsstrahlung 
and of ‘‘Forward’’ Photoemission 


When the directions of the emitted photon and of 
the outgoing electron are parallel to the direction of the 
incident electron (“‘forward-forward bremsstrahlung’’), 
we have p1s.=24=0 and each of the contributions T 
to the bremsstrahlung matrix element vanishes because 
it contains at least one factor py. Therefore the prob- 
ability of forward-forward bremsstrahlung emission 
vanishes in the Born approximation, as pointed out and 
discussed in reference 15. In the corresponding approxi- 
mation, the photoemission vanishes in the direction of 
the incident photon, as noticed in the original Sauter 
paper.” 

These effects are well known and easily understood 
in the nonrelativistic limit. The absorption or emission 
of a photon entails the transfer of angular momentum 
Ajz=+h between radiation and electron. In_ the 
nonrelativistic limit there is only an orbital current 
with j,=0 before and after interaction of radiation, 
under the conditions indicated; one may say that the 
orbital current has no net component transverse to 
the photon direction. (In fact each orbital contribution 
T(L,0L2,F) vanishes in the forward-forward 
On the other hand, a relativistic electron 
apparently be capable of exchanging Aj,=+h with 
radiation through a spin-flip process, irrespective of 
its direction of motion. Indeed, the spin-current 
contributions 7'(010,F) do not vanish in the forward- 
forward case; it is only the modified contributions 
T(010,F) that vanish, showing that the effect results 
from destructive interference between the contribution 
of the Feynman diagrams F=1, 2. 

The significance of this cancellation remains unclear. 
As pointed out in note 10 of reference 15, the cancella- 
tion persists in the Bethe-Maximon calculation of 
bremsstrahlung, though not in the corresponndig 
calculation of pair production. (These calculations treat 
the influence of the nuclear attraction on the orbital 
motion to a high order of accuracy, but their influence on 
the spin to first order only.) Sauter and Wiister*! 
calculation of the forward 


case. ) 
should 


carried out a numerical 
photoemission by evaluating formulas of the Sauter 
calculation” prior to expansion in powers of Z. A 
nonvanishing result was obtained, in approximate 
agreement with experimental data.*?** (An accurate 

*1 F, Sauter and H. O. Wiister, Z. Physik 141, 83 (1955). 

2 A. Hedgran and S. Hultberg, Phys. Rev. 94, 498 (1954), 
Arkiv Fysik 9, 245 (1955). 

23.4 nonvanishing result is also obtained in the second-order 
approximation calculation by M. Gavrila, Phys. Rev. 113, 514 
(1959). 
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TABLE I. Mechanisms relevant 


Helicity 
correlation 
index 
((6/2m1)) 


Typical spin orientations 
Final 


Initial 
electron 


bE 4 ®t 


electron photon 


Symbol 
[Eqs. (9),(12),(14)] 
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to the persistence of helicity. 


Contribution 
History 
diagram 
(Fig. 1) 


Relative order of magnitude 


Relative 
(for E1, E>>m, k2 E2) 


sign 





T (000,F 


T (010,F 


<1 at very small angles 


T (110,F) 


T (011,F) 


observation of forward or forward-forward processes 
requires a high resolving power owing to the high 
probability of near-forward processes.) Note finally 
that the forward-forward bremsstrahlung and_ the 
forward photoemission are characterized by a vanishing 
of all components of the nuclear recoil transverse to the 
photon direction. This may be significant since the 
nuclear attraction is actually responsible for the 
radiative process even though this process takes place 
through variations of the spin current.” 


(b) Persistence of Helicity 


It has been noticed in calculations of bremsstrahlung 
by polarized electrons® that an electron with spin 
oriented along its direction of motion has a particularly 
high probability of radiating in the forward direction 
a circularly polarized high-energy photon with the same 
helicity, i.e., with 6=2m,.2> An analogous effect occurs 
in pair production™'® and in the photoelectric effect 
(for which a detailed analysis is given in reference 13). 

The persistence of helicity will be discussed with 
reference to the data in Table I. The bremsstrahlung 
emission by orbital currents alone would yield no 
correlation between the photon helicity and the electron 
spin orientation. This result is apparent from inspection 
of (11a)-(11h), where each of the 2X2 matrices{is 
independent of 6 and has two nonvanishing elements. 
This lack of correlation is indicated in lines Al and A2 
of the table, whereas the mechanisms that yield 
T(L,0L2,F) with L; and/or L2=1 are omitted because 
they are quantitatively unimportant, in general. A clear 
correlation of helicities appears in the mechanism of 
emission by spin currents, with L;= L2.=0, which is indi- 
cated in line B. This correlation is attributable to 
conservation of angular momentum in the spin-photon 
interaction, without intervention of orbital angular 
momentum ;it appeared most important until we realized, 


* We are indebted to Professor G. Breit for a remark in this 
direction. 

26 Since the electron and photon directions are usually nearly 
parallel, we call 2m, the electron helicity, for the sake of expedi- 
ency. 





in connection with the lack of ‘forward-forward”’ emis- 
sion, that the contributions 7'(010,F) are small at very 
small angles. This limitation emphasizes the importance 
of the indirect influence of mechanism C. This mechan- 
ism would, alone, yield a negative correlation between 
the helicities of the incident electron and of the photon. 
However, its contribution, T(110,F), has a sign opposite 
to that of the orbital contribution 7'(000,F’). Therefore, 
there occurs a destructive interference between the 
contributions of the negative correlation mechanisms 
C and A2. This interference upsets the balance between 
the opposite correlations contributed by A2 and Al. 
Thereby A1 contributes, in effect, alone and yields the 
persistence of helicity observed at emission angles 
<m/F,. At larger angles mechanism B, also, contributes 
substantially to the persistence of helicity. Notice that 
the contribution of mechanism B does not interfere 
with that of A (or C) because the final spin orientations 
differ in the two cases. 

Table I also lists mechanism D which contributes a 
positive correlation and interferes constructively with 
A1. The contribution of D is small, but it tends to 
enhance the persistence of helicity. The mechanism 
with the small contributions 7(111,F), which is 
omitted from Table I, interferes destructively with B 
and thus tends to reduce the polarization. 

The preceding considerations are particularly cogent 
when applied to the uppermost portion of the photon 
spectrum, where k= £,—E2,~£E, and p<. In this 
event the contributions with F=2 are much smaller 
than those with F=1, and no complications should 
arise from their interference, which we have not 
analyzed. This interference is also avoided in the event 
of forward emission, irrespective of the direction of 
pe, when all contributions with #=1 vanish. 


(c) Interference of Linear and 
Circular Polarization 


Since the contributions of orbital and spin currents 
yield, respectively, linearly and circularly polarized 





INTERFERENCE OF 


bremsstrahlung, the resultant polarization is, in general, 
elliptic. The interference of linearly and circularly 
polarized components of the bremsstrahlung yields 
curious results inasmuch as the major axis of the 
resulting polarization ellipse need not be parallel to 
the linearly polarized component, and is in fact perpen- 
dicular to it in the event of destructive interference. 
It follows that a linear polarization analyzer of brems- 
strahlung may give maximum response when set for 
linear polarization perpendicular rather than parallel 
to that of the orbital current contribution. 

This apparent rotation of the direction of linear 
polarization is exhibited by the formulas of reference 4 
when applied to photons of near maximum energy 
emitted by relativistic electrons at large angles (~90°) 
from the direction of incidence. Motz and Placious 
have verified this result experimentally.'® The corre- 


sponding result in the photoelectric effect is apparent 
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in the Sauter formulas," and has been the object of 
experimental studies.?*?7 

These particular instances of interference between 
linearly and circularly polarized components pertain 
to the special case p2~0 in which the interference is 
confined to the pair of contributions T (000,1), 7(110,1), 
listed in Table I as mechanisms A and B. This inter- 
ference is destructive, as noted earlier, and therefore 
causes the apparent rotation of linear polarization. It 
is analyzed in some detail in the treatment of the 
photoeffect in reference 13. 

It should be emphasized that this effect, being due to 
interference between the spin and orbit contributions, 
would not occur in the radiative processes of a spinless 
particle. On the other hand it is found to persist in 
the radiative processes of the Dirac electron even when 
its spin orientation is not observed. 


26 W. McMaster and F. Hereford, Phys. Rev. 95, 723 (1954). 
27 T). Brini et al., Nuovo cimento 6, 98 (1957). 
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The bremsstrahlung matrix element at the short-wavelength 
limit of the spectrum is calculated to lowest order in a=Z/137, 
for an unscreened Coulomb field. The result, valid for relativistic 
incoming electrons, is shown to be exactly am? times the com- 
plex conjugate of Sauter’s relativistic matrix element for the 
K-shell photoelectric effect. These matrix elements are the 
leading terms in an expansion of the exact matrix elements in 
powers of a, and they are found to be derivable from the first 
two terms of the expansions in powers of @ of the electron wave 
functions. In this sense their structure is completely analogous 
to that of the Bethe-Heitler bremsstrahlung matrix element. 


INTRODUCTION 


HE inverse process to the atomic photoelectric 

effect is the radiative capture of an electron by 
an ionized atom. Another radiative process which may 
also, in a sense, be thought of as inverse to the photo- 
effect is the process of bremsstrahlung at the short- 
wavelength limit of the spectrum, where the electron 
is brought “‘completely to rest,” and its initial kinetic 
energy converted entirely into radiation. The purpose 
of this paper is to delineate exactly the sense in which 
this process is inverse to the photoeffect, and to point 
out some of the prac tical consequences of such a 
relationship. 

The most striking consequence of the relation is 
the prediction that to every polarization phenomenon 
in one of the processes corresponds an analogous po- 
larization phenomenon in the other, a fact which 
has recently been put to practical use by Motz and 
Placious.! In addition, the relation in question provides 
a means of investigating the bremsstrahlung process 
at the spectrum limit, where the usual Born approxi- 
mation breaks 
considerable illumination on the meaning and validity 


down,?* and conversely it sheds 


of the approximation techniques employed by Sauter' 
in his calculation of the A-shell photoelectric effect. 
Sauter’s calculation is closely related to a Born approxi- 
mation; we shall show that it is entirely analogous to 
the Bethe-Heitler® calculation of the bremsstrahlung 
matrix element, and that the results of both calculations 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission and the Office of Naval Research. 

t Present address: Brandeis University, Waltham, Massa- 
chusetts. 

1 J. W. Motz and R. C. Placious, Phys. Rev. 112, 1039 (1958). 

2 U. Fano, this issue [Phys. Rev. 116, 1156 (1959) ]. 

8 Fano, Koch, and Motz, Phys. Rev. 112, 1679 (1958). 

4 F. Sauter, Ann. Physik 11, 454 (1933). 

5H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
&3 (1934). 


This simple relation between the matrix elements derives from 
an approximate equality (through first order in a) between the 
Coulomb wave functions for bound and zero-momentum con- 
tinuum states, which can be understood as due to the neglect of 
the Coulomb binding energy, a second-order quantity in a. 

Finally, the range of validity of Sauter’s approximation is 
examined in detail. The lower bound of this (energy) range is 
found to be simply related to the radius of convergence of the 
expansion of the photoeffect matrix element in powers of a. 


can be described as the sum of two “Feynman 
diagrams.” 
EXACT STATEMENT OF THE PROBLEM 


One of the electron states involved in both the 
photoeffect and bremsstrahlung at the spectrum tip 
(“tip-bremsstrahlung,” as we shall call it) is a con- 
tinuum Coulomb state of asymptotic momentum p. 
In the calculation of the matrix elements for both 
processes, we shall use for this state the first Born- 
approximation wave function for a Coulomb field, 
without screening. With this understanding, we can 
state the asserted inverse relation, which is an approxi- 
mate one, in terms of the following recipe: Calculate 
the K-shell photoeffect martix element using the exact 
Dirac spinor for the bound state, and calculate the 
tip-bremsstrahlung matrix element using the exact 
Dirac spinor for the zero-momentum final state. 
Expand both matrix elements in powers of 2/137, 
retaining only the lowest-order term in each case. 
Then these two leading terms are complex conjugates 
of each other except for a constant factor, which is the 
ratio of normalization constants for the bound and 
p=0 continuum states. Thus the cross sections for the 
photoeffect and for tip-bremsstrahlung, in this approxi- 
mation, are directly related to each other by detailed 
balancing. The angular distributions, as well as the 
polarization phenomena, will then be exactly the 
same for the two processes, in this lowest-order 
approximation.® 

® It is convenient to refer to this as the “first-order” approxi- 
mation, or alternatively as the “Sauter approximation.” The 
Born-approximation continuum function by definition contains 
zeroth- and first-order terms in Z/137, and one of the purposes 
of our discussion is to show that, analogously, if the other wave 
function entering the matrix element is expanded in powers of 
Z/137, only its first two terms contribute in the present approxi- 
mation. The lowest-order term of the resulting matrix element 
vanishes, so only the next term, of first order relative to this 
lowest possible term, contributes. Hence we call it the ‘‘first- 


order” approximation even though, because of normalization 
factors, it is not actually of first order in Z/137. 
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Our main task in this paper is to construct a mathe- 
matical proof of this inverse relationship. This proof 
is unfortunately rather involved, but the physical 
ideas behind it are actually very simple. To see this, 
recall that the matrix elements for tip-bremsstrahlung 
and for the photoeffect differ only in one of the electron 
states, which is a zero-momentum continuum state in 
one case, and a K-shell bound state in the other. The 
energy eigenvalue of the zero-momentum state is m 
(if c=1); that of the bound state is less, but in a 
Coulomb field it differs from m only by an amount of 
order (Z/137)?. Consequently the differential equations 
satisfied by these two wave functions have eigenvalues 
which differ only in second order in (Z/137), so that 
if we expand the functions in powers of (Z/137), we 
may expect them to agree through first order. (Of 
course this argument applies only to the s; part of the 
continuum state, for the K-shell state is an sy function. 
However, the bremsstrahlung integral comes _pre- 
dominantly from this s} partial wave of the p=0 
continuum state, for it is the one which is largest near 
the origin.) Since (as we shall show) the radial variable 
r appears in these functions only as (Z/137)r, this 
implies that the two functions should agree through 
first order in 7, i.e., near the origin. 

Another way of seeing this is by borrowing from the 
effective range theory of nuclear forces the argument 
that two low-energy solutions to the same wave 
equation are expected to agree closely in any region of 
space where the difference between their eigenvalues 
is small compared to the potential energy. In a Coulomb 
field, this requirement is always satisfied if we approach 
close enough to the nucleus, so the two wave functions 
should agree most closely as r > 0. To be more precise, 
the difference between the eigenvalues for the above 
two wave functions is approximately }(Z/137)?m 
(setting #=c=1), so we expect them to agree well in 
the region where 


5 (Z/137)?m<«K (Z/137)/r, or mrK&2(137/Z). 


Since ao9m= 137, where ao is the Bohr radius, we may 
write this as 


rK 2a, eA 


i.e., the functions should differ little if we are well 
within the radius of the K-shell, ax =ao/Z. 

Of course, this similarity between the wave functions 
implies a similarity between the matrix elements for 
tip-bremsstrahlung and the photoeffect only if the 
major contributions to the integrals come from the 
region where the wave functions agree. We expect the 
principal contribution to come from rS1/g, where q is 
the momentum transfer to the nucleus; using this 
estimate, the matrix elements should agree best when 
or 


1/qK2a/Z, gay>Z/2, 


i.e., at high energy and low Z. The analysis given 


PHOTOELECTRIC EFFECT 


below shows that the criterion is actually 


q/m>Z/137. 


gao>Z, 


i.€., 


Mathematically, this comes about because the matrix 
element has a power series expansion in the variable 
a= (Z/137), with radius of convergence a=q/m; the 
criterion gao>aZ is merely the requirement that, if we 
wish to approximate the series by only its first term 
(the Sauter approximation), then we must be well 
inside the circle of convergence. 

As for the relation to previous calculations, the 
photoeffect matrix element thus obtained is exactly 
that of Sauter, given in reference 4. (For a further 
discussion of this point, see other recent analyses and 
extensions of Sauter’s work.’:’) The bremsstrahlung 
matrix element obtained in this way has a close formal 
relation to the Bethe-Heitler result. The latter may 
be thought of as the first two terms of an expansion of 
the exact matrix element in powers of 27/1378, and 
Z/137B2, where 8; and #2 are the asymptotic velocities 
of the initial and final electron states (in units where 
c=1). This Born-approximation result is of course 
invalid for tip-bremsstrahlung, where B.=0, but is 
replaced, according to the above recipe, by the first 
two terms of an asymmetric double expansion, in powers 
of Z/1378, and Z/137. The relation to the Born 
approximation is in fact more than formal, and this 
“Sauter approximation” bremsstrahlung cross section 
is shown in reference 2, on the basis of the results of 
the present paper, to differ from the Bethe-Heitler 
cross section evaluated at B,=0 only by a normalization 
factor (albeit an infinite one). Since the angular distribu- 
tion and polarization properties of the Bethe-Heitler 
cross section vary slowly with 6B. near B2=0, we expect 
them to remain similar to those of the photoeffect in 
the whole region near the tip of the bremsstrahlung 
spectrum. This expectation is borne out by the experi- 
mental results of reference 1. 


THE PHOTOELECTRIC EFFECT 


We shall first consider in some detail the first-order 
approximation to the photoeffect matrix element. 
This approximation is identical with Sauter’s,‘ for 
Sauter explicitly neglected second-order terms in 27/137, 
though only in the last stages of his calculation. The 
comparison with Sauter’s results is discussed in detail 
in reference 8, so we need not dwell upon the point 
here. Our purpose in will rather be to 
rederive the Sauter result by an entirely different 
method, one which is designed to enable us to see 
exactly what properties of the bound state appear in 
the matrix element. 

As for notational conventions, we shall set h=>c=m 
=1, m being the electron mass. The parameter Ze?/hc 


this section 


7 Haakon Olson, Festskrift til Egil Hylleraas (Bruns Trondheim, 
1958). 
8 Fano, McVoy and Albers, Phys. Rev. 116, 1147 (1959). 
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=Z/137 will occur repeatedly throughout the discus- 
sion, so in the interest of economy we shall employ the 
somewhat unconventional but convenient definition, 
a=Z/137. (1) 
In these terms, e.g., the Bohr radius for nuclear charge 
Z is ax=a", so the radial dependence of the lowest 
bound state of the Coulomb field is ~e~®’. 
We shall write the photoeffect matrix element as 


M 32(a)= f Wot (r)e™-*(a-e)yi(r)d'r, (2) 


for the case in which an electron in state Y; absorbs a 
photon of momentum k and polarization e, thereby 
going into the final state Ye, a state of the continuum. 
We have indicated that My. depends on a, for we 
restrict our considerations to the case in which both 
yi and yw. describe electrons in a Coulomb field: 
V (r)=—a/r. M,:*, of course, describes the emission 
of such a photon, accompanied by an electronic transi- 
tion from Ws to ¥. If yy is taken to be a continuum 
rather than a bound state, M,.* is the bremsstrahlung 
matrix element. 

For ¥2(r), the continuum Coulomb state of asymp- 
totic momentum pes, we shall use the first Born- 
approximation wave function. In coordinate space we 
write this 4-spinor in the “split notation” as 


(Eo+ 1) we(po) 
| 
(o . Pe) We (po) 


Yale) (Bet t)LeebaP (e509) 


where w2(pz2) is a 2-spinor describing the polarization 
of the state, and @ is the Pauli matrix. The function 
F(r; pe) is actually a Dirac matrix operator, described 
most simply in terms of its Fourier transform. If in 
general we define the Fourier transform g(p) of a 
function ¥(r) as 


o(p) ny f wyinyer, 


the transform of W2(r) is 


go(p) = (| (0p) 


9 


Po a-pt+h+Es Phas 
2n° (p’— pz 2( p—Pp»)° 


| (5) 
(o- P2) ws 


It will aiso be convenient to write y; 


notation, 
u,(r) 
vo 
1, (r) 


written as the 


in the split 


(6) 


Then My. can be sum of two terms, 


AND U. FANO 


corresponding to the two terms of ye: 


(Eo+ 1 )\M1.= MataMs, 
with 


(E.+1) We u;(r) 
Mala a: tatty 
ee fl (o- P2) We ] { on ak : 


(E.+1)w u(r)] 
usta) {| *] Feieee| ver, 
(o- po) 01 (r) 
with q=p.—k. Note that the a-dependence of M4 and 


(8b) 
Mz comes entirely from y. 
For the K-shell photoeffect, ¥: is the x=—1 state, 
with s and p components, which is conveniently written 
in the split notation as 


(7) 


(8a) 


(1+71)!s 
wi)=a/ Jroe 
i(1 —v¥1)'(o-f)s 


= (2a) "44 89y iT (1+2y1) J, 
v= (1-—a?)}, 


where s is a 2-spinor independent of r and a which 
describes the polarization of the state; s's=1; and 
? is a unit vector parallel to r. 

Consider first M4(a@), the part of the matrix element 
which comes from the unperturbed outgoing plane-wave 
state. Inserting Eq. (9) for ¥1, the two spatial integrals 
encountered are 


U(a)= f rile-ate—iq- ty (10a) 


V (a) = fo r)r1le—are— iat 3p, (10b) 


which are just the Fourier transforms, with respect to 
q, of relatively simple functions of r. Since in 2 we 
have already neglected terms of order a’ and higher, 
we wish to expand U(a) and V(qa) in powers of a, if 
possible, and retain only terms of less than second 
order. A particularly attractive and simple way of 
doing this would be to expand e~@’ in the usual Taylor’s 
series (valid for all r), and integrate term by term, so 
that the result would automatically be a power series 
in a if this term-by-term integration could be justified. 


® This is strictly true if the a which appears in y:= (1—a?)$ is 
neglected. The most consistent way of discussing the situation is 
to consider the a which appears in y; as an entirely different 
parameter, say a’, from the a in e~”. Then U, e.g., depends on 
both a and a’, and has a power series expansion in a of the form 


U (a,a’) sa Zz nin (a’)a”. 


It is this series that we shall call the “expansion of U(a),” and 
we shall be interested in it at a’ =a. With this note of explanation 
as justification, we shall continue to use this slightly inexact but 
very convenient terminology. Incidentally, we shall meet an 
entirely analogous situation when we discuss bremsstrahlung. 





BREMSSTRAHLUNG AND 

Since a similar approach to a considerably more 
complicated integral is very useful in discussing the 
bremsstrahlung matrix element, we have taken some 
pains in Appendix A to investigate the existence, form, 
and range of convergence of the power series expansions 
of functions of the form of U (a) and V (a). The existence 
of such a power series is equivalent to the existence of 
a region of regularity about a=0 for the functions in 
question. Consequently we have considered the basic 
question to be that of the analytic properties of these 
functions in the neighborhood of the origin. Since Eq. 
(10) clearly defines U(a) and V(a) only for Re(a)>0, 
it is necessary to investigate the possibility of ana- 
lytically continuing them into the left half of the 
a-plane. This analytic continuation, into the pocket 
about the origin shown in Fig. 1, is explicitly con- 
structed in Appendix A, and the singularity nearest 
the origin is found to lie on the semicircular boundary 
of the pocket. By this means these functions are shown 
to possess convergent Taylor’s expansions about a=0, 
with known, finite radii of convergence. Finally, by 
explicitly calculating the coefficients of the expansions, 
they are found to be exactly what one would obtain 
by formally inserting the expansion of e~* and the 
integrating term by term (including a convergence 
factor e~® to assure the convergence of the resulting 
integrals). 

The results of this Appendix are summarized in 
Theorem (A-2), which states that the circle of con- 
vergence of the Taylor’s expansions is |a| <q in both 
cases, that the integral can be evaluated by a term-by- 
term integration of the power series representation for 
e~*", and that the result for any individual term of the 
form r*Y im(#) is 


lim(2n)-1 fe AV (fe tty 


e>0 

= (=i)'S(A4-2)q- Vin(Q), (11) 
for g~0, where the numerical coefficient S;(A+2) is 
given by Eq. (A-5). One of its important properties is 
that 


Si(A+2)=0, if =1(mod 2). (12) 


Using these results, we can evaluate U(a), the 
S-wave integral, with sufficient accuracy by making 
the replacement 
(13) 


e-° = 1—ar, 


From the first term, we get a coefficient So(yi+1). Re- 
calling that yi1= (1—a)}, we can use the approximation 
i= 1, since we are neglecting a”. But in this approxima- 
tion [.S:(p) is an analytic function of pj, the coefficient 
is So(2), which is zero by Eq. (12): the leading term 
vanishes, and the photoeffect matrix element is thus of 
first order in a. This result has a direct analog in the 
calculation of the Born-approximation matrix element 
for bremsstrahlung, where both wave functions have only 
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ie 


Fic. 1. Region of ana- 
lyticity, in the a plane, of 
U (a) and V (a). 














zeroth-order and first-order terms; the integral coming 
from the zeroth-order terms of both functions vanishes 
by momentum conservation, and the lowest-order 
integrals then come from the two “‘cross terms.””! 

The next term of (13) does contribute and gives 


U (a) = —a(2m)'So(yit2)q- Mr 


~~ —a(2mr)'So(3)q-4*=8mag-*. (14) 


In evaluating V (a), the p-wave or “small component” 
integral, we need to keep only the first term of e~®’, for 
in y; this part of the spinor contains the factor (1-71)! 
~a/V2, which is already first-order in a. Equation (11) 
then gives for this integral 


V (a) = —i(2m)4Sy (y+) q- eg 
= —1(2mr)'$,(2)q-e-G 


= — 8riq~‘o-q. 


(15) 


Inserting these results and Eq. (9) into Eq. (8a), 
M 4(a) correct through first order in a becomes 


(Ko +1)w» t 2s 
M,(a)~a 4ortag | 0] | (16) 
(oO: Px) We (o-q)s 


using N~a}(2r)-) to lowest order in a. Note that, 
because the leading term of the upper component from 
Yi vanished in this approximation, the contributions 
from the upper and lower components of ¥; are both 
of order a, as Sauter* found in his original calculation. 

Next we must evaluate Mz, the term coming from 
the perturbed part of the outgoing electron function. 
Inserting Eq. (9) into (8b), the integral involving the 
upper component of y is 


W (a) = f Ft(r; po)r™—le-"V oo (#)e**d8r, (17) 


The investigation of its regularity in a region about 
a=0 is more complicated than the similar investigation 
of U(a), for this integrand contains the extra factor 
F (1r,p2), whose properties play an important role in the 
argument. Appendix B is devoted to this investigation, 
and the result is summarized in Theorem (B-2). The 
conclusion is that, provided F possesses certain detailed 

10 See, e.g., H. A. Bethe and E. E. Salpeter, Encyclopedia of 
Physics, edited by S. Fliigge (Springer-Verlag, Berlin, 1957), 
Vol. 35, p. 326. 





1172 K. W. McVOY 
properties, W(a) does have a region of analyticity 
about the origin in the a-plane. This assures the 
existence of a Taylor’s series for W(a), and within its 
circle of convergence this series is again found to be 
just what one would obtain by expanding e~*" and 
formally integrating term-by-term. 

A central role is played in this theorem by a function 
Gim(k,pP; P2), defined in terms of G(p; p2), the Fourier 
transform of F(r; po). Gin(k,p; p2) is the coefficient 
of Vim(P) in the spherical-harmonic expansion of 
G(k—p; po): 


Gin(k,p; pe) = f Ge—p; v2) Vin( Bay (18) 


From Eq. (4), the dependence of G(k—p; pz) on the 
direction of the momentum-space variable p is given 
by the function 


ae: (k—p)+6+4£, 


a — : ( 19) 
L(p—k)?— p.’+ie JL (p+q)’+ ie] 

with q=po—k as before. We have included the in- 
finitesimal imaginary quantity (ce) (as, e.g., in reference 
10, p. 45) to assure that the singularities of this function 
do not occur for real p. This is equivalent to employing 
the Parseval’s theorem of Appendix B in the form of 
Eq. (B-8), with €.0. 

In order that W(a@) have the desired Taylor’s 
expansion, Gim(k,p; p2) must: (a) possess all its de- 
rivatives (with respect to p) on the real p axis; (b) be 
analytic in some region |p| <R of the complex p plane; 
and (c) vanish at least as fast as p? as p— ©. We 
shall not prove these statements here, but it is possible 
to verify that all three are true, that in fact R= | p.—k|, 
and that Gi» actually vanishes at least as fast as p~ 
as p> &, 

Theorem (B-2) then states that, for |a|<|p.—k|, 
e~*" can be expanded and the integral (17) done term 
by term, the result for any single term r* being the 
function (—7)'4;(A+2; m) given by (B-10) or (B-11). 
Since Mx already carries a factor a from the continuum 
function, we only need the first term of the bound-state 
function in this case, i.e., the replacement e~”~1 is 
sufficient. Since /=0 in (17), the result is Ao(yi+1; 2), 
and expanding y1,yi~1, we have finally W (qa) 

A,(2; 2), through zeroth order in a, which according 
to Eq. (B-11) is 


W (ax) = A (2; 2)= (2) 'Goot (k,0; pe). 


This is fortunate, for Goo(k,0; pz) is easy to evaluate, 
and is in fact just G(k; po)/ VY o0= (427)'G(k; ps), as can 
readily be inferred from the form of the expression (19) : 
since p occurs only in dot-products with other vectors, 
if we think of G(k—p;p2) expanded in spherical 
harmonics of the direction /, it is clear that at p=0, 
only the s-wave part will remain, which is just 


AND U. FANO 
V poGoo(k,0,p2). Consequently, using Eq. (5) for G, we 
have 


W (a) = 2V2rG'(k; po) 
a-k+8+£, pie (20) 


= — Adria a — 


( po? — k*) (po—k)? (a po) ws 


Furthermore, the lower component of y with its 
factor (1—7y1)!~a@ does not contribute at all in this 
first order approximation, because of the a from ys, so 
W (a) is the only contribution to Mg. Incorporating it 
into Eq. (8b) and recalling that the Yoo=(4r)~? in 
W (a) does not actually occur in ¥;, we have 


4irla 
M;3(a)= —q! 


a. 1) we | 


(pP—k*)Pl (a: po)we 
2s 
Xlark+s+E\(e-e)| | (21) 
0 


This completes our derivation of the Sauter-approxi- 
mation matrix element for the K-shell photoelectric 
effect. The essence of what we have accomplished by 
this alternative method of derivation may be sum- 
marized rather loosely in the statement that the Sauter 
matrix element depends on only three very simple 
properties of the bound-state wave function, ¥i(r): on 
the magnitude, g(r=(), and the first radial derivative, 
g’(r=0), of the “large” component, and on the magni- 
tude, f(r=0), of the “small” component, all evaluated 
at r=0. This statement is “loose” in the sense that the 
factor r¥—!, with yi:= (1—a’)<1, which appears both 
in f(r) and g(r), makes all three of these quantities 
infinite. However, if a’, and hence this entire factor, is 
neglected throughout, the statement is exact. 

These quantities are actually the first two coefficients 
in the expansion of ¥; in powers of a, as is readily 
verified. The approximate wave function obtained by 
retaining only these two terms is, from Eq. (9), 


(22) 


Yas 2(1—ar)s 
(mater) } 


ai(a-f)s 


This function, obtained by making the approximations 
e-"=1—ar (upper component) and e*=1 (lower 
component), is not intended to have any significance 
in itself; its behavior for large r, e.g., is entirely meaning- 
less. Its significance in the present problem is seen only 
through the work of Appendixes A and B, which 
demonstrate that the desired expansion of Mj2(a) can 
formally be regarded as the result of integrating the 
corresponding expansion of ¥; (of which y; is the first 
two terms) term by term."! 


1 Tn this sense ¥/;(r) is essentially what Lighthill calls a “general- 
ized function.” See M. J. Lighthill, Introduction to Fourier 
Analysis and Generalized Functions (Cambridge University Press, 
Cambridge, 1958). 
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The Sauter matrix element for the photoeffect, which 
employs y in this way, is thus seen to be entirely 
analogous to the Bethe-Heitler matrix element for 
bremsstrahlung. For, (a) it is the sum of two terms, 
M, and Mg, corresponding to the two terms of the 
Born approximation wave function for the outgoing 
electron; (b) the leading (“‘zeroth-order’’) term of the 
matrix element vanishes because of energy-momentum 
conservation; and (c) the remaining contribution is the 
sum of the two ‘cross terms,” each containing the 
zeroth-order term of one wave function and the first- 
order term of the other. 

Finally, it should be realized that our use of the 
Born-approximation wave function for the continuum 
state y2 makes this entire calculation invalid as p2— 0, 
as was emphasized by Sauter. The above method of 
derivation shows that, in fact, there is an additional 
restriction upon the range of validity of the Sauter 
approximation. As we have seen, the matrix element 
calculated from the Born-approximation y2 and the 
exact yi has a power series expansion in a, whose 
radius of convergence is finite and equal to gmin 
=|po—k|. Neglecting the binding energy of the 
K-shell, this means that the series converges only if 
2k(E2—p2)>a?. Thus no matter how many terms of 
this series are retained, it cannot be used at energies 
lower than this limit. Since the Sauter approximation 
keeps only the first term of the series, it is valid only if 
we are well within the circle of convergence, i.e., only 
if 2k(E2— p2)>>a*. From the kinematics of the problem, 
this restriction can be seen to be essentially a/8.<1, 
ie., the same as the restriction imposed by the use of 
the Born-approximation wave function itself. 


BREMSSTRAHLUNG 


We can now make immediate use of this discussion 
of the photoeffect to give a very simple derivation of 
the Sauter-approximation matrix element for brems- 
strahlung at the spectrum tip, and to prove that it 
differs from the Sauter photoeffect matrix element 
only by a constant factor. 

As was mentioned earlier, the fact that the energy 
of a bound state in the Coulomb field differs from m 
only by terms of order a? or higher suggests that a 
bound-state wave function of given angular momentum 
and parity will agree with the corresponding zero 
momentum continuum function, through first order in 
a. This can be demonstrated directly, and the com- 
parison is made especially simple if we employ the 
notation of Akhiezer and Berestetsky,’* who give both 
the bound and continuum Coulomb functions in 
exactly the same form. Their notation is quite standard, 
and in particular y= («?—a’)!, where x is the usual 


B. Berestetsky, Quantum Fle 
of Kvantovaya Flektrodinamika 
(Gosudarstvennoe Izdatelstvo Tekhniko-Teoreticheskoi Liter 
atury, Moskva, 1953); available from Technical Services, 
Department of Commerce, Washington 25, D. C. 


2A. T. Akhiezer and V. 


trodynamics, a translation 
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TABLE I. Radial functions for the bound (B) 
and threshold (7°) states. 


(am?) ~ber(r) 


2(1—amr) 
2amr 
Zamr 


(am/n)~4gu(r) 
1—amr) 
n?—1)/n?}*#2amr 
n+1)/n3(n—1) }¥amr 


(am/n)~ f(r) (am?) ~4fr(r) 


— —=—— 
—[(n?—1)/n? Jha —«a 


Dirac quantum number; for the principal quantum 
number in the bound-state case they use m, with 
n=|x|, |x|+1, etc. Their bound-state functions are 
normalized to unity, and the continuum functions 
“per unit energy.” 

We need the limit of the continuum 
p— 0, which we shall call the “threshold function.’ 
The limit is facilitated by a form of Stirling’s 
approximation,” 


function as 


’ 


= (2ar)+ (am)? (23) 


lim |T(y+ial:/ p) | em!a"/2” 


| p|-0 


Pi” 


Also, one of the factors which appears in the continuum 
function for general asymptotic momentum ? is 
e'"(y+iak/p); this can be written more conveniently as 


po{ — («/ |x| [4 (E—m) (x—y) (Ex—my) }} 
+i[4(E+m) (x+y) (Ex—my) }'} 


= —4(xk—y)+iam p, if p<m, (24) 


a form well suited for considering the limit p — 0. 

The radial functions g(r) and f(r) of the “large” and 
“small” components, respectively, of the continuum 
function have power series expansions in r of the form 


g(r)=r7 DS a,(p,a)r", 


n=O 


f(n=r™ : b,(p,a)r”. 


n=O 


It can readily be verified that a,(0,@) and b,(0,a) have 
power series expansions in a, with leading term a”, 
where m is linearly related to n. In other words, if we 
take the limit p—>0 term-by-term, the series in r 
becomes a series in (ar), of which we need keep only 
the first few terms for our purposes. In this way we 
obtain the results shown in Table I, correct only 
through first order in a, for the bound (B) and threshold 
(7) states. All higher partial waves are proportional 
to at least the second power of a [because of the factor 
a’) of Kq. (23) | and so are of no interest to us. The 
proportionality between the corresponding first-order 
bound and threshold functions is clear, the constant 


18 Bateman Manuscript Project, edited by H. Erdelyi (McGraw 
Hill Book Company, New York, 1953), Vol. I, p. 47. 
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of proportionality being just the ratio of normalization 
constants. 

These “wave functions” have meaning in exactly 
the sense which the “approximate function” y, of 
Eq. (22) has meaning—i.e., not as point functions, but 
only in terms of integrals over them." For the bound 
states, we have already shown that the power series 
in r, of which these functions are truncations, can 
formally be substituted for y; in the integral of Eq. (2) 
and the integral done term by term to give an expansion 
of the photoeffect matrix element in powers of a. If 
we can establish the same for the threshold function 
series, which enters the tip-bremsstrahlung matrix 
element, we can compare the two matrix elements 
directly from the entries in Table I. 

It is inconvenient to establish this directly, by the 
method used for the photoeffect matrix element. The 
investigation of the region of regularity of M4(a) and 
M (a) for the photoeffect employed integral representa- 
tions extensively; the threshold functions are less 
amenable to this treatment, for they are Bessel functions 
of argument (r)!—and this leads to integral representa- 
tions which are unmanageable by the techniques em- 
ployed above. An alternative approach is to calculate 
the matrix element M y2(a) [Eq. (2) ] for “inverse brems- 
strahlung,” using for ¥;(r) the exact continuum function 
of momentum p,+0. In this case the radial functions 
have the form g(r)~r™'e'""F (y+1+1aE/pi, 2y+1, 
2ipir) [where F(a,b,z) is the confluent hypergeometric 
function |, and f(r) is similar. These functions do have 
simple integral representations, and by using them we 
have shown in Theorems (A-2) and (B-2) of the Appen- 
dixes that M,4(a,p,) and Mz(a,p:) are analytic in p; 
for | pi] <|p2—| and can formally be calculated by a 
term-by-term integration of the series representation, 
Eq. (25) of the continuum function y;. This result may 
be of considerable interest in itself,’ but we will use it 
only as a means of obtaining M,4(a,0) and Maz(a,0). 
For p; 40, M4 and Mz contain f; only in the functions 
Gn(pia) and b,(p1,a), which appear in the series 
resulting from the term-by-term integration of (25). 
But we obtained the p,— 0 limits of Table I by 
taking the limit of the series (25) term by term; 
clearly if we do the same for the present expansion of 
M2.(a), again only the first two terms at most will be 
of less than second order in a, and the result, through 
first order in a, will be exactly what one would obtain 
by the use of the “functions” of Table I. In other 
words, we can calculate tip-bremsstrahlung from the 
threshold states of Table I exactly as we calculated 
the photoeffect from the x= —1 bound state of Table I, 
and the and 
threshold states implies exactly the same proportional- 


the proportionality between bound 


ity between the Sauter-approximation matrix elements, 


‘4 For example in the investigation of bremsstrahlung near as 
well as at the spectrum limit [G. W. Ford and C. J. Mullin 
(private communication) ]. 
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in the same angular momentum states, for the photo- 
effect and tip-bremsstrahlung. 

For ~:~0, the continuum function ¥; of bremsstrah- 
lung must asymptotically be a momentum eigenstate, 
and thus contain all angular momentum substates. 
These partial waves are all present even in the p;— 0 
limit, and our sole remaining task is to show that only 
the x= —1 state contributes terms to Mj2(a) which are 
less than second order in a. This, however, is trivial, 
if we use the results of Appendix A to do the integrals 
arising from the «=+1,—2 functions of Table I. 
(They all contain a factor a, and so at worst can 
contribute to M4, whose integrals are considered in 
Appendix A.) The x=+1 (p;) state integral has a 
factor S,(3) from the large component and a factor So(2) 
from the small component, where S;(p) is defined in 
Eq. (A-5). But as is discussed there, S;(p)=0 if 
p=/(mod 2), so both these integrals are zero. Similarly, 
the integral from the upper component of the 
k=—2 (p,) state has the factor S,(3), which again 
is zero. 

In summary, only the x= —1 (s;) state contributes 
to the tip-bremsstrahlung matrix element in the Sauter 
approximation. The matrix element can be calculated 
from the threshold functions of Table I exactly as the 
photoeffect matrix element was calculated from the 
bound state of Table I, and from the proportionality 
factor between the two wave functions we obtain our 
final result: 


M r_-brems. (a) = (1/am*)M photo.* (a), (26) 


in the Sauter approximation. It is in this exact sense 
that the two processes are inverse to each other, and, 
by detailed balancing, have identical angular distribu- 
tions and polarization properties in this approximation. 
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APPENDIX A. FOURIER-BESSEL TRANSFORMS" 


We shall define the Fourier-Bessel 
order 1,{ FBT (J) ], of the function f(x) as 


2\! 
win=(-) f f(x)julpx)a%dx, 
Tv 0 


transform of 


(A-1) 


provided the integral exists. If it does not, we use the 
definition 


2\' 7” 
gi(p)= lim ( ) f ef (x)ji(px)a*dx, 
€-*0+ va 0 


(A-2) 


16 The calculations in these Appendixes were carried out by 
only one of the authors (K.W.M.) 
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provided it exists. In either case, 7:(x) is the spherical 
Bessel function of (integral) order /. 

This transform is of interest here because it is the 
“radial part” of the 3-dimensional Fourier transform 
of a function F(r) which has the special form F(r) 
=fi(r)Yim(?). This is easily seen by using the standard 
partial-wave expansion of a plane wave, 


e'P'=4r as i'j,( pr) V im(?) V im*(p), 


l,m 


from which the Fourier transform of f:(r) Vim(#) is 
Cn) fle) Vin(rhet'dr=i-'e pV mB) 


where g;(p) is just the FBT(/) of fi(r). 

We are concerned in this Appendix with functions 
f of the special form f(cx), c being a constant parameter, 
and wish to know under what conditions f(cx) can be 
expanded as a power series in (cx) and integrated 
term-by-term, to get g:(c,p) in the form of a power series 
in ¢. 

Problems of a similar nature, but without the 
complications of infinite series, have been considered 
recently in a very lucid fashion by Lighthill," following 
the distribution-theory approach of L. Schwartz. 
Although Lighthill’s work is exceedingly attractive, it 
unfortunately cannot be used directly here because it 
does not take advantage of the complex-variable 
techniques which are essential to the solution of our 
problem. However, the method of defining the trans- 
form of «*, as well as several other devices we use, will 
be recognized as inspired by Lighthill’s book. 

Since the direct justification of term-by-term inte- 
gration of such a series, as well as a determination of 
the radius of convergence of the resulting expansion in 
c, is very difficult, we shall use a different strategy. 
We first define the FBT (J) of f(cx) as 


a 2 
(-) f e~*f(cx)ji(px)axrdx. (A-3) 
T 0 


For the function f in which we are interested, it will be 
possible by direct inspection to establish the analyticity 
(in c) of g:(c,p) in a region of the complex c-plane about 
c=0. Thus we know that a Taylor’s series in ¢ exists, 
and can find it by the usual methods. It is then possible 
to verify a posteriori that this series is exactly the one 
we would have obtained by a term-by-term trans- 
formation of the series for f(cx). 

In order to be able to recognize this fact, we must 
know the transform of a power of x, which we shall 
formulate as a lemma: 

Lemma A-1.—The FBT (J) of «* (A>—1) is 


zy! 2 Si(A+2) 
im ) f ex] (px) ardx —-, p#0, (A-4) 
«0 aa 0 pr 


gi(c,p) = lim 


0+ 
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with 


2\ 2 P(A+/+3)r[—(A+/4+2)/2] 
siat2)=(=) nel 
Tv 


2'4IP[(1—d)/2] 


Xsin[3ar(A+/) ]. (A-5) 
Note that if \ is integral, and A>/—2, then S)42'=0 
if (A+/) is even; in this case there is a gamma-function 
pole in both numerator and denominator, which cancel, 
and the zero of the sine makes the whole expression zero. 

For this proof, as well as all that follow, we shall 
employ an integral representation of the spherical 
Bessel function'®: 


1 1 
jilz) =— f e'*P1(s)ds, 
2i! 


1 


(A-6) 


and valid for all z; Pi(s) is the Legendre polynomial 
of order /. This representation, in which z appears 
only as e“, is particularly convenient, for in an integral 
like (A-2) the convergence factor e~* enables us to 
perform the « (or z) integration first, thus finding the 
Fourier transform (with respect to s) of se-@f(x), 
which is then to be multiplied by P;(s) and integrated 
over s. By this device, many of the tricks commonly 
used for Fourier transforms can be carried over to 
Fourier-Bessel transforms, provided the subsequent 
s-integration can be carried out. 

Since the integrand of (A-6) is analytic in s for all z, 
we can deform the contour of integration from the real 
axis in any way we like. In particular, we shall use 

—{ 
ji(z) = - ff ePusyas, (A-7) 
ri! JP 


where I’ is the upper half of the unit circle in the 
positive sense, from +1 to —1. 

Using this representation and interchanging the 
orders of integration, we have for the integral of (A-4), 


1 #043 00 
—— (-) f Pusdds f dx e~ (e—tpazydt2_ 
2i! Tv r 0 


Note that for s on I' and p>0, Re(—ips)20, so 
Re(e—ips)>0. But from the definition of the I'-function 
we know that 


‘ T'(u+1) 
qe 


0 


provided Re(a)>0, 


and w>—1, so the above integral is 


r(A+3) 2\3 Pi(s)ds 
7 i! (-) J (e—2ps)** : “90-3 ps 
v3 
x( ) ff Pus , 3ds, 
v I 


16 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, New York, 1953), p. 1575. 
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Fic. 2. Contour employed in the 
evaluation of the integral in 
Eq. (A-8). 











as e— 0. Thus we need only evaluate the indicated 
s integral. A convenient way of doing this is as follows. 
By Rodrigues’ formula, 


(—1)'sd\! 
( ) (1—37)! 
2'I! Ndz 


We can insert this in our integral and integrate by 
parts / times, noting that the integrand vanishes at the 
end points each time, and obtaining 


(—1)! P(A+/+3) 
fre: alte: 
2'I! r(A+3) 


x fia - 37)! 


P,(z) 


(—1)! T(A+/+3) 


a3! PAS) 


x g (1-w)'e HOF42)—Idiy 


the latter integral, completely around the unit circle, 
coming from the change of variable 2?=w. 
Now consider the integral 


f a-oe ldz=0, 


around the closed contour C of Fig. 2, under the 
assumption Re(a)>0, 120 and integral. The contribu- 
tion of the small circle vanishes as its radius — 0; z* is 
multiple-valued, and if we take it as real for z real and 
increasing from zero to 1, and recognize the integral 
over this interval as a beta function, we get 


g (1—2)'s*"dz 
2 l 


U; 


r(l+1)0(a) 
[enee— 4): 


(d+ 1 ta) 





Fic. 3. Region of ana 
lyticity of 7\,2'(c,p) in the 
c plane 


‘chenehahenahananenekeneed 
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This was established for Re(@)>0, but by analytic 
continuation clearly holds for any a not a negative 
integer. Then using 7+?-) = (—1)'el**+, we finally 
obtain 


r(A+3) 
- f ra 3dz 
. 


WAS A—3) 
r(A+/+1)P[— (A+/+2)/2] 
2" (I—d)/2] 


Xsin[3r(A+/+2) ]. (A-8) 
This is valid for \ nonintegral; however, the numerator 
contains a pole only if (A+/+-2) is an even integer, and 
in this case the zero from the sine cancels the pole, so 
by analytic continuation, it holds for all A, and thus 
establishes Lemma A-1. As we noted earlier, if p>0O 
and n>/—2, the FBT(/) of x” is zero if n=/ (mod 2). 
As can readily be checked, if /=0 (A-4) agrees with 
Lighthill’s result’? for the sine transform of x **', as it 
should. 

The simplest function of the form f(cx) which we 
wish to consider is xe~*. Its FBT(/) can be written as 
follows: 

Lemma A-2.—Let Re(c)20. Then FBT(/) of x*e~” 
is analytic in c for O0< |c| <p, and in this circle has the 
Taylor’s expansion 


2\! ” 
Ty42'(¢,p) = lim ( ) f e~ (etelryht27)( px)dx 
ev T 0 


“ Si(A+n+2) (—c)" 


(A-9) 


; 


p ae S 
n=O) pia n! 


which is clearly what would be obtained by transforming 
the series for x***e-@ term by term. 

Using the same integral representation as before, 
the x integration gives again 


r(A+3) 72\3 
—lim (-) f Pu) 
Coast) ri! - r 


X (e+c—ips)— ‘ds. 


Tr42!(c,p) 


Now for s on I’, the upper half of the unit circle, and 
p>O, (ips) is a point on the /eft half of the circle about 
the origin with radius p. Then for Re(c) 20, Re(e+c)>0, 
and so the integrand can have no singularities for c in 
the right half-plane, so T)42'(c,p) is analytic in ¢ in 
this region. In fact since (ips) is on the left half of the 
circle of radius p, the region of analyticity in c also 
includes the region |c|<|ps|=|p|, ie., a pocket of 
radius p about the origin in the c-plane, as shown in 
Fig. 3. Thus T(c,p) has a Taylor’s series in ¢ about 
c=0, with radius of convergence |c| =. 


17 See reference 13, p. 43. 
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We can find its coefficients by differentiating the 
above integral under the integral sign (which is justified 
since the integral is uniformly convergent in ¢ inside 
the circle of radius p), giving 


0 n 
0c 


(—1)* 2\} 
—lim ratn+s)(=) 


<P oye a 
| Pi(s)(e+c—ips) Otnt+3) qs, 
r 


Letting c and e > 0, we find as before, 


oe” 
0c 


which establishes the Taylor’s expansion given by 
(A-9). The radius of convergence R= p of this series is 
determined, of course, by the end points s= +1 of the 
contour I’. 

With the help of these two lemmas, we can readily 
obtain our desired result, the transform of the radial 
Coulomb wave function. 

Theorem A-1.—Let Re(b)>Re(a)>0, 
Re(d) < Re(c), p>0. Then 


Re(c) 20, 


Gy42!(c,d; p,a,b) = 


a. * n 
(-) f e(F Ore F(ab dx) ji( px) xrdx 
Tv 0 


» I(a+n)I'(b) 
n=0 (a) (b-+n)n! 


lim 
0 


Tyr4nto!(c,p)d” (A-11) 


» © T(atn)0(b) Sp \+m+n+2) (—1)™ 


5 tape cna". 
n— m0 I'(a)(b+n)n! prreranre m! 

(A-12) 
where 7,' is defined in Lemma (A-2) and S;(p) in 
Lemma (A-1). The region of convergence of the series 
is at least |c|<p/2, |d|<p/2 for c and d unrelated, 
but in the special case c=d, it is |c| <p. It converges 
to the given integral if Re(c) 20 and Re(c) 2 Re(d). 

It is clear from the expansion 


» V(a+n)I(d) 
F(ahdx) = —— (a), 
n=0 T'(a)(b-+n)n! 


and the definition of 7,', that the form (A-11) is 
exactly what one would obtain by expanding the 
confluent hypergeometric function (but not e~*) and 
doing the integral term by term. The final form (A-12) 
is thus exactly the double series which would result 
from expanding both e~* and F(a,b,dx) in powers of x 
and integrating the resulting double series term by 
term. 
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This result may be obtained by the use of the 
standard integral representation for the confluent 


hypergeometric function, 


I'(d) 1 
‘ f eftxyja 1(] — {)> a lt, 
l(a) (b—a) Jo 


valid for all x and for Re(6)>Re(a)>0. This repre- 
sentation is particularly convenient, for the x depend- 
ence of the integrand is exponential. Consequently, by 
doing the ¢ integration last, the other manipulations 
become very similar to those used in the proof of 
Lemma (A-2). Using the same integral representation 
as before for the spherical Bessel function, and recalling 
that the assumptions made guarantee that Re(e+c—d 
—ips)>0, we again do the x integration first : 


F (a,b,dx) 


I'(b) 


— lim 


Gyi2l(c,d: p,a,b) : : 
—0 T'(a)' (b—a) 


1 


xf rusvas f r 
| y 0 


r(b)r(A+3) 
— lim 
—~ T(a)r(b 


| 
xf Pisyas f {@-1({—{)’-e1 
r 0 


x (e+-c—td—ips)->*dl. 


a)Z 


(A-13) 


Since Re(e+c—td)>0 and Re(ips)<0, the integrand, 
and by uniform convergence the resulting integral, are 
analytic functions of d for Re(d)<Re(c), provided 
Re(c)20. Recalling that (ips) is a point on the left 
half of the circle about the origin of radius f, it is clear 
that, as in Lemma (A-2), we can use (A-13) as a 
means of analytically continuing this function of d 
into a pocket about the origin in the d-plane. All that 
is necessary is to be sure that no zeros of (c—td—ips) 
are encountered, which will be the case if we require, 
e.g., that |c—/d| <p. The simplest and most symmetric 
way of assuring this is to require that 


|d| <p/2, 


although this is clearly not the only set of regions 
which will do. If on the other hand we consider the 
special case c=d, then if we wish to guarantee that 
|c|(1—1)<p, we must clearly have |c| <p; 
it is this special case with which we shall be most 
concerned in our applications. 

In either case, the function at hand is thus seen to 
have a Taylor’s expansion in d about d=0, so again 


lc|<p/2 and 


lc—tc| = 
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we wish its derivatives at d=0. Differentiating n times 
under the integral sign, we obtain as before. 


i os 
( ) Gy42! (c,d; p,a,b) = 
Od 
hh T(b)TrA+n+3) ; 
— lim : (-) ff Pusyas 
0 T(@)r(b— a)2i! r 


1 
xf pote—1(4 —/)?-*-1(e-+-c—ld—ips)— Ot d1, 
0 


Letting d— 0, the ¢ integration conveniently becomes 
independent of the s integration. Recognizing it as a 
beta function, 


jotn—1(] — f)>-e-Igy = (A-14) 


f l'(a+n)0 (b—a) 
0 I'(b+n) 


we have 


rs) n 
(|) Gy+2!(c,0; p,a,b) 
od 


i (a+n)r @) 1 
~P(a)P'(b+n) 


tim —(- ) ne 
0 i! 


(A4+-n43 


XK (ete —ips is 
which by (A-10) gives just the stated Taylor’s series, 
(A-11). Either setting a=0, or a=} and c=0, repro- 
duces Lemma (A-2), and a=0, c=0 reproduces Lemma 
(A-1), as it must. 

Finally, the connection between Fourier-Bessel 
transforms and three-dimensional Fourier transforms 
enables us to state this theorem in terms of a three- 
dimensional Fourier transform, for the =d in 
which we are most interested: 

Theorem (A-2).—Let Re(b)>Re(a)>0, Re(c)20, 
and p>0. Then the following expansion of the Fourier 
transform of r*e~°TF (a,b,cr) V im(?) holds: 


Case € 


lim ( (29)- few ‘re—°TF (a,b,cr) V im (fe? '’r 
r (at+n)r (b) 


@ @ 


= iV in (P) 7. ~— 
m—) n=O |" (a) (b-+n)n! 


S(A\+m+n+2) ( 


—— os 


ptm n+3 ia 


m+n 


(A-15) 


The series converges for |c|<, and converges to the 
integral if Re(c)2>0. This is exactly the expansion 
which would be obtained by expanding both e~*" and 
F (a,b,cr) in powers of (cr), and integrating the resulting 
double series term by term. 
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APPENDIX B. INTEGRALS OVER FOURIER- 
BESSEL TRANSFORMS 


The purpose of this Appendix is to consider the 
Taylor’s expansion, in the parameter c, of a radial 
integral which commonly occurs in matrix-elements 
involving Coulomb wave functions, 


fra2(c; a,b) = tim f e~*¢-F (a,b,cx) FF (x)x%dx, (B-1) 
e+ 


0 


where F (a,b,z) is the confluent hypergeometric function, 
\>—2, Re(c)>0, and F(x) is such as to assure the 
convergence of the integral. In order that the Taylor’s 
expansion exist and can be found explicitly, we shall 
need to impose further restrictions on F(x) and its 
Fourier-Bessel transforms. Provided these conditions 
are satisfied, the Taylor’s expansion will be found to 
have exactly the form one would get by inserting the 
expansions 
o J" (a+n)r (b) 
F(a,b,cx) = > - ——(cx)", 
n— ‘(a)I( (b+n)n! 
2 (—cx)™ 
bd 


m=0 m ! 


r= 


and integrating the resulting double series term by 
term. 

The functions F(x) of interest here are bounded as 
«—> ©, but do not necessarily vanish there, so that in 
general we can take the limit « — 0 only after perform- 
ing the integration. Although we cannot actually do 
the integration without knowing the exact form of 
F(x), it is possible to transform it into an integral over 
the FBT(J)’s of the functions involved, and we shall 
then find, as in Appendix A, that we can let e— 0 
before performing this integration. The net result is 
that the coefficients in the desired Taylor’s expansion 
in c are obtained in terms of integrals over the FBT (/) 
of F(x)—a form which is particularly convenient in 
the problem at hand. 

We first need certain properties of these transforms. 
Let xf(x) be absolutely integrable on the interval 
(0,2); then we take as the FBT (J) of f(x) the function 


3 n 
gi(p)= (-) i) f(x)ji(px)xdx, 
T 0 


the 


(B-3) 


and under this assumption inversion theorem 


holds,}8 
2\! 
f(a)=(-) f gu(p)ju(px) pdp. 
T 0 


18 This is a special case of Hankel’s inversion theorem. See, 
e.g., Bateman Manuscript Project, edited by H. Erdelyi (McGraw- 
Hill Book Company, New York, 1953), Vol. IT, p. 73. 


(B-4) 
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Then by evaluating the double integral 


i pe pe 
( ‘) J f x*dxp'd pf'(x)g"(p) 
us 0 7) 


in two different ways, we immediately have the very 
useful Parseval’s theorem, 


f porpedsrar= f gi(p)gr(p)p dp, (B-5) 


0 


valid for all /, where g;'(p) and g?(p) are the FBT(J), 
respectively, of f!(«) and f?(x). 

It will actually be more convenient for us to use a 
slightly different form of this theorem. The integral 
(B-3) is ordinarily thought of as defining g;(p) only for 
p>0. However, we may take the same integral as 
defining its analytic continuation for p<0. and from 
the fact that j,(—«*)=(—1)4¥i(x), gi(p) then has a 
definite parity, 


gi(— p) = (—1)!gi(p). 


Consequently the integrand of the second integral of 
(B-5) is always even [independently of the properties 
of fi(x) and f*(x)], so we may rewrite Parseval’s 
theorem as 


x 


f P(x) f?(x)a*dx =} f gi(pe’(p)p'dp, (B-6) 


a form which will be convenient later, when we shall 
wish to deform the contour of integration to something 
other than the real p axis. 

Finally, if /'(«) and f*(*) are too divergent as x > « 
to have transforms, but e~“f'(x) and e~“/*(x) are not, 
we define 


2\! 
gai d=( ) f e~“f(x)ji(px)ardx,  (B-7) 
T 0 


and use Parseval’s theorem in the form 


ss 


lim lim f e~ (atedzfl(y)f?(x)a%dx 
aver J, 


x 


=lim lim 3 f gi(p; edgr(p; e)p'dp. (B-8) 


€,0 €2.0 


With these preliminaries established, we shall 
proceed, as in Appendix A, by considering the simplest 
examples of our desired theorem first. As in Appendix A, 
the essential difficulties occur even in the case c=0, 
i.e., when the confluent hypergeometric function of 
(B-1) is replaced by unity. We state the result for this 
case as a somewhat lengthy lemma: 

Lemma B-1,—Consider the integral 


A(\+2)= lim f COEF (a) dx: (B-9) 
t+ 


0 
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where (a) A>—2, (b) for] F(x)|dx exists, and (c) 
Gi(p), the FBT(/) of F(x), possesses all its derivatives 
everywhere on the real p-axis, and G;""(p)=O(p~™) as 
|p|— ~, for all m and /. If in addition m is the next 
integer larger than A+2, so that m—1<A+2<m, the 
integral (B-9) can be transformed into the integral 


r(A+3—m) 


A(A+2)=A(A+2; m) =S,(4+2) 
r'(A+3) 


xt f Gs ™)(p)Le(p) |'+mpm d 3d p, (B-10) 


a 


valid for all 7, where S,;(A+2) is the function given by 
Eq. (A-5), Gi(p)=p'Gi(p), and e(p) is the usual step- 
function, +1 for p>0 and —1 for p<0. 

The interpretation of the integral in (B-10) is 
straightforward for \ not integral, for the singularity 
is then integrable ; if we impose the additional restriction 
that \>/—2, we may take the limit \ + m—2 (m>1) 
and find 


iT (1+-m+1)TL—3 (+m) ] 
A,(m;m)= ~ 
(2r)!2‘"P (m+ 1)P04 (1—m-+-2) ] 


ra.™ (0), 


(l+-m) even 


x: Y - (B-11) 
=i f [Gi™ (p)/pldp, (/+-m) odd, 


where the last integral is to be interpreted as a principal- 
value integral. Finally, if F(x) does not possess the 
requisite properties but e~**F (x) does, the lemma holds 
with Gi(p) replaced by Gi(p; 6), as in Eq. (B-7). 

This lemma by itself would appear to be rather 
uninteresting, especially as the integrals (B-10) and 
(B-11) are considerably more complicated than the 
original one, (B-9). Its purpose, however, just as in 
Appendix A, is to establish a theorem for the special 
case in which the integrand is simply 2°¥ (x); then 
when we prove a similar theorem for a more complicated 
integrand, say W(x)F (x), where W(x) has a Taylor’s 
expansion valid for all x, we will be able to decide 
easily whether or not the same result would have been 
obtained by inserting this Taylor’s expansion and 
integrating term by term. 

The lemma is proved by the use of Parseval’s theorem 
in the extended form (B-8); we shall assume for 
simplicity that F(x) is convergent enough not to 
require a convergence factor, but x**? clearly does. To 
find the FBT (Z) of x*, we shall, as in Appendix A, use 
an integral representation for j;(x), but in this case it 


’ 


will be more convenient to choose the straight-line 
contour of (A-6) rather than the semicircle of (A-7). 
Then just as in the proof of Lemma (A-1), the FBT (J) 
of x*e~@ is 
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2\! 7” 
( ) J e~ x 7,( px)x*dx 
T 0 
2\'rA+3) 7! 
-(-) >: — f P,(x)(e—ips)~—“*ds. 
vs 2i' 


Z sf 
If we now note that, if m is any positive integer, 
r'(A+3) r(A+3—m) sd \"™ 
inthe . Brie ( -) (e—tps)*"*, (B-12) 
(e—ips)**8 (is)™ dp 


we can write the FBT (l) of e~*x 


2\'raAt+3—m)sd\" 7! 
(-) es ( ) f P,(s)s-™ 
- Q(t) dp = 


X (e—ips)™ ids, 


as 


(B-13) 


a form which will be useful later. In applying Parseval’s 
theorem, (B-8), the assumption that G;(p) has all its 
derivatives allows us to do the p-integration by parts, 
thus transferring the derivatives to G,(p). The choice 
of m is of course important; we take it to be the next 
integer larger than A+2, so that —1<m—\A—3<0. 
Then the assumed behavior of G;\(p) as p— 
assures that we get no integrated terms from the 
integration by parts. Because of the factor p? which 
appears in the Parseval theorem integral, it is con- 
venient in doing the integration by parts to define 


Gi(p)=p'Gi(p). (B-14) 


Then we find, using (B-13), 


nD 


AQ+2)=lim f e~@F (x)x?dx=A,(A+2; m) 
0 


0 


r(A+3—m) 1 
= lim ———— (1 f ap f ds 
e+) 2(2r) ui) " bi 


x Pi(s)s-™(e—ips)™™ °3Gi™ (p). (B-15) 


Taking the limit under the integral sign, the singularity 
in the p integral is integrable, and the s integral becomes 


1 
ham f P,(s)s-™(—ips)™->*ds, — (B-16) 
= 


the evaluation of which is the core of our proof. It 
appears at first sight to be divergent, but we shall find 
by explicit evaluation that it is not. 
Note first that for x real, 
(ix)*= |x| e*(a/2)a€ (=) 


(B-17) 


where e(x)=+1 for x>0 and —1 for x<0, so that, 
since p and s are real, 


(—ips)*= | ps|*Lcos}ma—ie(p)e(s) sindra]. 
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Consequently the integral is 


1 
Tim (p) = jal f P,(s)|s|>-° 
1 
X {Le(s) ]" costa(m—d—3)—ie(p)[Le(s) 
Xsin}a(m—dA—3)}ds. 
Using the fact that P;(—s)=(—1)'P:(s), we have 
Tim*(p) = 2| p|™—>—* cosa (m—A—3) 


1 
x f P,(s)s~—*ds, (m+) even 
0 


| (B-18) 
= —2i| p|\™>—e(p) singa(m—A—3) 


1 
xf P,(s)s>—*ds, (m+) odd. 


An argument entirely analogous to that used in 
establishing Eq. (A-8) gives the result, 


l 
f P,(s)s>—ds 


(—1)! PAA+/4+-3)r[—3(A+/42)] 
=——— —_—_______—,_ (B-19) 
2H r(A+3)r[4(/—d)] 


valid for all nonintegral X. 
If we now note that 
cos}a(m—A—3)=i"*! singe (A+), (m+/) even 
and 
sinda(m—A—3)= —iXi"t! singa(A+/), (m+1) odd, 
we find, comparing with Eq. (A-5), 
(2a) m+) (— 1)! 


r(A+3) 





Tim (p) = 


: 1, (/+m) even 
X5,(A+2) |p|" (B-20) 


—e(p), (+m) odd. 


Inserting this in (B-15) gives the stated result (B-10). 

Finally, in order to take the limit \— m—2, an 
integer, we must impose the further restriction that 
m>l; for as \ approaches a positive integer, one of the 
I functions in the numerator of S;(A+2) can have a 
pole, and only if \>/—2 does another pole occur in the 
denominator to cancel it. Fortunately, in Coulomb 
functions it is true that A>/—2. 

If (+m) is odd, the limiting process is simple, for 


lim f G(pe(p)|p|ap= f G(p)p dp, 


where the result is a principal-value integral. 
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If (+m) is even, the factor sin}a(/-+A) in S:(A+2) 
tends to zero as \— m—2; in this case it can be re- 
written as 


sina (A+/)=7'*™ sinda(m—A—2), 


and we note that 


ae sin 
lim f coe 


Provided G(p) is differentiable for all real p, the 
evaluation of the second limit by integrating by parts 
gives just rG(0). Inserting these limits and using the 
definition (A-5) of S:(A+2), as well as 


rdp=lim 33 f Sty 


ee? 


sin} (m+1) = — imi, 


for (m+/) odd, we obtain the limiting form (B-11) for 
A,(m;m), provided m>]. 
With these results established, the rest is easy. The 
next most complicated function to consider is x,e~*: 
Lemma B-2.—Let the conditions of Lemma B-1 hold. 
Then if in addition G;(p) is analytic in a region | p| <R,, 
for some R;>0, and Re(c) 20, the expansion 


Bus(slim f e~ *ye-@F (x) x2dx 
— 0 


a n 


at Lota 2 


n=O 


(B-21) 


holds, for any /, in that part of the region |c| <R; for 
which Re(c)20. By comparison with Lemma (B-1), 
this is just the expansion one would obtain by expanding 
e~* in powers of (—cx) and integrating term by term. 

Proof.—Since the FBT (2) of e~ “tx, for Re(c) 20, 
is, as in (B-12) and (B-13), 


pe ; 
. 21! = 
tT(A+3—m) ‘ 
-(-): 2 (=) f P,(s)s-™ 
r Qltm dp = 


X (e+c—ips)™ “ds 


Pi(s)(e+e—ips)“*d 


Parseval’s theorem allows us to write the integral of 
(B-21) in either of the two forms 


'(A+3) 
op f dsPy( 


By42(c) = lim ——— 
<0 2(2m) it! 
X (e+c—ips)—*p°Gi(p) 
(A +3—m) si l 
(-on f ap f a 
ve) 1 


= lim 
x P,(s)s—™(e+c—ips)™“G,™ (p), 


(B-22a) 


<0 2(Qm) item 


(B-22b) 
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We wish to establish the analyticity (in c) of 
By+2(c) in a region about c=0, in order to prove that it 
has a Taylor’s expansion about the origin. Under the 
assumed conditions of F(x), the integral of (B-21) is 
not necessarily convergent for Re(c)<0, so it cannot 
serve as a means of analytically continuing B(c) into 
the left half-plane. The definition (B-22a), on the 
other hand, can provide the continuation. 

To see this, we must first know something about the 
singularities of the integrand, 


1 


fps f Pus\(ebeip)-M, 


-1 


which results from doing the s integration. Since P;(s) 
is a polynomial, the singularities of f(p,c) are simplest 
to locate by considering the terms of the Legendre 
polynomial separately. We can do the integral 


f 


s” 
— 


(at+ps 5p) A+S 


by integrating by parts m times, the final integral 
having the form 


1 l 
-- f (a+ ps)"—*—*ds 
p* 7-1 


n—-rv\—2 


=———[(a+p)"*— 


pn 


(a—p)"-* *), 


Since n</, this has a pole at p=0 of order at most 
(l+1), and possibly also poles at p=-ta. It is clear 
that the integrated terms resulting from the integrations 
by parts are of a similar form, so that f(p,c) has 
singularities at only these three points. Further, it is 
not difficult to see that any FBT (J) has a zero of order 
l at p=0; consequently p°G,(p) has a zero of order 
(l+-2) there, which cancels the poles of all the terms of 
f(p,c) at p=0. 

After the s integration is performed, then, the 
integrand of the integral, considered as a function of 
c, has singularities only at e+c=-+7p, and these occur 
in separate (additive) terms. Consider first that part 
whose singularity occurs at e+c=+ip. Since Re(e+c) 
>0 if Re(c)20, this part of the integrand is analytic 
in c for any p such that Re(ip)=—Im(p) <9, i.e., for 
any p not in the lower half of the  plane—in particular, 
for p real. But it is also analytic in p in this region, 
provided G;(p) is analytic there. If in particular G;(p) 
is analytic for |p| <R:, then this part of the integrand 
is analytic in p in the shaded portion of the p plane 
shown in Fig. 4, of radius p< R), and we are then free 
to deform the contour of integration from the real p 
axis to the contour of Fig. 4. But |p| 2p: everywhere 
on this contour, so this part of the integrand can have 
no singularity whenever |c|<p,<R, (for «— 0), and 
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Fic. 4. Contour employed, 
in the p plane, in the evaluation 
of Bys2(c). 














we thus have the analytic continuation of this part of 
the integral into the left half of the c plane, in the 
pocket |c|<p:<R,, i.e., the region similar to the 
shaded part of Fig. 3, of Appendix A. Similarly, the 
part of the integral whose integrand is singular at 
e+c=-—ip can be analytically continued into the same 
region by deforming the p contour into the lower half 
of the p plane, and in this way we have established the 
fact that By,2(c) has a continuation which is analytic 
in a region |c| <R, about the origin. Thus it must have 
a Taylor’s series, which we can find most conveniently 
by differentiating (B-22b) under the integral sign. 
Using the fact that 
d —id 


(etc ips) 
dc 1s dp 


(e+c—ips), 


we may transform c derivatives into p derivatives, 
and then transfer them to G,(p) by integrating by parts, 
so the result of differentiating (B-22b) m times is 


r(A+3—m) 


Byy2 (ce) = lim ————(—1)" 
0 2(2Qmr) ij (mtn) 


£ l 
xf ap [ dsP;(s)s-™—" 
a —1 


XK (e+o—ips)™ 7G," (p).  (B-23) 


But, setting c=0, we see by comparison with Eq. 


(B-15) that 


Byy2™ (0) = (—1)"A ,(A+n+2; m+n) 
=(—1)"4(A+n+2), 


so that the Taylor’s expansion of By,2(c) is 


D (—c)" 
Byy2(oc)=> A(A+n-+2) gies 


n= n! 


the radius of convergence, R;, being determined by the 
position of the singularity of G,(p) nearest p=0. 
(Since the Taylor’s expansion is actually independent 
of 1, we may conclude that R; is the same for all /.) 

In terms of these Lemmas, the last generalization is 
straightforward: 

Theorem (B-1).—Let the condition of Lemma (B-2) 
hold, and in addition suppose Re(b)>Re(a)>0, 
Re(c)20, Re(d)< Re(c). Then we have the following 
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double series expansion : 


x 


Dy+2(c,d; a,b) = im f e~ *ye-*F (a,b,dx) F(x) a°dx 
0 


«0 
2 T'(a+n)I'(6) 


~ < »(c)d" 
n=0 (a) (b+n)n! 


) 
Pr4-n+ 


» I'(a+n)I'(bd) 


a> ———— 
n=0 m=0 (a) (b-+n)n! 


m 


cnn", 


(— 


XA (A+m+n-+ 2) (B-25) 


m! 


where F'(a,6,z) is the confluent hypergeometric function. 
The region of convergence is at least |c|<R/2, 
\d| <R/2, for c and d unrelated, and is {c|<R if 
c=d; R is defined as the smallest distance from the 
origin of a singularity of G,(p). The series converges 
to the integral wherever the integral exists, i.e., at 
least for Re(c) 20, Re(d)< Re(c). 

The single series (B-24) is seen, by the definition 
(B-21) of By(c) and the expansion (B-2) of the con- 
fluent hypergeometric function, to be the result one 
would obtain by inserting this expansion and inte- 
grating term by term. The form (B-25) then follows 
from Lemma (B-2), and as in Appendix A is the result 
which would be obtained by expanding both F(a,b,dx) 
and e~* in powers of x and integrating this double 
series term by term. 

By employing the integral representation 


(bd) . 
F (a,b,dx) = - f ettxja—1(] — /)b-a—-lqy 
(a) (b—a) Yo 


in which the « dependence is exponential, the proof of 
this theorem becomes very similar to the proof of 
Lemma (B-2). Since by assumption Re(e+c—dt—ips) 
>0, we can use a slight generalization of (B-12) and 
(B-13) to find the FBT(/) of the first factor in the 
integrand. Using Parseval’s theorem and differentiating 
under the integral sign m times with respect to d, we 
find, as in (B-23), 


ox," 
( ) Dy42(c,d; a,b) 
Od 


(—1)"""1T (6) (A+3—m) 
lim - 
0 2(2r) ti tet oT (a) (b—a) 


L 1 1 
xf ap [ as f di P(s)s-"™-" 
x 1 0 


X (e+ce—dt— ips)" Gy" (p) 


XK eetr-1(1—f)'-2-!,  (B-26) 
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For n=0, this can be written in a form analogous to 
Eq. (B-22a). By again distorting the contour of the p 
integration to that of Fig. 4, with a semicircle of 
radius R, we can use this form to analytically continue 
(B-26) as a function of d from the region Re(d) < Re(c), 
for Re(c)20, to include a pocket about d=0. As in 
the proof of theorem (B-1), singularities in d are 
avoided if we require |c—di|<R, since |p|2R on 
the new contour, and this can be accomplished (for 
0<t<1) by requiring, e.g., that |c| <R/2, |d| <R/2 if 
c and d are unrelated, or |c| <R if c=d. 

By this means we see that D)+2(c,d; a,b) is analytic 
in d in a region about the origin and thus has a Taylor’s 
expansion in d. The coefficients may be found from 
(B-26), which is valid for Re(c) 20, Re(d)< Re(c), by 
setting d=0. The /-integration then separates from the 
other two, and by comparison with (B-22b) we see that 


0 n 
( - ) Dy4.2(c,0; a,b) 
od 


I'(b) l 
= Byyny2(c) § fotn—-1(J— pbaldy 
l(a)’ (b—a) Yo 


T(a+n)I(b) 
= By no(c) ; 
(a) (b+) 


using Eq. (A-15), and this establishes the expansion 
(B-24). 

Finally, the form of the matrix element for the 
emission or absorption of a photon, to which we wish 
to apply this theorem, requires that we state it in a 
slightly more general form. We need first the definition 
of G(p), the three-dimensional Fourier transform of 


F(r): 
G(p) = (27) if Pine Psy, 


The inverse theorem is then 
F(r) = (27) f Giperap, (B-28) 


and the form of Parseval’s theorem which we need is 


Prine k-P,(p)d¥y= fanee k—p)d*p.  (B-29) 


Furthermore, if /'(r) has the ‘partial wave” form, 
F(r)=filr) V in(F), 
its Fourier transform is 


G(p) =1 'g1(p) V im(p), (B-30) 
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where g,(p) is exactly the FBT(/) of fi(r), as defined 
above. Consequently, in this special case, Parseval’s 
theorem takes the form 


fro V im(f)e"* F (r) dr 


=i f gil p)Gin(k,p) p’dp, (B-31) 


0 


where gi(p) is the FBT(/) of fi(r), G(p) is the three- 
dimensional Fourier transform of F(r), and 


Gin(k,p) = fa, V im(P)G(k—p). (B-32) 


Thus we have reduced the right-hand side of (B-31) to 
a one-dimensional integral; using this as a basis, we 
can readily prove the following generalization of 
Theorem (B-1), for the case c=d in which we are most 
interested. 

Theorem (B-2).—Let the following conditions hold: 
(a) A>l—2; (b) F(r) is absolutely integrable over all 
space and has the Fourier transform G(p); (c) Gim(k,p) 
= SG(k—p)V im(p)dQ,; (d) Gim(k,p) possesses all its 
derivatives with respect to p everywhere on the real p 
axis, for R>O, and d"Gin/dp"=Gim™ (k,p)=O(p) as 
|p| — ~, for all n, J, and m, and for k>0; (€) Gim(k,p) 
is analytic in p, for O< | p|<R(k) for all J, and for 
k>0; (f) Re(b)>Re(a) 20; Re(c) 20. Then 


e—0 


im f ¢ r\e—°F (a,b, cr) V m(f)e* *F (r)d*r 


T'(a+n)I'(b) 


a t 


(EP Ze de 
n=0 m=0 (a)l(b+n)n! 


(=) 
XA (A+m+n-+2) cmtn 


m! 


(B-33) 


where F (a,b,z) is the confluent hypergeometric function, 
and A(A+m-+n-+2) is defined just as in (B-10), but 
with Gin(k,p) substituted for G:(p). The series con- 
verges for |c|<R(k), and converges to the stated 
integral wherever the integral exists, i.e., at least for 
Re(c)20. If we set c=0, the series reduces to the 
single term m=n=0, and from the result for this 
case we see that (B-33) is just the series which would 
be obtained by expanding both e~*’ and F(a,b,cr) in 
powers of (cr) and integrating the resulting double 
series term by term. 

To prove this, we note that by (B-31) the integral of 
(B-33) can be transformed to : 
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(—1)"T(6)P(AA+3—m) f* 
(+) ————— -—— =f ap [ as f dt 
0 2(2n)i4~P(a)(b—a) J_, I, do 
X Pil(s)s ™(e+c—cl—ips)™—“*Gim™ (k,p) 
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(B-34) 
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by the same manipulations as were used to obtain 
Eq. (B-26). But except for the factor (—1)', this is 
identical with the integral of (B-26), with n=0, c=d, 
and G,(p) replaced by Gim(k,p). Consequently the 
remainder of the proof follows identically the proof of 
Theorem (B-1). 
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Scattering of 18-Mev Alpha Particles by C*, O'', and S*7 


J. C. Core u,* E. BLEULER, AND D. J. TENDAM 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received July 15, 1959) 


The scattering of 18-Mev alpha particles by gaseous C;Hs, O2, and HS targets was studied with a 
multiplate scattering chamber. The elastic angular distributions exhibit the diffraction-like pattern typical 
of light elements. Carbon and oxygen show a sharp rise above the Rutherford cross sections at the backward 
angles, with values ¢/cr of 660 for carbon and 350 for oxygen near 173°. A good fit to the angular distri- 
bution for inelastic scattering leading to the first excited state of C'™ (4.43 Mev, 2*) is obtained using a 
[j2(qR)} dependence with R=5.5X10~" cm. No direct-interaction analysis is possible for the alpha- 
particle groups corresponding to the 7.65-Mev and 9.61-Mev levels in C and to the excited states of O* 
up to the 8.87-Mev level. All these distributions show strong forward peaking. In the case of inelastic 
scattering by S* (0 = —2.44 Mev), an interaction radius of 6.5 10-" cm can be deduced from the angular 
distribution, though the agreement with [/2(gR) } is rather poor. A summary of elastic scattering results 
for elements in the range from Z=6 to Z=47 is presented. Expressions for the second-order geometry and 


the multiple-scattering corrections are given. 


I. INTRODUCTION 


HIS investigation is part of a program to study 
the scattering of 18- to 19-Mev alpha particles 
by light and medium-heavy nuclei. The scattering 
cross sections of Ne, Al, A, Cu, and Ag have been 
discussed in earlier reports.'~* In the present study, C, 
O, and S were investigated. The carbon and oxygen 
targets were chosen because the elastic cross section 
for neon had shown a significant rise at large angles 
and it seemed desirable to check this trend at lower Z. 
Sulfur was included as one of the heavier na-type nuclei 
and because it was hoped that eventually an accurate 
theory might allow the determination of the nuclear 
deformation from the angular distribution of the 
inelastically scattered alpha particles leaving S® in its 
first excited state.‘ 
With the present measurements, a fairly complete 
survey of the elastic alpha-particle scattering at 18 to 


¢t Work supported in part by the U. S. Atomic Energy Com- 
mission. This article is based on a doctoral thesis submitted by 
J. C. Corelli to the faculty of Purdue University. Preliminary 
reports have been given in Bull. Am. Phys. Soc. Ser. II, 2, 34 
(1957), and Ser. II, 3, 199, 200 (1958). 

* Now at Knolls Atomic Power Laboratory, Schenectady, New 
York. 

1E. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955). 

2 Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 682 (1958); 
(references to earlier work are cited therein). 

3 Gailar, Bleuler, and Tendam, Phys. Rev. 112, 1989 (1958). 

4S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) A68, 
656 (1955). S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. 
(Kyoto) 14, 1 (1955). 


19 Mev is now available in the range of elements from 
Z=6 to Z=47. 


II. EXPERIMENTAL PROCEDURE 


The experimental methods used were essentially 
those described by Seidlitz et al.2 The external alpha- 
particle beam of the 37-inch cyclotron was focused by 
means of a magnetic quadrupole lens into a 19-inch 
diameter scattering chamber and collimated within a 
cone of 0.56° half-angle before passing through the 
target. The beam was collected by a Faraday cup and 
measured with an integrator of the type designed by 
Higinbotham and Rankowitz.6 The maximum error in 
the number of incident alpha particles is 1.5%. The 
average incident alpha-partcle energy was obtained, 
with an estimated maximum error of 1%, by measuring 
the mean range in aluminum.® 

The target materials used were reagent grade propane 
(C3Hs), oxygen (O») and hydrogen sulfide (HS), and, 
for one auxiliary run, a polyethylene foil. The gases 
were contained in a brass target cell with a }-mil thick 
Mylar window, described in detail by Corelli et al.7 The 
metal parts of the target cell did not obstruct the paths 
of particles scattered in the range of angles from 10° 

5W. A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 
688 (1951). 

6 Gailar, 
126 (1953). 

7 Corelli, 
(1957). 


Seidlitz, Bleuler, and Tendam, Rev. Sci. Instr. 24, 


Livingston, and Seidlitz, Rev. Sci. Instr. 28, 471 
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to 170°. For all gas targets the absolute pressure used 
was nominally 10 cm Hg; it was measured to within 
+0.05 mm by means of a mercury manometer using a 
cathetometer. The temperature of the gas was measured 
to +0.1°C with a thermometer which was kept in 
thermal contact with the base of the target cell. 

Scattered alpha particles were selected at 63 angles 
by means of an analyzing slit system (see Fig. 1). The 
nominal scattering angles were spaced 2.5°, the slits 
allowed maximum deviations of 0.96° from the nominal 
angles (in the nominal scattering plane). The slit 
system was checked for inhomogeneities by measuring 
the relative transmission of alpha particles from a Po 
source through each slit, at six different positions along 
the slit. The corrections for slit-width variations which 
have been applied to all data to be presented amounted 
to only 1% to 5%. 

The scattered particles were detected in 63 nuclear 
track plates, 1X3 inch, with 100-» Ilford E-1 emulsion. 
Particle discrimination between scattered alphas and 
reaction protons and deuterons was accomplished by a 
differential development® and fading technique? 

In order to measure track lengths rapidly, specially 
constructed eyepiece reticles were used. These consisted 
of rectangular arrays of 100 vertical divisions with the 
fifth and tenth lines accented, which in the field of view 
appeared as a miniature ‘‘football field” with each yard 
marked off by a stripe. A stage micrometer calibrated 
with an Abbe comparator was used to obtain the 
number of microns per division. The scale height which 
defined a scan width was equivalent to 70 divisions and 
was known to better than 0.5%. 

A monitor counter was installed at 34° in order to 
measure the spectra of particles scattered by the target 
during the exposure of the plates. Particles scattered 
into the monitor were detected by a scintillation counter 
consisting of a thin CsI(Tl) crystal directly coupled to 
a Dumont-6292 photomultiplier. The resulting pulses 
were delivered to a 20-channel analyzer. The main 
purpose of the monitor was to check the target content 
for the possible appearance of contamination peaks. In 
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Fic. 1. Scattering geometry in the nominal scattering plane. 


8 Roberts, Solano, Wood, and Billington, Rev. Sci. Instr. 24, 
920 (1953). 
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Fic. 2. Range distribution of alpha particles scattered by carbon. 


addition to this it served as a check on the proper 
operation of the current integrator. 


Ill. ANALYSIS OF DATA 
1. Alpha-Particle Spectra 


For each plate a track-length distribution was 
plotted and the groups were correlated with the various 
levels of the scattering nucleus. The ranges of scattered 
alpha particles in the emulsion always agreed very well 
with the values calculated using the range-energy curve 
given by Rotblat.’ In Fig. 2 is shown a typical histogram 
of the range distribution of alpha particles scattered 
by carbon into the 32.5° plate. The groups easily 
resolved correspond to the scattering of alpha particles 
from the ground state (0+), the first excited state at 
4.43 Mev (2+), the second excited state at 7.65 Mev 
(O+), and the third excited state at 9.61 Mev (?) exci- 
tation energy. The excitation energies, spins, and 
parities were taken from the review article of Ajzenberg 
and Lauritsen.” 

Figure 3 shows the range distribution of alpha par- 
ticles scattered by the gaseous oxygen target into the 
60° plate. In addition to the elastic group (I), we 
obtain groups from the unresolved doublets of the 1st 
and 2nd excited states at 6.06 and 6.13 Mev, (II) and 
of the 3rd and 4th excited states at 6.91 and 7.12 Mev 
(III). Also present, though less well isolated, is the 
level at 8.87 Mev (IV),!-? which is definitely in evi- 
dence on all plates up to 75°. 

Figure 4 shows the spectrum of alpha particles scat- 
tered into the 167.5° plate together with the spectrum 
of particles scattered into the monitor (at 34°) when 
hydrogen sulfide was bombarded with alpha particles. 
A small amount of air contaminant is present as is 
evident from the elastic peaks from N™ and O'* in 
both the nuclear plate and monitor. However, since 


9 J. Rotblat, Nature 167, 550 (1951). 

10 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). ‘ 

1! W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955). 

12 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 
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Fic. 3. Range distribution of alpha particles scattered by oxygen ; 
E,=18.3 Mev, Oia, = 60°. Note. “Range (u)” at the bottom of the 
figure should read “Range (yu, microns).” 


the cross section for the elastic scattering of alpha 
particles by oxygen had been measured, the amount of 
contaminant could be computed (16.5%) and sub- 
tracted in obtaining the final absolute cross sections. 
The presence of the contamination peak did not warrant 
analysis for excited states of S® higher than the first 
at 2.24 Mev (2+). The elastic peak from sulfur in the 
monitor [ Fig. 4(a) ] was observed to be constant (per 
unit of charge collected in the Faraday cup) during the 
whole run, indicating that the decomposition of the 
H.S by the beam was negligible. 


2. Calculation of Cross Sections 


If Y(@) is the number of scattered particles in a par- 
ticular group, obtained by scanning the length of the 
plate over a swath width A, an uncorrected differential 
cross section &(@) is calculated from the formula 


NnAwh 
Y (0) =————a (8). (1) 
HAR sind 


The true cross section o(@) is given by 
6(0)=0(0)(1+4,+4,,). (2) 


The geometric quantities 7, R, w, and 6 are shown in 
Fig. 1, N is the number of scattering nuclei per unit 
volume, m the number of alpha particles that traversed 
the target. The correction terms A, and A,, which 
account for the effects of finite geometry and multiple 
scattering are derived in the Appendix. These cor- 
rections were applied to all elastic scattering data. The 
relative derivatives of the true cross section, o’/o and 
o”’/o, needed for the calculation of A, and A», were 
approximated by the relative derivatives of the uncor- 


-//- 


rected cross section, ¢’/¢ and @”/é, except near the 


deep minima. In order to obtain @’ and ¢”’ each peak 
in the angular distribution was expressed by a power 
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series in sin(@—@max) with coefficients determined by a 
least-squares fit. The total corrections (Aj+A,) thus 
calculated were always less than 4%. Near the deep 
minima, a parabolic dependence of the true cross 
section on angle was assumed and its parameters were 
determined from the experimental values of 6. Dif- 
ferences up to 30% between o and & were found in the 
backward minima for C and O, where the energy of 
the scattered alpha particles is small, causing a large 
mean square multiple-scattering angle. 

The nominal scattering angles, 0, i.e., the angles 
between the collimator axis and a line passing through 
the centers of the detector slits, were known within 
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Fic. 4. Scattering by H2S. (a) Pulse-height distribution in CsI 
monitor at 6=34°. Note the peak due to elastic scattering from 
N, O contamination. (b) Range distribution in the 167.5° plate. 
Since the cross sections of N and O are very high at large angles, 
an accurate determination of the contamination is possible. 


(.05°. A possible zero shift due to nonaxial passage of 
the beam through the collimator was checked with the 
aid of two symmetrically located plates (at 20° left and 
right). The cross sections measured by these two plates 
differed by an amount which could be attributed to 
zero shifts of 0.1° for all experiments. No correction was 
applied to the scattering angle or to the intensity since 
it would have been small and uncertain, because the 
asymmetry could arise from shifts of both the position 
and the direction of the most intense part of the beam. 

Possible systematic errors of the number of tracks 
counted, Y (6), are due to the analysis of neighboring 
groups and to the treatment of the background between 





SCATTERING OF 
the prominent groups (see Figs. 2 and 3). Though most 
of it probably arises from inelastic scattering by the 
rarer isotopes, part of it may be due to alpha particles 
that are degraded in energy by scattering in the beam 
pipe and the collimator and then elastically scattered 
in the target. The degraded beam would be measured 
in the current integrator, contributing to m in Eq. (1), 
whereas the scattered particles would not be counted 
in the main groups and would not contribute to Y (6). 
The value of ¢(@) obtained, then, would be too low. 
The error may be as high as 3% for the elastic groups. 
The statistical errors of the number of tracks counted, 
Y (0), is 5-6% for the elastic groups with few exceptions 
where the intensity is very low. The statistical errors 
for the inelastic groups are indicated in the graphs of 
the cross sections. 

All data to be presented in the following section have 
been transformed to the center-of-mass system. 
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Fic. 5. Elastic scattering of 18.0-Mev and 18.5-Mev alpha par- 
ticles by carbon. 


IV. EXPERIMENTAL RESULTS 
1. Elastic Scattering 


The angular distribution for the elastic scattering of 
18.0- and,18.5-Mev alpha particles by carbon is shown 
in Fig. 5. For scattering angles less than or equal to 
156° the target used was propane (C3Hs). For these 
data the incident energy (at the center of the gas 
target) was 18.0 Mev. At larger angles the scattered 
alpha particles, having lost a large fraction of their 
energy in the collision, did not emerge from the gas 
cell. Hence in order to examine the scattering from 
these angles a 0.38+0.020 mil polyethylene foil’® was 
used as the target in a second run. In this case only a 

13 Kindly supplied and prepared for us by Bakelite Company, 
Division of Union Carbide Corporation, Bound Brook, New 
Jersey. 
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Fic. 6. Elastic scattering of 18.0-Mev, 31.5-Mev, and 40-Mev 
alpha particles by carbon. Rutherford cross sections. 
Note the different scales. 


single outer ring of a new analyzing slit system was 
used to define the scattering particles. The mean 
energy in the target was 18.5 Mev. In the region where 
the two runs overlap, the cross sections found agree 
very well. 

Figure 6 shows the angular distribution for elastic 
scattering of alpha particles by carbon at various 
incident energies. Included are measurements made by 
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Fic. 8. Elastic scattering of 18.1-Mev alpha 
particles by sulfur. 


Watters (MIT), and by Igo, Wegner, and Eisberg’® 
(Brookhaven), using incident alpha-particle energies 
of 31.5 Mev and 40 Mev, respectively. The comparison 
of the three angular distributions shows in general the 
expected similarity of the patterns with a shift of the 
diffraction minima to smaller angles as the energy is 
increased. The rather anomalous behavior in the cross 
section observed by Watters from 60° to 80° does not 
appear at our energy nor does it appear at 40 Mev. This 
peculiarity may be characteristic of the incident energy, 
in which case the theoretical interpretation would 
appear to be difficult. In our distribution the strong 
upward shift in the pattern for ¢>100° is very re- 
markable. At ¢=173° the ratio of the experimental 
cross section to the (18-Mev) Rutherford cross section 
is ¢/t¢r= 600. 

The differential cross section as a function of scat- 
tering angle for elastic scattering of 18.3-Mev alpha 
particles from oxygen together with the Rutherford 
cross section is given in Fig. 7. The similarity between 
this angular distribution and that of carbon is evident. 
At an angle of 172.5° the ratio ¢/on=350. 

The angular distribution for elastic scattering of 


4H. J. Watters, Phys. Rev. 103, 1763 (1956). 
15 Igo, Wegner, and Eisberg, Phys. Rev. 101, 1508 (1956). 
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18.1-Mev alphas by sulfur is shown in Fig. 8. The ap- 
pearance of the diffraction pattern resembles closely that 
measured by Seidlitz? for the scattering of 18-Mev alpha 
particles by argon. Beyond about 20° the cross section 
is always smaller than the Rutherford cross section 
except at 172°. 


2. Inelastic Scattering 


For carbon, angular distributions for the inelastically 
scattered groups II, III, and IV (Fig. 2) were obtained. 
Figure 9 shows a comparison for group II, which leaves 
C” jn its first excited state (2+) at 4.43 Mev, with 
measurements by Watters at 31.5 Mev. The two dis- 
tributions are similar, with the expected contraction of 
the pattern at the higher energy. The cross sections at 
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Fic. 9. Inelastic scattering of 18.0-Mev and 31.5-Mev alpha par- 
ticles by carbon (Q= —4.43 Mev). 


the maxima are 2 to 4 times higher for 18.1-Mev than for 
31.5-Mev alpha particles. Applying the simplified formu- 
las of the various direct-interaction theories,#!®!7 an 
attempt is made in Fig. 10 to fit the angular distribution 
with the function [ j2(gR) P where q is the magnitude of 
the change in wave vector of the system and X an inter- 
action radius. A fair fit is obtained for R=5.5X 107% 
cm. 

For group III (Q= —7.65, 0* state of C”), the angular 
distribution at 18.0 Mev is rather different from that 
at 31.5 Mev, though it shows the same forward peaking 
(Fig. 11). Watters’ curve agrees fairly well with a 
[ jo(qgR) P distribution, but no such fit is possible in our 


16 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
17S. T. Butler, Phys. Rev. 106, 272 (1957). 
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case. Again, the cross section is somewhat higher at the 
lower energy; it is a factor ten lower than that for 
group II. A similarly low cross section for a 0+—Ot 
excitation had been observed by Seidlitz e¢ a/. in neon.? 

The spin and the parity of the third excited state at 
9.61 Mev are not known and the angular distribution 
of the corresponding alpha-particle group, shown in 
Fig. 12, does not give any clue, exhibiting only a strong 
monotonic decrease in intensity. 

The angular distributions of the three distinct alpha- 
particle groups arising from inelastic scatterings by 
oxygen (groups II, III, IV of Fig. 3) are shown in 
Fig. 13. The similarity of the patterns for groups II 
and III, each corresponding to doublets of excited 
states at 6 and 7 Mev, is rather striking in view of the 
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Fic. 10. Inelastic scattering of 18.0-Mev alpha particles by C”; 
comparison with direct-interaction theory. 


different spins and parities of the states involved. No 
comparison with the direct-interaction formulas has 
been attempted since each curve would have to be a 
superposition of the squares of two spherical Bessel 
functions (jo and 7; for group II; 7; and j2 for group 
III) with not necessarily identical interaction radii. The 
excitation of the 2~ level at 8.87 Mev cannot occur by 
a direct interaction of the type normally considered, but 
the sharp forward peaking appears to indicate a 
mechanism other than a compound-nucleus process. 
Figure 14 shows the angular distribution of the alpha- 
particle group leaving the S® nucleus in its first excited 
state (2+, 2.24 Mev). The arrows indicate the zeros of 
j2o(qR), with R=6.5X10~-"% cm. They are seen to cor- 
respond fairly well to the minima of the cross section, 
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Fic. 11. Inelastic scattering of 18.0-Mev and 31.5-Mev alpha par- 
ticles by carbon (Q= —7.65 Mev). Note scale difference. 


but the shape of the experimental curve is in poor 
agreement with a [ j2(q¢R) ? dependence (Fig. 15). 


V. DISCUSSION AND SUMMARY 


The angular distributions of elastically scattered 
alpha particles of 18 to 18.7 Mev measured thus far in 
our laboratory are combined in Fig. 16. The curves for 
Al, Cu, and Ag were obtained by Gailar et al.’ by count- 
ing methods, using /, dE/dx coincidences to distinguish 
scattered alpha particles from reaction deuterons and 
protons. For all other nuclei, photographic registration 
was employed. The results summarized in Fig. 16 are 
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Fic. 12. Inelastic scattering of 18.0-Mev alpha particles 
by carbon (O= —9.61 Mev). 
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is superimposed on a pronounced oscillatory pattern 
for all even-even nuclei investigated, whereas irregular 
Boater este Unees fluctuations only show up for aluminum. A similar, but 
BF eee, (ITB MO Umenes somewhat flatter rise, without the pronounced minima, 
oa ore has been observed for the scattering of 10- to 20-Mev 
protons by carbon'® and aluminum.” The difference in 
the patterns seems to be in agreement with optical- 
model calculations,” where deep minima are obtained 
if central potentials only are used—appropriate to the 
scattering of alpha particles by even-even nuclei 
whereas the inclusion of a spin-orbit term leads to the 
smoother patterns observed in proton scattering.” 
Without an optical-model analysis the only quantities 
that can be determined from the elastic scattering 
curves are the “diffraction radii,’’ calculated from the 
formula for the diffraction scattering by an opaque 
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Fic. 13. Inelastic scattering of 18.3-Mev alpha 
2 
particles by oxygen. — [i,(R)] 


very similar to those obtained by Igo et al.!® with 40- 
Mev alpha particles, insofar as they show the transition 
from the “‘exponential” decrease of o/or at higher Z 
to the diffraction-type pattern at lower Z. However, 
Igo et al. do not obtain the huge peaks in the cross 
sections at the backward angles for carbon since their 


O(¢) mb/ste ad 


measurements do not cover as wide a range in angle as 
ours. In the backward direction the cross sections tend 
to rise higher, the lower the atomic number. This rise 
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Fic. 15. Inelastic scattering of 18.1-Mev alpha particles by S* 
comparison with direct-interaction theory. 


disk. In this case, R=-2/[2kA(sin(¢/2))] where 
A(sin(¢/2)) is the average distance between neighboring 
minima or maxima in the diffraction pattern, with 
sin(@/2) as the abscissa. Using the forward quadrant 
only, one finds values of 7.9X10—% cm (C), 4.35 10-" 
cm (QO), and 6.7 10-" cm (S). The diffraction radii are 
larger than the mean optical-model interaction radii, 
but are presumably correlated to them. The values of 
diffraction radii quoted by Seidlitz et al.2 for Ne, Al, 
and A are close to R= (1.5A!+2.0)X10-" cm. With 
this relation the values of R expected for C, O, and S 
would be 5.44 10~, 5.78 10-, and 6.76 10-8 cm, 
—__—_1__i—J % ao eae ee , 

160 170 18 R. W. Peele, Phys. Rev. 105, 1311 (1957). 
9]. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 
A. E. Glassgold and P. J. Kellogg, Phys. Rev. 107, 1372 

Fic. 14. Inelastic scattering of 18.1-Mev alpha particles by (1957). 

sulfur (Q=—2.24 Mev). The arrows indicate the zeros of j2(qR) 21 F, Bjorklund and S. Fernbach (unpublished), quoted by A. E. 

for R=6.5X10™" cm. Glassgold, Revs. Modern Phys. 30, 419 (1958). 
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respectively. The experimental value for S fits the 
general trend well, but the oxygen radius seems to be 
exceptionally small, the radius of carbon exceptionally 
large. It is clear, however, that these qualitative obser- 
vations should not be given too much weight, especially 
in view of the evidence from inelastic scattering. 

The only inelastic-scattering angular distributions 
that can be interpreted easily are those corresponding to 
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Fic. 16. Survey of elastic scattering of 18- to 18.7-Mev alpha 
particles, C, O, and S: this work; Ne and A: Seidlitz et al.?; Al, 
Cu, and Ag: Gailar et al.3 The mean range of 19.0-Mev alpha 
particles in Al was recently redetermined with the aid of a new 
beam-analyzing magnet (47.34-0.1 mg/cm’). This lead to a 
0.1-Mev reduction of the energy values quoted by Gailar e¢ al. 
The energies given by Seidlitz et al. are unchanged since the error 
is accidentally compensated by newer values of the stopping 
power of the target gases. A recalculation of the second-order 
geometry and multiple-scattering corrections for Ne and A 
reduced the cross sections near the minima appreciably below the 
original values.? 


the excitation of the first excited, 2+, states in C” and 
S®, For sulfur, the interaction radius obtained, 
6.5 10-8 cm, is close to the above estimate from the 
elastic scattering. For carbon, however, the much 
smaller (and more reasonable) value of 5.5X 107% cm 
is derived which agrees with the value used by Watters" 
at 31.5 Mev. In both cases the angular distribution 
differs from a simple [ j2(¢R) ? dependence by showing 
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a very high intensity in the forward direction. The 
same behavior was found by Seidlitz et al.? for neon and 
argon. For sulfur, in addition to a generally poor 
agreement of the details of the patterns, a rise at large 
angles is observed. It is not known whether these 
deviations could be removed by a calculation which 
would use distorted instead of plane waves or whether 
more than one reaction mechanism would have to be 
invoked. 
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APPENDIX A. GEOMETRY CORRECTION 


An expression for the intensity measured in our 
geometry along a swath of height / has been given by 
Allred et al.” It is incomplete, however, insofar as only 
corrections due to the finite widths of the slits are con- 
sidered, whereas the spread of the incident beam, the 
height of the swath scanned, and the angular variation 
of the cross section are neglected. These effects have 
been taken into account by Critchfield and Dodder.* 
They assume that the incident beam fills the first 
circular aperture of the collimator with a uniform spatial 
and directional distribution. The distribution of the 
cyclotron beam is not quite so uniformly random, but 
the description is certainly much better than one based 
on the assumption of a parallel beam. The formula of 
Critchfield and Dodder is not immediately applicable, 
however, because it was calculated for a circular de- 
tector aperture located at the position of our second slit. 
The corrections were recalculated for our geometry 
following closely the treatment given by Critchfield and 
Dodder. The final expression for the number of recorded 
particles is 


Nn4wh 
V (6) = (1+A,), (3) 
HR sind 


2 Allred, Rosen, Tallmadge, and Williams, Rev. Sci. Instr. 22, 
191 (1951). 
23 CL. Critchfield and D. C. Dodder, Phys. Rev. 75, 419 (1949), 
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It is assumed here that the swath scanned extends from 
a distance h/2 below to a distance h/2 above the inter- 
section of the plate with the nominal scattering plane. 
The plate is slanted at an angle |a| (5°) with respect 
to the nominal direction of the scattered particles. The 
upper sign of the terms in cot|a| are to be used for the 
slant shown in Fig. 1, where the inner half of the plate 
receives, on the average, particles scattered through a 
larger angle than the outer half. If the plates are slanted 
the opposite way, the lower sign is valid. All other 
symbols in Eq. (4) are defined in Fig. 1, with G=S—L 
and J= H+ -D. For a very narrow collimator (b=0) and 
isotropic scattering (0c /00= 0°c /0@=0), our expression 
agrees with the one given by Allred ef al. For a=90°, 
D=0, the geometry reduces to that considered by 
Critchfield and Dodder, except for the difference in the 
detector > Heap Here, it would be a rectangle of 
height h, width 2w, whereas they treat a circle of radius 
a. The comparison is complicated by the fact that our 
term in w* includes the effects of both slits. The ex- 
pressions agree as expected, however, if one puts a?= $w* 
and h=2w. 

The distance R is to be measured from the center of 
the scattering chamber to the intersection of the plate 
with the nominal scattering direction. This nominal 
center of the plate may not coincide with the geometric 
center if the plate is slightly misaligned. The deviation 
can be found by determining the ratio, r, of the in- 
tensities on the inner and outer (geometric) half of the 
plate and comparing it to the ratio, r*, expected if the 
nominal center were at the geometric center. This ratio, 
obtained as a by-product in the calculation of the 
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geometry correction, is 


4 D? 
A= 1+ (otal Feat (142+ —) 
H 3 


8D 4 
se ). (5) 


te 5 1 +- 
3H 3 


wH 1 00 ( 
1 
J? o 06 


Here again the upper signs hold for the geometry of 
Fig. 1, the lower signs for plates of opposite slant. The 
distance R to be used in Eq. (3), then, is smaller than 
the distance to the geometric center of the plate by an 


amount 
AR#=1.41(r—1*) cosa/4, (6) 


where the effective length of the exposed swath is given 
by 
leg¢=wJ/H sina. (7) 


APPENDIX B. CORRECTION FOR 
MULTIPLE SCATTERING 


A correction formula for the effect of multiple scat- 
tering with foil targets has been given by Chase and 
Cox,* but it appears that no similar treatment for a 
gas target has been published. In the following calcu- 
lation good geometry is assumed, i.e., the widths of the 
collimator and detector slits are neglected. Figure 17 
shows the geometry used. The origin of the coordinate 
system is at the nominal scattering center. The incident 
particle travels in the +y direction and. is scattered in 


Fic. 17. Notation used in the calculation of the multiple-scat- 
tering a O=nominal scattering center and center of x, 
y, 2 and &, », ¢ coordinate systems. P= point in scattering volume 
element. Q=point where the scattered particle passes through the 
exit foil. D=detector. The plane view (x,y and £,n plane) and two 
projections (y,z and 7,¢ planes) are shown. 


* C, T. Chase and R. T. Cox, Phys. Rev. 58, 246 (1940). 
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the wall of the target chamber, at y=—/, through 
angles ¢2, ¢,. It arrives at the scattering volume dx dy dz 
with projected deflections @,, 0,. The scattered particle 
leaves the scattering volume in a direction deviating 
from the nominal one by @, 6;, is scattered in the gas 
so as to arrive at the exit window of the scattering 
chamber at coordinates £;~0, mi=m (chosen #1 for 
the sake of generality), and {1, with angles gy; and ¢;. 
Multiple scattering in the foil finally deflects the par- 
ticle into the detector [y:~0, ¥y;=f1/(R—m)], i.e., 
through the second slit onto a swath of height / on the 
plate. After integrating over the (infinitesimal) slit 
widths and the swath height, one obtains the following 
expression for the intensity registered in the swath: 


v(0) Nn4wh f c 4 P 
“AR—m) P( G2) PryLx— (l+-y) ¢2,42— oz 1p (oe) 


X Pryls— (l+-y) ¢2, 9s— ¢2 ld pd ¢,d0,d0,dxdydz 
Xo (0+5)d0d6:P maf —E—(m—n)Oe, ¢e—9¢] 
X Pm—L$i—2— (m—n)6;, ¢r—9¢ P+ 4) 

X P(— ¢¢) cosprdydyrdti. (8) 


The probability functions for multiple scattering in the 
foils, p, and in the gas, P, are taken from Rossi,”® with 
slight changes in notation. The variation of the mean 
square scattering angle per unit path length, due to the 
energy loss in the gas, is neglected. The integration is 
tedious, but straightforward. The cross section ¢(@+6) 


26B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), p. 71. 
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is expanded in the vicinity of 6; wherever necessary, 
terms are expanded to second power of the deviation 
from the nominal scattering event. With ©, and %, 
the rms angles in the entrance and exit window, 0,, ®, 
the rms angles in the gas over the distances / and m, 
and ©, the total rms angle, one obtains the final 


expression 
Nn4wh 
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One may remark that no cross terms between the 
multiple-scattering and the geometry corrections are to 
be expected, if only terms up to the second power in 
the rms scattering angles (e.g., 0.) or geometric angles 
(e.g., w/H) are retained. Cross terms would have to be 
of the form ©,;Xw/H. Since the multiple-scattering 
correction for any good geometry chosen contains only 
quadratic terms in @;, the subsequent integration for 
the finite geometry will not yield cross terms. 
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Reactions of Cu® and Cu®® with Alpha Particles* 
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Excitation functions have been measured for the (a,n), (a,2n), and (a,an) reactions on Cu® and Cu®, 
as well as for the Cu®*(a,pm), Cu®(a,2p), and Cu®(a,2a) reactions, for incident alpha particles of 15-41 Mev. 
The excitation functions for the (a,n), (a,2n), and (a,pn) reactions go through much sharper maxima than 
the excitation functions for the (a,an) reactions. Cross sections for the (a,2p) and (a,2«) reactions increase 
monotomically with bombarding energy and attain values of 2.7 and 2.1 mb at 40 Mev, respectively. The 
value of o(a,pn)/o(a,2n) for Cu® in the region of maximum yield is 3.3. The maximum cross sections 
measured for the (a,am) reactions are 205 mb and 143 mb for Cu® and Cu®, respectively. The effects on 
the observed cross sections of neutron and proton binding energy differences, and of level density differ- 
ences in the residual nuclei have been considered. The effect of these factors is in accord with the pre- 
dictions of the statistical theory for the (a,n) and (a,2n) reactions but not for the (a,am) reaction. 

A method for monitoring the energy of the incident beam based on the variation with energy of the 
ratio of cross sections for several of the above reactions is described. 


I. INTRODUCTION 
HE statistical theory of nuclear reactions indicates 
that the shape of the excitation functions as well 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Present |address: Carnegie Institute of Technology, Pitts- 
burgh, Pennsylvania. 


as the magnitude of the cross sections for reactions 
induced by particles with incident energies less than 50 
or 60 Mev should be determined by a large number of 
factors. These include the excitation energy of the 
compound nucleus, the binding energies of all particles 
that may be emitted at a given excitation energy, the 
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even-even, odd-odd, or odd-mass nature of the residual 
nucleus, the value of the level density parameter for the 
residual nucleus, the Coulomb barrier for incident and 
emitted charged particles, and the occurrence of closed 
nuclear shells at the proton or neutron number corre- 
sponding to a given residual nucleus. In order to test 
the applicability of the statistical theory to reactions in 
this energy range, it is clearly desirable to investigate 
situations where it is possible, to a certain extent, to 
observe the individual effect of these parameters. 

The present work, dealing with the reactions of Cu® 
and Cu® with alpha particles, was undertaken with this 
purpose in mind. A comparison of the (a,n) and (a,2n) 
reactions on Cu® and Cu® thus bears primarily on the 
effect of binding energies on the relative yields for these 
two target nuclides. The effect of the other parameters 
should be about the same in both cases since Cu® and 
Cu® are odd-mass nuclides, having the same nuclear 
charge and nearly the same mass number. The reactions 
of Zn™ with alpha particles have recently been ex- 
tensively studied by one of the authors.’ A comparison 
of these reactions with those of the copper isotopes is 
of interest since the effects ascribable to the nuclear 
charge and mass number of the target nucleus should 
be very similar in both cases. In contrast to Cu® and 
Cu® however, Zn™ is an even-even nuclide. The large 
yield of an odd-odd nuclide relative to that of the 
adjacent isobaric even-even nuclide is thus observed in 
this instance in the case of the (a,pm) and (a,2n) reac- 
tions. In the case of the copper isotopes, on the other 
hand, this effect is observed in the case of the (a,n) and 
(a,p) reactions. A comparison of the (a,z) and (a,2n) 
reactions for Cu® and Cu® with the corresponding 
reactions for Zn™, should thus be of value in assessing 
the effect of even-odd differences. 

Reactions involving alpha-particle emission have 
recently been found to be very probable in alpha-induced 
reactions.!~* The present work includes the study of the 
(a,an) reactions on Cu® and Cu®, and the effect of a 
number of parameters on the cross sections for these 
reactions is considered. In the course of this study 
excitation functions were also determined for the rela- 
tively rare (a,2p) and (a,2a) reactions on Cu. 

Several reactions of copper with alpha particles have 
previously been investigated by Porges.‘ The latter 
work is unsuitable for some of the comparisons with the 
reactions of zinc-64 since in several instances the cross 
sections for the formation of individual products were 
not determined. Furthermore, the authors have been 
advised that there is an error of a factor of two in the 
reported cross sections.® It was therefore felt desirable 


1N. T. Porile, Phys. Rev. 115, 939 (1959). 

2Blann, Thomas, and Seaborg, Abstract of the American 
Chemical Society, San Francisco meeting, 1958. 

3 F. Houck and J. M. Miller (private communication). 

4K. G. Porges, Phys. Rev. 101, 225 (1956). 

5K. G. Porges (private communication). 
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to remeasure most of the excitation functions previously 
determined by Porges as part of this study. 

In the course of this work a technique was developed 
for the monitoring of the energy of the incident beam. 
This technique is based on the variation of the ratio of 
cross sections of several alpha-induced reactions with 
the energy of the incident beam. The procedure is 
described in detail in Sec. II-B. 


II. EXPERIMENTAL 
A. General 


The irradiations were performed with the deflected 
alpha-particle beam of the Brookhaven 60-inch cyclo- 
tron. A detailed description of the target assembly and 
the Faraday cup used to monitor the beam intensity is 
given elsewhere.® The beam intensity varied between 
0.1 and 1.5 microamperes. Irradiation times varied be- 
tween 15 seconds and 1 hour. The initial energy of the in- 
cident alpha-particles was 41 Mev. In order to perform 
experiments at bombarding energies below 41 Mev, the 
beam was degraded in energy by use of aluminum absor- 
bers. The curves of Aron ef al.’ were used to determine 
the energy of the degraded beam. The stacked-foil tech- 
nique was used to irradiate between one and twelve 
target foils in any one experiment, depending on the 
reaction under investigation. The target foils were 
generally thick enough to make the loss of recoils 
negligible. In the course of this work a total of 32 
irradiations was performed. 

The targets consisted of high-purity copper foils 
0.00025 inch thick. Since the energy loss in such a foil 
becomes greater than 1 Mev for energies below 25 Mev, 
these foils were not used for lower bombarding energies. 
Thin copper foils (~2 mg/cm?) were prepared by 
vacuum evaporation onto aluminum and subsequent 
peeling of the copper foil off the backing. These foils 
were used to study reactions for incident energies 
below 25 Mev. Any given foil was usually placed 
between two other copper foils in order to compensate 
for the loss of recoils from the foit. The (a,an) and 
(a,2a) reactions on Cu® were investigated by the use 
of enriched Cu® since the products of these reactions 
are also formed by the (a,2pm) and (a,a2p) reactions 
on Cu®. In these cases the targets consisted of copper, 
enriched to 99.4% in Cu®,’ electroplated on 0.0005-inch 
gold foils. 

After irradiation the target foils were dissolved in 
acid in the presence of carrier, and separation of the 
desired elements was carried out. Gallium was separated 
by extraction from 7.V HCl solution into isopropyl 
ether. Copper was separated by precipitation of CuCNS 
from 0.5N HCl solution following the extraction of 


6S. Amiel and N. T. Porile, Revs. Sci. Instr. 29, 1112 (1958). 

7 Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663, 1949 (unpublished). 

* Obtained from the Atomic Energy Research Establishment, 
Harwell, England. 
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gallium. Cobalt was separated by precipitation of CoS 
following the above decontamination steps for Ga and 
Cu; separation from Zn and Ni was effected through 
anion exchange by elution of Co with 3N HCI solution, 
following a washing with 7N HCI. Zinc was not 
separated chemically and the radiations of 245-day Zn™ 
were measured following the decay of all other ac- 
tivities. The chemical yield was determined by spectro- 
photometric or polarographic determination. 

The disintegration rates of the samples were deter- 
mined with Nal scintillation counters, which were 
usually connected to a 100-channel pulse-height ana- 
lyzer so that the decay of a particular photopeak could 
be followed. Most of the nuclides of interest were 
positron emitters and in these cases the activity meas- 
urements were calibrated by comparison of the anni- 
hilation radiation counting rate with that of a standard 
Na” source. The latter was counted in the same 
geometry as the sample in question and in both cases 
the positrons were allowed to annihilate in aluminum 
absorbers placed on either side of the source. The rela- 
tive counting rates of the two sources were found to be 
independent of geometry even if the positron end-point 
energies differed widely, thereby proving the validity 
of this calibration procedure. The Na” source was 
calibrated by 511-511-y triple-coincidence measure- 
ments. The activity measurements for nuclides that 
did not emit positrons were calibrated by comparing 
the intensity of a particular gamma ray with the inten- 
sity of a gamma ray of nearly the same energy emitted 
by a source of known disintegration rate. An empirically 
determined curve was used to correct for the variation 
of counting efficiency with photon energy. The cali- 
brated sources used were Na” and Am*™!, The latest 
decay-scheme data’ were used to determine positron 
branching ratios and gamma-ray intensities. The cali- 
bration procedures are in general expected to be accur- 
ate to within 10%. In many cases cross-section measure- 
ments were performed in duplicate and the results 
usually agreed to within 5%. 


B. Energy Monitoring 


The energy of the incident beam was monitored by 
measurements of the gross activity of copper foils 
irradiated with alpha particles of approximately either 
25 or 39 Mev. The activity measurements were made 
with beta proportional counters both one and six days 
after bombardment. In the bombardment at 25 Mev, 
the activity one day after an irradiation was primarily 
due to Ga®, formed by the (a,7) reaction on Cu®, and 
to Cu, formed by the (a,a) reaction on Cu®. The 


9K. A. Kraus and F. Nelson, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nationas, New York, 1956), Vol. 7, p. 113. 

1 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and Van Lieshout, Atomic Energy Commission 
Report TID-5300, 1955 (U. S. Government Printing Office, 
Washington, D. C., 1955), and subsequent revisions; Stromin 
ger, Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958). 
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Fic. 1. Gross activity of copper foils measured 1 or 6 days after 

bombardment with alpha particles at the listed energies. The 

activity units are arbitrary and the scales are different for the 

two energy regions. A—1 day after bombardment; @—6 days 
after bombardment. 


activity six days after bombardment was primarily due 
to Ga®’, with a small contribution from Zn®, The same 
nuclides are responsible for the observed activity in the 
irradiation at 39 Mev, except that at this energy the 
main reactions responsible for the formation of Ga® 
and Cu®™ are Cu®(a,32) and Cu®(a,an)+Cu®(a,2pn), 
respect ively. 

The gross excitation functions in the energy regions 
under consideration are given in Fig. 1 for both the 
short-lived and the long-lived mixtures of activities. 
The activity units are arbitrary and the scale factor is 
different for each excitation function. The actual exci- 
tation functions for the individual reactions are pre- 
sented in the following section. The contribution of the 
short-lived component to the activity observed one 
day after bombardment ranged from about 84 to 91% 
in both bombarding-energy regions. The activity 
observed six days after bombardment was essentially 
completely that of the long-lived component. The cross 
sections for the short-lived and long-lived components 
are seen to vary in an opposite way with bombarding 
energy for both energy regions under consideration. 
The ratio of activities measured one and six days after 
bombardment thus is a single-valued function of the 
bombarding energy in each of the two energy regions 
and may therefore be used to monitor the energy of 
the incident beam. In practice, a copper foil, 0.00025 
inch in thickness, is incorporated in the stack of foils 
to be bombarded at a position corresponding to a given 
nominal energy, falling within either of the two energy 
regions, and the beam energy is determined from the 
measured ratio of activities. 

The ratio of activities obtained one and six days 
after bombardment is given as a function of bombarding 


energy in Fig. 2. The ratios are based on arbitrary units 
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Fic. 2. Ratio of gross activities of copper measured one and 
six days after bombardment. The activity units are arbitrary. 
The vertical lines represent the standard deviations of four 
determinations and the horizontal lines give the energy loss in 
each target foil. 


for the activity values and the scale factor is different 
in the two energy regions. The points represent an 
average of four experiments, and the standard deviation 
is indicated by the vertical lines. The horizontal lines 
through the points indicate the energy degradation in 
each foil. The energy scale was calibrated by measure- 
ment of the range in aluminum of the incident alpha 
particles. The beam was degraded to the desired energy 
as described previously. The sensitivity of the technique 
was checked by repeating a set of ratio measurements 
under the same conditions, except that the energy of 
the incident beam was degraded by 200 kev by use of 
a thin aluminum degrading foil. The results for the 
average of four experiments are summarized in Table I. 
It is seen that a difference of 200 kev in the energy of 
the incident beam leads to a difference in the observed 
ratio of activities of about 8% and 5%, for a degraded 
beam energy of 26 and 39 Mev, respectively. It can be 
seen from Fig. 2 that the ratio of activities varies more 
sharply with energy as the latter is decreased below 25 
Mev. The sensitivity of this technique can thus be 
increased above the values indicated in Table I by a 
choice of a somewhat lower energy. In any case, the 
method is sensitive enough to detect changes in the 
energy of the incident beam of the order of 100 kev. 
Two additional factors should be pointed out in con- 
nection with this technique. First, the activity ratios 
were determined for short irradiations. The saturation 
correction for the short-lived component is about 1% 
for a 15-minute bombardment, and a correction is 
required for longer bombardment times. In view of the 
fact that more than one nuclide is responsible for the 
activity of the short-lived component, it would appear 
desirable to determine the activity ratios as a function 
of irradiation time, as well as bombarding energy, for 
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the application of this technique to long irradiations. 
The choice of a somewhat lower incident energy than 
25 Mev for the measurement of the activity ratio 
would obviate this difficulty since the contribution of 
Cu would become entirely negligible relative to that 
of Ga®, 

The energy of the incident beam will in general 
fluctuate during the course of an irradiation. It can be 
shown that the measured energy is the average energy, 
weighted solely by the beam intensity, provided that 
the excitation functions for the two components are 
linear over the range in energies of the incident beam. 
It is seen in Fig. 1 that this situation holds in the 37-39 
Mev region. The excitation functions in the 25-27 Mev 
region are not linear, but the deviations from linearity 
are small enough so that a fluctuation of about 0.2-0.3 
Mev does not materially affect the results. 


III. RESULTS 


A total of 101 cross sections was measured in this 
study. These are presented in Table II, together with 
the thresholds for the corresponding reactions. The 
latter were obtained from the masses of stable nuclides 
listed by Wapstra"! coupled with the latest decay energy 
measurements.” The errors in the listed cross-section 
values are estimated as 12%, in view of the previously 
mentioned errors in the calibration procedure and the 
agreement between duplicate measurements. The points 
on a given excitation function have a relative error of 
5% with respect to each other. The listed bombarding 
energies are most accurate for values close to the energy 
of the undegraded beam. The energy values below 16 
Mev may be in error by over 1 Mev due to the mag- 
nification by the straggling process of a small error in 
the assumed value of the incident energy. 

The excitation functions are plotted in Fig. 3 for 
Cu® and in Fig. 4 for Cu®. The excitation functions for 
the (a,7), (a,2n), and (a,pm) reactions are similar in 
shape to the excitation functions for similar reactions 
of zinc-64 with alpha particles.! The cross sections for 
these reactions go through a maximum as the bombard- 
ing energy is raised above the threshold of competing 
reactions involving further particle emission. The posi- 
tion of this maximum relative to the threshold depends 


TaBs_e I. Sensitivity of activity ratios for monitoring 
the beam energy. 


Eq at 
Cus 
(Mev) 
26.3 40.5 
39.3 40.5 


E® E°—AE Percentage 
(Mev) (Mev) R(£%)>b R(E°—AE) difference 





1.336+0.017 
1.877+0.027 


1.444+0.017 
1.780+0.024 


(8.141.9)% 
(5.2+1.9)% 


40.3 
40.3 


® The average beam energy in the Cu foils is given for an incident energy, 
F°, of 40.5 Mev. 

b R(E% and R(£°—AE) are the ratios of the activity measured one and 
six days after bombardment for an incident energy of 40.5 and 40.3 Mev, 
respectively. The listed values are an average of four determinations. 


1 A. H. Wapstra, Physica 21, 367 (1956). 
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5.7, 26.9 


Reaction 
Cu®(a,n) Cu®(a,2n) 
Threshold (Mev) 6.3 15.5 


Bombarding », 
energy (Mev) \, 
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Cu®(a,2n) 
15.1 
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TABLE II. Cross sections (in millibarns) and thresholds for reactions of Cu® and Cu® with alpha particles. 


Cu®(a,pn) Cu (a,2p) Cu® (a,an) Cu®(a,an) Cu®(a,2a) 
11.2 13.0 8.9 10.4 6.6 





15.2 
16.1 
175 
18.3 
18.8 
19.3 
19.8 
21.0 
21.4 
22.6 
23.1 
23.6 
24.5 
25.6 
26.4 
26.8 
24.2 
28.1 
28.8 
29.6 
30.4 
31.2 
31.5 
32.4 
32.8 
33:3 
34.0 
35.3 
36.0 
37.2 
37.9 
39.2 
40.1 
40.8 


on a number of factors such as the nuclear temperature 
and the Coulomb barrier for emitted protons. The 
previous measurements on zinc-64 and the present 
results on copper targets indicate that excitation 
functions for (a,p), (a,”), (a,pm), and (a,2m) reactions 
go through a maximum some 4 to 5 Mev above the 
effective threshold of the next competing reaction. 
The effective threshold is given by the actual energy 
threshold plus 2 Mev per emitted proton, added in 
order to compensate for the low penetrability of the 
Coulomb barrier for low-energy protons. 

The excitation functions for the (a,az) reactions 
attain their maximum value at about 35 Mev and 
decrease only very slowly at higher energies. This 
behavior is similar to that of the (a,amz) excitation 
function for zinc-64, and has been attributed! to the 
fact that the alpha particles appear to be emitted as the 
result of a direct interaction process.” The excitation 
functions attain their peak value some 9 Mev above the 
effective threshold of the next competing reaction. The 
effective threshold is obtained in this case from the 
actual energy threshold by adding 7 Mev per emitted 
alpha particle and 2 Mev per emitted proton. These 
values were chosen since the penetrabilities of a 7-Mev 


2G, Igo, Phys. Rev. 106, 256 (1957). 


0.95 


0.055 


0.087 
0.094 


0.29 


0.51 


0.67 


alpha particle and a 2-Mev proton are approximately 
equal in this mass region. It can be seen from the 
position of the maximum relative to the threshold of the 
next competing reaction that the particles emitted in 
an (aan) reaction carry off more energy than the 
particles emitted in the previously mentioned reactions, 
as would be expected from the suggested difference in 
mechanisms. 

The (a,2p) and (a@,2a) reactions on Cu® have much 
smaller cross sections than the other reactions studied. 
The main factor responsible for these low cross sections 
is undoubtedly the effect of the Coulomb barrier in 
depressing the probability for the emission of two 
charged particles, since these reactions are, in fact, 
slightly favored by Q value considerations over other 
reactions involving the emission of two particles. The 
excitation functions for these reactions show a con- 
tinuous increase with energy, and only appear to 
approach their maximum values at the highest energies. 
The previously mentioned systematics for the energy 
corresponding to the maximum in the excitation func- 
tions lead to expected maxima at 33 Mev and 40 Mev 
for the (a@,2p) and (a,2a) reactions, respectively. It is 
thus seen that the (a,2p) reaction does not conform to 
the systematic behavior of the other reactions. 
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Fic. 3. Excitation functions for reactions of Cu® with alpha 
particles. The excitation function for Cu®(a,n)Ga® includes the 
contribution of the Cu®*(a,3m) reaction at high energies. 


The maximum cross sections for the (a,m) reactions 
on Cu®™ and Cu® are about 450 mb and 870 mb, respec- 
tively. These values imply (a,)/(a,p) cross-section ratios 
of about 1 and 20, respectively, assuming a nuclear ra- 
dius parameter of about 1.6 10~* cm.! The (a,) reaction 
is favored in these two instances by the fact that the re- 
sidual nuclides are odd-odd, whereas the nuclides result- 
ing from an (a,p) reaction are even-even. The value of 
a(a,n)/o(a,p) for Zn™, where on the other hand both pro- 
duct nuclides have odd mass number, is only 0.6.! The ob- 
served yield of Ga® includes the contribution of both 
the Cu®(a,n) and Cu®(a,3”) reactions for bombarding 
energies above 27 Mev. The increase in the observed 
yield above this energy is in fact directly attributable 
to the Cu®(a,32) reaction. The listed cross sections 
above 29 Mev were calculated on the assumption that 
the observed yield was, in fact, entirely ascribable to 
the latter reaction. The value of o(a,2n)/o(a,2p) for 
Cu® at the energy corresponding to the highest value 
of the (a,2m) cross section is about 1300. This large 
ratio is not unexpected in view of the already large 
ratio of (a,n) and (a,p) cross sections. The ratio of 
(a,pn) and (a,2n) reactions on Cu® is about 3.3 in the 
region of maximum yield. This ratio has been measured 
in a number of cases in this mass region and ranges 
from 2 for Ge” 8 to 60 for Fe®*."4 The threshold of the 
Cu®(a,2n) reaction is 15.1 Mev, and the measured 


18S. Amiel (private communication). 
4 J. M. Miller and F. S. Houck, Bull. Am. Phys. Soc. Ser. II, 
2, 60 (1957). 
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Fic. 4. Excitation functions for reactions of Cu® with alpha 
particles. The excitation function for the (a@,2m) reaction includes 
the contribution of the Cu®(a,7) reaction. 


cross section at 15.2 Mev is 1.2 mb. This value appears 
to be rather high in view of the fact that the Cu®(a,2m) 
reaction does not appear to attain this value until the 
incident energy is at least some 5 Mev above the 
threshold. It is believed that this high value of the 
cross section at 15.2 Mev is due to the formation of 
Ga®’ by the Cu®(a@,y) reaction. This cross section has 
been measured for Zn™! and found to be about 0.9 mb 
in the energy region in question. If it is assumed that 
the total yield of Ga® observed at 15.2 Mev is due to 
the Cu®(a,y) reaction, then the cross section for the 
latter is 0.5 mb. 

Several of the excitation functions presented in this 
work have previously been measured by Proges.* The 
present cross-section values are in substantial disagree- 
ment with the previous measurements, even if allowance 
is made for an error of a factor of 2 in the previously 
reported work.® The cross-section values corresponding 
to the peak in the excitation functions actually reported 
by Porges are thus lower than the present values by 
factors ranging from 3.4 for the Cu®(a,7) reaction, to 
1.2 for the Cu®(a,2) reaction. 


IV. DISCUSSION 


The effects of variations in neutron and proton 
binding energies and of the even-even or odd-odd nature 
of the residual nuclei on the cross sections for (a,7), 
(a,2n), and (a,an) reactions on Zn™, Cu®, and Cu® 
may be estimated by use of the statistical theory. The 
equations giving the cross sections for different reactions 
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are given in reference 1. A simplified approximate 


solution to these equations may be obtained for a value 
of the excitation energy corresponding to the maximum 
cross section of a particular reaction. It can be shown 
that the maximum cross section for an (a,n) reaction is 
directly proportional to a quantity K given by 


> U-—S,— By 
K wn=[14+(— _———— ) 
U=—Sas 


me 
Xexp{ (4a)*L(U —S,1— By)!— w-sayn| , 


where U is the excitation energy of the compound 
nucleus, Sp, and S,; are the energies required to 
separate a proton or a neutron from the compound 
nucleus, B, is an effective proton barrier, and a is the 
level density parameter. This equation is only applicable 
to target nuclides having nearly the same charge and 
mass number, in which case the total inelastic cross 
section, the cross sections for all inverse reactions, and 
the Coulomb barrier for charged particles, are about 
the same for all targets. The effect of even-odd dif- 
ferences, as expressed in the value of the characteristic 
level parameter 6, is not taken into account in this 
expression. The even-odd effect should thus appear as 
a perturbation in the linear relation between o(a,n) 
and K. This equation further assumes that the cross 
section for an (a,m) reaction depends solely on the 
competition between neutron and proton emission, and 
neglects the effect of further particle emission. This 
effect causes only minor perturbations on the observed 
maximum yields for reactions having substantial cross 
sections, since the probability for further particle 
emission is still small for the bombarding energy under 
consideration. 

Similar equations may be obtained for the maximum 
cross sections of (a,2”) and (a,an) reactions. The 
maximum cross section for an (a,2m) reaction thus is 














Fic. 5. Variation of o with K. O—(a,n) reaction; @—(a,2n) 
reaction; A—(a,am) reaction. The lines are drawn through the 
points for Cu® and Cu® in all cases. The points off the line are 
for Zn™ target. 
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and the maximum cross section of an (a,an) reaction 
is proportional to 


U—S— Bo 
Kem=[1+(— ) 
U~-3.~ Be 


Xexp{ (4a)'C(U—S,1— B,1)!— (U—S.— Ba) }} 


U-Sa 
x( ) exp{ (4a)! 
U-S,-—B, 


<[(U-Sna)!— (U—S,—B,)! 0 


U—Sa— €a—5 p2— Boe 
x{1+( ) 
U—Sa-— €a— S12 


a 


1 


xX exp{ (4a)*L(U —Sa—€a—Sp2— By»)! 
1 
—(U-S.-€a— $2) : 


In these equations, the excitation energy spectrum 
resulting from the emission of the first particle has 
been replaced by the single energy ) —S—e, where € is 
the average kinetic energy of the first emitted particle. 
K'(a,n) is given by K(a,n) evaluated at an excitation 
energy U, appropriate to the maximum in the (a,2n) 
excitation function. All other symbols have the same 
meanings as before, with the subscripts referring to the 
order in which particles are emitted. All the previously 
discussed assumptions apply to these equations. In 
addition, it is assumed in the equation for the (a,an) 
reaction that the alpha particle is the first emitted 
particle. This is certainly the more predominant process 
since the Coulomb barrier depresses the probability for 
alpha emission at low excitation energies. 

The values of @ used to evaluate these expressions 
were taken from the analysis of the excitation function 
data for zinc-64,! and ranged from 1.0 to 2.8. The values 
of the average kinetic energy for the first emitted par- 
ticle were taken as twice the nuclear temperature and 
the latter was obtained from the values of a according 
to the relation T= (Eyax/a@)', where Emax is the maxi- 
mum residual excitation energy following the emission 
of the first particle. The binding energy values were 
obtained from experimental masses"! and decay-energy 
data," and the effective barriers for proton and alpha 
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emission were taken as 0.7 B, and 1.66 B,,’° where B, 
is the classical Coulomb barrier for protons. 

The cross sections for the reactions in question are 
plotted against K in Fig. 5. The cross sections for the 
(a,n) and (a,2n) reactions show the expected variation 
with K. In both cases the point for zinc-64 is seen to lie 
below the line defined by the values for copper-63 and 
copper-65. This fact is attributed to the effect of even- 
odd differences between the nuclides in question. The 
products of the (a,z) reactions on the copper isotopes 
thus are odd-odd and are favored by level density con- 
siderations over the odd-mass product of the (a,n) 
reaction on zinc-64. Similarly, the nuclides resulting 
from the (a,2n) reaction on copper-63 and copper-65 
have odd mass number, and are favored over the even- 
even nuclide resulting from the Zn™(a,2n) reaction. 
In order to bring the points for zinc-64 into line with 
the other values it is necessary to subtract an energy 6 
from the excitation energy U for zinc-64. 6 is the energy 
difference between the ground state and the charac- 
teristic level at which the exponential level-density 
expression sets in, and may be evaluated from the data 
in Fig. 5, and the relation between K and U. The dif- 
ferences in the values of 6 for Zn™ and the copper 
isotopes, Aé, obtained in this fashion are 1.5 Mev and 
1.6 Mev for the (a,n) and (a,2n) reactions, respectively. 
These values are only approximately correct, in view 
of the approximations in the calculation. Since the 
even-odd effect is ascribed to the presence of unpaired 
nucleons in the product nuclides, it is of interest to 
compare the values of Aé with the pairing energy values 
obtained by Cameron!* from mass-formula considera- 
tions. The difference in the pairing energy of Ge® and 
Ga® or Ga® is 1.4 Mev, while the corresponding value 
for Ge® and Ga® or Ga® is 1.3 Mev, in good agreement 
with the values of Aé obtained in the present work. The 
effect of Aé on the cross sections of the reactions in 
question may be obtained from the vertical displace- 
ment of the points for Zn™ from the lines for the copper 
isotopes, in Fig. 5. The effect of Ad on the (a,m) cross 
section is 320 mb, or 214 mb/Mev. The effect of Aé 
on the (a,2m) cross section is 210 mb, or 140 mb/Mev. 


15K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
16 A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 
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The effect of the differences in neutron and proton 
binding energies for Cu® and Cu® is the same per Mev 
as the effect of differences in the 6 values, since these 
two factors enter in the same way into the expression 
for K. 

The results for the (a,am) reaction appear to be 
qualitatively different from those for the other reac- 
tions under consideration. It is seen in Fig. 5 that 
contrary to expectation, the cross section for this reac- 
tion decreases as K increases. Furthermore, the point 
for zinc-64 is seen to lie above the line defined by the 
points for the copper isotopes. The difference in pairing 
energy between Zn®™ and Cu® or Cu®™ favors the latter 
by 1.1 Mev, and the point for zinc-64 should thus lie 
below the line through the points for Cu® and Cu®, as 
in the case of the (a,z) and (a,2m) reactions. The 
binding energy consideration that determine the value 
of K favor the (a,am) reaction on copper-65. However, 
the difference in the values of K for Cu® and Cu® is 
small enough so that the observed discrepancy may 
perhaps not be significant. The above considerations 
may, in fact, not be entirely applicable to the (a,am) 
reactions in view of the measurements of the angular 
distribution and energy spectra of alpha particles 
emitted in alpha-induced reactions" which indicate that 
the alpha particles are primarily emitted by a direct 
interaction mechanism. It would be of interest to de- 
termine the total alpha emission probability for alpha 
induced reactions on Cu® and Cu®, in order to deter- 
mine if the lower (a,am) cross section for Cu® merely 
reflects a lower total emission probability for alpha 
particles. This, unfortunately, cannot be done radio- 
chemically because the products of the (a,af) reactions 
are stable. 
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An analysis of the reaction X (dnp) has been carried out within the framework of the algebraic theory of 
scattering. It is possible to cast the transition matrix element governing the process into several forms. 
In particular, one of these, the asymmetric form, involves no nuclear interactions for one of the deuteron 
constituents. The other forms, so-called symmetric, contain interactions for all particle pairs and are 
shown to be inherently superior to the asymmetric expression. 

Calculations of the neutron spectrum, at zero degrees in center of mass, for 6.3-Mev deuterons on 
deuterons are presented. These are done in an S-wave approximation to illuminate the theoretical dis- 
cussions; and a comparison is made with experimental data. 

It is concluded that the theory as presented is capable of describing the dissociation reaction. Moreover, in 
its final form, the description involves only those interactions to which we have ready access through ex- 


periment. 





I. INTRODUCTION 


HE general problem of three-body breakup in 

scattering or decay of nuclear species is one 
which has received the attention of a large number of 
physicists.’ In detail, we observe that the presence of 
three bodies in a final state introduces such complexity 
of description that the exact solution of the problem is 
not yet available. As concerns scattering, we are 
inclined to ask ourselves how much detail of the final 
state interaction is required to obtain an adequate 
description of the particle spectra and angular distri- 
butions. In an attempt to answer such questions, it 
behooves us to examine a rather simple nuclear reaction. 
That we have chosen to discuss is the breakup D(d,np) 
at intermediate energies, say, 6 to 14 Mev. The stated 
reaction goes at 4.46 Mev, and at 8 Mev is 16% of the 
0° stripping cross section, D(d,n)? 

In view of the existence of data reported by Cranberg 
et al.? on the neutron spectra at zero degrees in the 
center-of-mass system for 6.3-Mev deuterons on deu- 
terons, we ultimately calculate this quantity. However, 
the theoretical results obtained also predict the angular 
distribution of particles. Before discussing any such 
results, we will state a particular point of view which 
we are disposed to adopt. 

The general problem of three interacting particles or 
systems is asserted to be too difficult to discuss exactly. 
A consistent set of physically meaningful approxima- 
tions is sought which will lead to an expression for the 
reaction amplitude. Such an amplitude will be useful 
to us if it contains only quantities, e.g., potentials, 
which are subject to physical observation. While this 
statement is an obvious one, we have often been forced 
in the past to introduce phenomenological quantities 

* Work performed under the auspices of the U.S. Atomic Energy 
Commission. 

1R. Huby, Proc. Roy. Soc. (London) A215, 385 (1952); R. 
Glauber, Phys. Rev. 99, 1515 (1955) ; A. Akhieser and A. Sitenko, 
Phys. Rev. 106, 1236 (1957); V. Gribov, J. Exptl. Theoret. Phys. 
U.S.S.R. 33, 1431 (1958) [translation: Soviet Phys. JETP 6(33), 
1102 (1958) ]. 


*Cranberg, Armstrong, and Henkel, Phys. Rev. 104, 1639 
(1956). 


unsusceptible of physical observation. This is particu- 
larly true of the early discussions of the stripping reac- 
tion; those in which one nucleon of the deuteron had 
no interaction with the target nucleus. An exactly 
analogous situation arises in the dissociation problem if 
one of the final state nucleons is restricted to have no 
interaction with the residual nucleus. This situation is 
described by us as “asymmetric” and is discussed in 
Sec. IT. Largely, the presence of this section and corre- 
sponding topic is due to the historical course of the 
development of the deuteron reaction theory. Further, 
it seems reasonable to display the weaknesses of the 
asymmetric-type of analysis by incorporating a short 
discussion in the present work. 

The principal results of Sec. II are: (a) the 7 matrix 
for dissociation is formwise that for stripping, an ob- 
servation made earlier by Huby,! (5) the formulation 
requires knowledge not of a deuteron optical potential, 
but rather of an optical potential for a nucleon within a 
deuteron. 

In Sec. IIT, we rederive the expression for the tran- 
sition amplitude, 7, this time allowing both nucleons 
in the final state to scatter each other with no inter- 
action for either nucleon with the residual nucleus. 
Transitions into the final state occur through the sum 
of nucleon potentials describing the interactions of these 
nucleons with the target nucleus. This is really not as 
convenient a statement as one might desire. The dif- 
ficulty here is that we certainly do not know the exact 
nucleon-nucleus potentials. Moreover, while the nucleon 
labels appear symmetrically in the final-state interac- 
tion formula, Eq. (34), approximations to the inter- 
action potentials of that formula are very often devoid 
of physical content. 

Fortunately, it is possible to improve upon the sym- 
metric formulation (so-called because both nucleons of 
the final state are treated on equal footing). This is 
achieved by making a trivial alteration of the develop- 
ment in Sec. II. In particular, an average potential 
interaction with the residual nucleus is introduced for 
both final-state nucleons. As a result, we are able to 
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obtain an expression, Eq. (43), for the transition am- 
plitude whose physical content is roughly the following. 
The final state nucleons achieve the distorted states just 
described when the particle interactions are switched 
on. They then scatter each other in these states, the 
interaction occurring through the two-body force V5; 
thereby making transitions to states representing the 
motion of a deuteron in an average potential of the 
initial nucleus. This is the most important result of our 
analysis. The corresponding equation, (43), furnishes a 
valid description of all reactions X(d,np), notwith- 
standing our specific references to D(d,np). 

In Sec. IV, we carry out the comparisons with experi- 
mental data and make a brief recapitulation of our 
results. The calculations performed in that section (see 
Figs. 1 and 2) are merely meant to be illustrative of the 
method. More realistic evaluations of deuteron breakup 
cross sections are in progress and will be reported in a 
later paper. 

Finally, we should like to justify our choice of for- 
malism—the algebraic theory of scattering. Apart from 
matters of personal taste, always touchy, the particular 
technique facilitates bookkeeping. Further, we are able 
to utilize the considerable accumulation of results 
obtained by Gell-Mann and Goldberger,* Watson,‘ and 
other writers® in this area. It is not always possible to 
make the various steps in the analysis transparent, and 
indeed some of these will appear to lack motivation. In 
view of this fact, we have attempted to preface each 
section of the development by a statement of its 
purpose; and to conclude the section with a summary 
of the relevant physical results. 


II. ASYMMETRIC FORM FOR 
TRANSITION OPERATOR 


We consider the reaction X(d,np) and calculate the 
corresponding transition amplitude. This is done in 
several steps, all of these leading to the eventual con- 
struction of the S matrix. The order in which we proceed 
is roughly the following. First, the stationary state of 
interaction Vo? of initial systems, ¢o, and the time- 
reversed state vector YW“, associated with final systems, 
¢,, are obtained. The naive assumption that VY; contains 
no interaction of the proton and residual nucleus is 
introduced. Further, it is considered that the neutron- 
residual nucleus interaction is described through some 
average potential V’,,. 

Next, the expressions for the state vectors Wo and VW, 
are understood to imply the existence of corresponding 
Mller wave matrices O; and Oo. The S matrix is to be 
constructed directly from these matrices. It turns out 
that the matrices, these acting upon corresponding 
states gy and @o, can be factored. The existence of the 


3M. Gell-Mann and M. Goldberger, Phys. Rev. 91, 398 (1955). 

4K. Watson, Phys. Rev. 88, 1163 (1952). 

5G. Chew and M. Goldberger, Phys. Rev. 87, 778 (1952); 
K. Watson and K. Brueckner, Atomic Energy Commission Report 
AECU-2765 (Technical Information Service, Oak Ridge, 1953). 
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factorizations then leads quite naturally to distorted 
wave states yy and xo. These are the states in terms of 
which we give the expressions for the transition ampli- 
tude. The amplitude is termed “asymmetric” due to 
the presence of a nuclear interaction for one of the 
final nucleons; the absence of such for the other. 

Having obtained a rather complicated expression for 
the transition operator, 7, we then proceed to render 
it tractable by introducing further approximations, 
namely, the neglect of multiple scatterings of the 
deuteron in an average well of the initial nucleus; a 
distorted Born wave function for Wo; and impulsive 
breakup of the deuteron. The first two statements are 
not independent as we shall see from the subsequent 
discussion. 

The stationary state W of interaction for a deuteron, 
Wa, incident upon a target nucleus, g,(7), is an eigen- 
state of the operator H, with eigenvalue /. The energy 
operator is 


H= TatT otVapt Vart Vor tH, (1) 


in which there appears: the kinetic energy operators for 
the deuteron constituents; the mutual interaction 
between these nucleons; the separate interaction for the 
latter with the target; and the target Hamiltonian. 

To discuss the stationary state W;, associated with 
final systems gy, we first define the latter and then 
introduce an additional basis set ny (rn). The final states 
¢, are eigenfunctions of the operator H;, where 


H;=T,+T,+H;z; (2) 


the corresponding eigenvalue being E;. It is observed 
that the target (residual) nucleus has energy states e,, 
defined by the following equation: 


(¢,—Hz)g,(w)=0. 


Introduction of the additional basis nv (r,) with 


(Ev— T.- Varnv=0 (3) 


is motivated by the desire to construct an approxima- 
tion to W, which accounts in part for the nuclear inter- 
actions. We consider V,, to be an auxiliary average 
potential which scatters the neutron. The functions nw 
constitute a complete set for the given energy Ey and 
are orthonormal for real V,,. 
Next consider the functions yy, eigenstates of 
(Ey—Tn—T p—H— Var =9, (4) 
in terms of which the stationary state VW, will be ex- 
pressed. Upon making the choice Ey equals #?ky?/2M, 
M being the nucleon mass, we determine the solutions 
of Eq. (4) to be of the form 


y= +m gu(m)ny' ; (tn)Au(Tp; ky). 


wu ky 


(5) 


In particular, the proton function satisfies the following 
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equation: 
[Ey— eu— (h?ky?/2M)—Tp ]Au(tp; kw) =0. = (6) 


Clearly the proton energy will not be positive for all 
values of neutron momentum ky. The critical limit for 
the latter, in excess of which no protons will be observed 
at infinity, together with outgoing neutrons, is Ey—e,. 

There appeared in Eq. (5) the superscripts (+) on 
the state vectors yy and ny. These symbols are under- 
stood, as usual, to imply outgoing (+) and ingoing (—) 
scattered waves. Further, the wave function y,;‘*) in 
the stated equation represents a superposition of states 
in which a distorted neutron and a free proton move 
independently, relative to a target in a state of excita- 
tion yw. Periodic boundary conditions are understood to 
apply to the solutions of Eq. (6). 

All of the results obtained thus far are incorporated 
in the expression for the stationary state Wy, as given 
below. 

1 
(Una t V prt Vnp) 5 


Var=Var— Wark (7) 


Var—Het1e; 


a+) =E-T,—T,— t= Ey. 
It is easy to demonstrate that VW; of Eq. (7) is an eigen- 
state of H as defined by Eq. (1). 

We can also write down two additional statements. 
These put in evidence the fact that the stationary state 
is generated from the final states. First, we have 


Re ui 


V/H=9,Hy,; a0—[14 - 
ate? TE 


(8) 
DU 5=U net Vort Vay. 
This result is trivially derived from the statements 
(E—H,'—> U;)%;=0; 
(E-H,'—D Uj y=—-L UN; 
H,' being the energy operator which appears in Eq. (4). 
Next, it follows from the equation 
(E—Hyy= Vas, 
and Eq. (2) for ¢; that we can write 


1 
Vy; = @;)o,; w; t) = {+4 — 


ay 


- (9) 


(+) 


We collect the results of Eqs. (9) and (8) to write the 
summarizing expressions 


¥,)=0, by; 


~ 


0,‘ =Q;,H) a,” (10) 


This equation tells us in what manner the stationary 
state was established according to our model. The final 
systems ¢;, without interactions, find themselves in 
fields adiabatically switched on from zero values. The 
neutron scatters the nucleus through the potential V,,, 
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and proceeds to propagate in that potential; the proton 
undergoing no interaction. This establishes the state yy. 
In this state, the neutron and proton scatter each other 
and each of these the nucleus. Propagation occurs for 
all of the systems as they repeatedly scatter each other, 
as described by the ladder diagram, the stationary state 
W, being established after infinitely many interactions. 

If we were to adiabatically switch off the interactions 
following the sequence of events noted above, transi- 
tions would be made into the initial states @o. Associated 
with these states is the stationary state Wo. The 
next half of our considerations is devoted to establishing 
the connection between Vo‘+) and ¢o: The latter func- 
tions are eigenstates of the energy operator 


Ho=TatT otVaptH:, 
with eigenvalue £o. Evidently the functions 
go=Walt,R)gy(r); Ya=Da(r) expiKy: R, 
Ko=eatet (WKe/2Ma), 
with eg being the deuteron binding, are the eigenstates 


of Ho wtih prescribed eigenvalue Zo. We can show that 
the stationary state Wo‘+) is expressed as 

1 
WV . =(Q) : po; Opo' . 1 + Va 


ay')— Va 


11) 


Va , V cel pee ag‘? : Ko— Hutte. 


In Eq. (12), we will take 2 equal to £; the latter being 
equal to Fy. A physical interpretation of the result of 
Eq. (12) is available which the reader can perform 
quite simply. 

The tedious details of the previous paragraphs have 
brought us to the point where we can compute the S 
matrix which, of course, characterizes the reaction. 

One calculates the elements of the S matrix from the 
definition 


Spo= 0,109. (13) 


It follows from this result that the actual matrix ele- 
ments are 


So= (hy | Gy' 43) 109+) | ho) 
= (Wy OD, ' 100+ | bo). 
This equation is evidently the same as the standard 
form 
Syo= (Vy )| Wo) 
= (VO | WO) 4+ © | WoO —Ho™), 


(14) 


(15) 


which is particularly convenient for our development. 
The first term vanishes unless those quantum numbers, 
exclusive of the energy, specifying the initial and final 
states are identical. This situation does not obtain here. 
The last term of Eq. (15) can be written in the form 


(WH, I PyH—Wo) 


= — nib (E— Ey) (VY; |Ven|oa). (16) 
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To establish this result, we must introduce some addi- 
tional notation and also explain the origin and meaning 
of the potential V.,. The following substitutions are 
convenient to our purpose: 


Var= VnetUns; Va= Vart Vor= VaetUas; 
ao —Ve=a—Use; aP=a/—Vay. 


We stated earlier that the wave matrix Oy could be 
factored, and now proceed to establish this result. 


Oo) = 14+— 


aH—U 


dr 


1 1 1 
8 he gay Fc; 
at) aH—Ua, at) 
which is an identity. Then upon utilizing the operator 
identity for the difference of two nonsingular operators, 
we obtain the result 


ae 1 1 
Oo. =1+- —Vaet— Vast 
a‘t 


at 


at)—Ua, 
1 


aH) — Ua, 


Upon further application of the same identity to the 
fourth term of this form, we obtain 


1 ie 
0s =| 14 Uae] 1+ ae al 
at — Ua, a‘ 


which was to be shown. We further write that 


(17) 


00 do= 1+ 


ah—U, 


which defines the function X»9, 


(19) 


Vas. 
} 


1 

Xo =woHgo; wy ‘t — 1+— 
(+ 
a“ 


The wave matrix wo? is also known to satisfy the 
integral equation 
wo = 1+—— Vaswo. 


ay) 


(20) 


Now if we consider that V,, is diagonal in nuclear 
states, then a), Eq. (19), will not break up the 
deuteron. If, moreover, the target nucleus remains in 
the ground state subsequent to its interaction, de- 
scribed by Xo, with the deuteron, we are lead to interpret 
Vaz as an optical potential for the deuteron. However, 
it is clear that we are asking that this potential be 
identical with that discussed, for example, by Feshbach, 
Porter, and Weisskopf® in their analysis of neutron 


6 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 
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scattering cross sections. Our neutron is nonetheless 
within the deuteron, and we consider the potential Vay 
of Eq. (19) to be rather different from that discussed 
earlier, for example, in connection with Eq. (9). It is 
for this reason that we introduce the replacement 
Var — Ven, the latter being interpreted as the average 
deuteron-nucleus interaction. 

The wave matrix which acts upon Xo+) in Eq. (18) 
contains an operator Uz,, nondiagonal in nuclear states, 
which operator will also dissociate the deuteron. We 
introduce a distorted wave approximation to the sta- 
tionary state Wo, namely, 


Wy HX~X); XoH =01.nH ho, 


(21) 


where Qen =wo+) when Va, is replaced by Ven. Then 
when the result of Eq. (21) is used in Eq. (15), the 
expression of Eq. (16) obtains. In view of the latter 
equation, it is convenient to separate the energy 
quantum number from the remainder of such labels 
specifying the stationary state. We do this by intro- 
ducing the notation 


f=(6,E), 


Utilizing the boundary condition of outgoing scattered 
waves for the stationary state V,) associated with 
initial system, the matrix element T multiplying the 
energy-conserving delta function in Eq. (16) can be 
written as 


and “0”=(a,E). 


1 
T= (Ho Pen pe y lee >; 
aot) 
0 | 


alternately as 


1 
tan) (1- Ven— 5) Von x), 
| at) | 


We will understand that adjoint operators, Ot, act upon 
quantities which stand to the left. A useful statement 
relative to the wave matrices is that which follows. 


1 1 t 
(1-r.t.)=(1--Lv.)' 
aot ay 


For the purposes of our development, it is convenient 
to consider V,., as a Hermitian operator. The results 
which follow depend upon this assumption. The stated 
interaction, Ven, is then interpreted as an average 
nucleon-nucleus potential, the nucleon being in a deu- 
teron. This interaction is not subject to direct obser- 
vation. 

What we intend to do now is to rewrite the given 
expressions for the transition operator 7%. It is rigor- 
ously true that 


ag? = aH — (Vap— Va) : 


however, in the spirit of the approximation of Eq. (21), 
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we replace this result by 
aot) = dy +) — (Vap— Ven) =a — VI. 


Then consider the result of the operation 


1 


&O-VI 


cn 


yi Ven, 
Gy) 


this being identically equal to 
1 1 
1—-——(V.,—V4)- y! 
a; aO— y! a; 


1 


Vap 


1 
a yi. 
G&O-VI ayo 


Application of the operator identity, used in connection 
with Eq. (17), to the last term leads to the operator 
factorization 


1 1 
(14+ "") (1-1). 
&—V! Gy) 


Now if it is recalled that the substance of the asym- 
metric approximation is tantamount to setting Vp 
equal to zero, then Eq. (8) tells us that 


1 
vO =, ?+—V pv. 
as 


Using this result, we can now write the transition 
operator as 


1 
Tu={(14+— a vi Wo Veal %a), 
ay ——y! 


Now in the propagator, we set the difference ( V.0— Ven) 
equal to zero to obtain 


Tia= (wo 
| 


All of this manipulation is followed by still more rear- 
rangements in order to display the alternate form of 
Eq. (22). 

First observe that the potential-inducing transitions 
is given by 


1 
V at V! is 


1 
V on 


(+) 


Transitions into the initial states, @a, would then be 
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determined by the operator, Q, 


1 
O= VenQen + V np ——V enSten — Vex ——Venten?. 
) 


ao! aot 
However, observe that the operator ton=VenQen™ 
satisfies the integral equation 
1 
len= Veat V on aye 
at) 
Substitution of this expression into that for Q yields 


Q -_ Veat Vas 


ao 


ae len. 


As is typical of the general rearrangement type of col- 
lision, decomposition of the total Hamiltonian into 
different unperturbed and interaction parts, for each of 
the initial and final states, leads to a certain relation 
between some matrix elements. Here that relation is 
found to be of the form 


(hho ) | Vap|¢a)= (nS ) | Vea | du). 
This result follows from the equations 


(E—H,)ta=0; (E—Hy!)W=0; 


(23) 


H,=H,'+V'. 


Therefore, it is possible to employ Eq. (23) to write Q 
in the form 


1 
Q= Vapt Vas ke ten= V npSon* o 
) 


ao 


Substituting this result into Eq. (22), we obtain as the 
expression for the transition amplitude 


Te= Ww | Fas MEG d, 


The physical interpretation of this result is that a 
deuteron distorted by an average nuclear well is im- 
pulsively broken up by the n-p force, thereby making 
transitions into the distorted wave state y,~. We 
observe that the T matrix which appears here is of the 
form of that encountered in the discussion of deuteron 
stripping. Indeed, Francis and Watson’ discuss the 
matrix element of Eq. (24) (evidently the distorted 
wave function y is modified in an appropriate way) in 
their treatment of stripping. 

Although the result expressed by Eq. (24) is seriously 
restricted as to utility, mainly because of the inaccessi- 
bility of the potential Vn, it is nevertheless useful to 
us. Specifically, the equation suggests that we should 
search for a form similar to Eq. (24) containing wave 
functions with interactions for both nucleons, transi- 
tions being induced by the n-p force. We achieve this 
result in the development of Sec. III. Since it is well 
known that the actual two-body force has a hard core, 
we consider that V,, is the lowest approximation to 


(24) 


TN. Francis and K. Watson, Phys. Rev. 93, 313 (1954). 
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the two-body ¢ matrix whenever it appears as in Eq. 
(24). The prescription is then to use a Yukawa for the 
force, now nonsingular. 


III. SYMMETRIC FORM FOR 
TRANSITION OPERATOR 


First let us attempt to outline the program of this 
section. The earlier paragraphs are devoted to a 
derivation of Watson’s final state interaction formula,‘ 
as it applies to our problem. It is discovered that 
transitions occur through the sum of nucleon-nucleus 
potentials for the proton and neutron. While it is 
possible to describe such potentials at low energies by 
the optical model and at high energies by application 
of the impulse approximation, this is not viewed as 
generally useful. For example, we would obtain the 
result that the optical potential for the deuteron is the 
sum of such potentials for its nucleons. It is not yet 
known in what approximation this statement might be 
true.* More seriously, the coherent potential so derived 
certainly will not dissociate the deuteron to provide 
the final state. In our calculations, Sec. IV, which are 
extremely crude, we introduce a product of zero-range 
potentials which dissociates a point deuteron. 

The situation is not hopeless, and the appropriate 
modifications of Eq. (24) lead to a symmetric form 
which is quite useful. Indeed, it is apparent from the 
assumptions introduced how one would proceed to 
develop a systematic set of approximations. 

The physical content of the result which we obtain, 
Eq. (43), is the following. Both of the nucleons asso- 
ciated with final states find themselves distorted by 
average potential interactions with the residual nucleus. 
The distorted wave functions associated with final 
systems is a linear combination of products of nucleon 
and nuclear functions. A true average potential de- 
scribing the motion of a deuteron in the nuclear field is 
also obtained. Transitions from this state to the nucleon 
distorted states go by the potential Vn». 

We begin by choosing a new basis set of noninter- 
acting systems for final states. These systems are the 
residual nucleus and what might be appropriately 
called a diparticle. The latter is simply the n-p system 
with interaction V,,, the total energy E,,, being speci- 
fied. Wave functions ®,, for the system are imagined 
to satisfy periodic boundary conditions. The sum- 
marizing statements for the states we have first 
described are easily obtained. It is convenient to first 
introduce some additional notation as follows below. 


H=(T,AT +H) +V apt (Vet V pe) 
= Hot VanptA. 


Once again those functions associated with initial 
states are to be designated by the subscript “0,” those 


(25) 


® See the discussions of W. Tobocman and M. Melkanoff in the 
Proceedings of the International Conference on the Nuclear Optical 
Model, Florida State University Studies, No. 32 (The Florida State 
State University, Tallahassee, 1959). 
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with final states by subscript “f.” We then write the 
relations 


Hobo= Evto; HAj=ENy; Ho=Hy=HotVny, (26) 


the energy shell condition being Eo= Ey=E. 
The considerations of the previous paragraph lead 
us to write the wave functions yy as 


W=CXia Bulm)Payt, where Ey— y= Ens! 


and (27) 
T.-T,- 

It is possible to relate the states ¥,“* to the final states 

¢;, eigenstates of the operator in Eq. (2), through a 

wave matrix 2;‘+). The explicit form of this operator is 


eof 


V np) Pap" = 0. 


(Eny*— 


1 
ay'*) = Exie— Ho. (28) 


—) np) 


) y 
ay‘) — J np 


It is well to keep in mind the fact that the states ¢, 
are those subject to observation, while the states yy 
are not. 

The stationary state W; associated with final states 
gy satisfies the integral equation 


VY =y/+ (29) 


ao‘* ) 


It is then straightforward to compute the transforma- 
tion matrix (VW; |¢o). If we do this, then the reaction 
cross sections are seen to be determined by the transi- 
tion matrix element 

Tyo= (Ws | H1| G0). 
A direct consequence of this result is that the transition 


operator, 7, to be evaluated between the states oo and gy 
takes the form 


(30) 


1 


T= H+ (Mit V np) A, 


(+) d 
ay Vey 


1 1 
H.— 


1 H;; 
ay‘t \—>> V; 


+(H,+ V a) 


ay) — Vine 
> Vi=Ait Vay. 


This expression is obtained by using the familiar 
operator identity, as in Eq. (17), on the wave matrix 
which relates ¥;— to gy. 

The Schrédinger equations for the initial and final 
states give us the very useful relation 


(Eo— E;)(by| 0) = @y| Vinp| G0). (31) 


Hence on the energy shell, the matrix element vanishes, 
i.€., 


(oy | V np| oo) =9, (32) 
for ky= E;=E. This boundary condition is important 


9 a7 means the transpose of a, 
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in establishing the final result, Eq. (34), when one deals 
with the wave matrix associated with initial states 
instead of that for final states as we have done. 

Upon using the ubiquitous operator identity to 
rewrite the term H,(ao?—V,,»)“HMi in the expression 
for T, this quantity takes the form 


r-[14 V0 A, 


1 1 
. Jer 
ay*t)— J np ayt—> J i 


1 
+[14 V0 : In. 
: ay? — 4 


We then achieve the factored expression 


T=Q,° 


1 ! 1 
[1+ V»| | +- us| (33) 
do‘ } — ig ayt—>> V; 


which is in final form. Again, this operator is to be 
evaluated between the initial and final states. The 
reader will easily verify that the wave matrix Q‘*? 
does generate the stationary state associated with 
states do. 

As a result of the algebraic operations of the last two 
paragraphs, we can now rewrite Eq. (30) in the equi- 
valent form 


17 FQ) ’ 


Tyo= (yy, ' “i. | H, | Wo‘ r De (34) 


Equations of this form, so-called final state interaction 
forms, have been discussed by many writers. The par- 
ticular work of Watson cited at the beginning of this 
section motivated our development. 

We will proceed to give a physical interpretation of 
the result expressed by Eq. (34). First, the appearance 
of ¥;~ indicates that presumably the final state inter- 
actions can be simulated by allowing the neutron and 
proton to scatter each other, there being no scattering 
from the residual nucleus for either nucleon. This result 
is not as surprising as it appears upon first glance. 

Two very simple interpretations, undoubtedly many 
more exist, are compatible with Eq. (34). In the first 
of these, the matrix element may be thought of as 
having two principal contributions in a Born approxi- 
mation to the stationary state: (1) impulsive breakup 
of the deuteron through interactions of each of its 
nucleons with the target, the nucleons undergoing 
subsequent scatterings for some exterior region of con- 
figuration space, say r>a; (2) compound nucleus 
formation involving fairly large excitations, the deu- 
teron being dissolved by the deuteron potential //,, 
decay of the compound occurring by simultaneous 
emission of a nucleon pair. Each nucleon “sees” the 
other (the state Y,) subsequent to its own emission 
through V,, (a=n or p). Finally, we might approximate 
the stationary state by an optical model state for the 
deuteron. Such a state describes the diffraction of the 
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deuteron by the initial nucleus. Then the potential H;, 
as a sum of nucleon potentials, dissociates the deuteron, 
the nucleons appearing in states yy. 

Although we have carried out calculations for the 
matrix element of Eq. (34), that form is not one which 
is preferred. This statement has justification in the 
difficulties of making suitable approximations. The 
discussion of the previous paragraph ought to reinforce 
this view. It is, therefore, appropriate to conclude the 
material of this section with a discussion of an alternate 
symmetric form for the transition amplitude. 

As we noted in the introduction to the section, the 
discussion of Sec. II can be modified in such a way as 
to apply to a symmetric formulation of the problem. 
The desired results are achieved by introducing external 
potentials which distort both of the final state nucleons. 
For the remainder of the discussion, the procedures and 
notation of Sec. II are utilized. Moreover, the no- 
polarization approximation of that section, Eq. (21), 
is found to be useful here. 

Our point of departure is to consider the basis set py 
associated with final states ¢;. The former states are 
eigenfunctions of the operator H,’, i.e., 


(y- Hy y= (); H,/ = Tot T+ V net VartH;; 
w= Sult)Xnp’. 


The nucleon states X,, which appear here are product 
states in functions np(r,) and ny(r,) where 


V2— Vn)Xnp=0; 


(35) 


T,- Vax)0N =(; 


(Ep— Ty- Vor) np=0; 
(Evp—T,—Ta— 
Ey P= Ep+En ; 


(36) 
Ey p= Ey— fu 


The potentials V are the average distorting inter- 
actions. In particular, the stationary state VW; associated 
with final states ¢y satisfies the integral equation 


1 
VH=y,H+4 WIV, ; Wl=UnrtU pet Vay; 

ag? 
(37) 


at) = Ey—T,—T p—He— Vor— Vartie; 


~ a =~ 


Uar= Va Vas; U pr V ox gre 


Then the wave matrix O; generating ¥,;‘*) from @y 
can be factored as before, i.e., 


O;4 = (0,4 Wr : 
where 


and 


The essential modifications for the functions associated 
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with the initial states are contained in the statements 
which follow. 


1 
Vo) =N)H ho; Do’ v=[+ imi —V.4: 


ay) — Va 


Va=VartVor. (39) 


The quantity ao has been previously defined in con- 
nection with Eq. (12). It is again possible to show that 
an exact factorization can be determined for the given 
wave matrix. No new procedure is involved and we 
simply quote the result. 


1 Bt 
oye =| 14 — Uae [1+— 7 
a*—U,, a‘) 
aH) =a) — Vay; 
Vi= V+ Vox; Uar= DactU ox. 


Again an “optical model,” or alternately a distorted 
wave, state is defined for the deuteron-target inter- 
action. This state, Xo, is explicitly 


1 
ou=[ 4 — Veal (41) 
a‘> 


Vcq is the potential, diagonal in nuclear states, which 
replaces Vg in the wave matrix of Eq. (39). The no- 
polarization approximation consists of the statement 


Vo HXXo), (42) 


The reader may verify that Eq. (13), together with the 
statements of this paragraph, leads to the transition 
matrix element’ 


T a= Vo | Vnp| Va? XW | Vap| Xo); 


where the energy quantum numbers have been ex- 
plicitly separated off as in Sec. II. This result is 
restricted, as was the earlier one [Eq. (16) ], by the 
requirement that Vcqa be Hermitian. We do not quite 
achieve an optical model state then as the deuteron is 
distorted by a real potential.” 

The physical implications contained in Eq. (43) lead 
us to consider products of nuclear and distorted nucleon 
states for the final state distortion. The nucleon wave 
functions nx (K=N, P), are optical model functions. 
Restriction of the deuteron state, as noted, does not 
cause any serious inconvenience. For low-deuteron 
bombarding energies, say less than 14 Mev, the 
imaginary part of the optical potential is of the order 
of that for protons.* However, we would in many cases 
like to compute with the full optical potential. It is 
possible to show that the considerations connecting 


(43) 


1 Tn our discussions with Dr. L. Rodberg, it was suggested by 
him that a 7 matrix of the present form ought to be searched for. 

This form has been independently derived by K. Greider, 
Phys. Rev. 114, 786 (1959). 

2 Necessary modifications leading to an optical potential are 
quite straightforward, though not discussed in detail here. 
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Eqs. (21) and (22) can be carried through using non- 
Hermitian potentials in a quite simple way. The ap- 
pearance of such potential occasions very little change 
of procedure and none of concept. Equations (43) and 
(24) are therefore more general than we have chosen 
to detail here; and apply without the earlier restrictions 
to real distortions of the initial states. The reader will 
have noticed at any rate that formal considerations 
imply non-Hermitian potentials for the initial distorted 
states if they exist for the final ones. This must follow 
as evident for the rearrangement-type problem. For 
when the actual potential interactions are partitioned 
into Hermitian and non-Hermitian parts and these 
parts projected onto one set of states, say the final ones, 
compensating parts then project onto the initial states. 
We need not then have ever restricted ourselves to 
Hermitian potentials especially if we expected a con- 
sistent interpretation involving optical potentials for 
any set of states. Our only reason for introducing the 
premise of hermiticity was to simplify the formal 
derivation as given here. 


IV. NUMERICAL CALCULATIONS 
AND CONCLUSIONS 


In this section, we would like to illustrate the sort 
of results which follow from our formal discussions. 
Specifically, we choose to discuss the c.m. spectra of 0° 
neutrons from d-D collisions, measured by Cranberg 
et al. for 4.75- to 7.33-Mev deuterons. 

There is, as repeatedly emphasized, no point in 
evaluating the asymmetric transition amplitudes. We 
will, however, discuss the numerical results obtained by 
using Eq. (34).¥ 

Cranberg and his collaborators measure the dissoci- 
ation spectrum for 0° neutrons in the c.m. system and 
give their results as relative yield vs energy. The resulting 
spectrum is found to differ rather strikingly from the 
Fermi ellipse for a three-body breakup without inter- 
particle forces.“ Presumably the departure from the 
elliptical locus are due to the presence of final state 
interactions. Fermi’s result predicts an upper limit to 
spectrum [see discussion following Eq. (6) ] and this 
sharp cutoff of neutron yield is not observed. In the 
large, its absence is due to finite resolution effects 
associated with the neutron detector. This has relevance 
for us in that the experimental spectrum, that for 6.3- 
Mev deuterons, is broader than the physical spectrum 
which would be observed for an improved detector.! 
Evidently, experimental and theoretical comparisons 
are subject to this qualification, as we discuss in the 
Appendix. 

Our theoretical predictions, together with a smooth 
reproduction of the experimental data, appear in Fig. 1. 


13 Equation (43) represents a more accurate formulation for the 
scattering matrix. Calculations using this expression will be 
reported elsewhere. 

4 E. Fermi, Elementary Particles (Yale University Press, New 
Haven, 1951). 

18 We are indebted to Mrs. L. Stewart for this observation. 
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The principal result is that the normalized neutron 
yield appears symmetric about some neutron energy. 
This energy is very nearly that at which the final state 
proton and deuteron carry off equal amounts of energy 
(~0.27 Mev), the neutron scattering at 135° relative 
to the deuteron. It is seen that the experimental data 
does not seriously contradict this result. Our theoretical 
curve has a half-width of some 0.075 Mev, the experi- 
mental curve a geometrical mean “width” of 0.18 Mev, 
and average “width” (i.e., half-width) of 0.13 Mev. 
Presumably the crudeness of assumptions, which we 
will detail, degrades the theoretical predictions. The 
theoretical spectrum for neutrons cuts off at 0.69 Mev; 
this is inherent in the energy conservation statements 
which describe the reaction. 

In what follows, we will discuss the wave function 
approximations as used in Eq. (34). Recall that our 
reaction is D(d,np)D, the approximation to the sta- 
tionary state Wo) is taken to be a hard-sphere dis- 
tortion for the deuteron. The radius of this sphere is 
taken to be about 5.0 fermis (1 fermi=10-" cm). We 
did not check the effect of varying the radius parameter. 
The deuterons, target, and projectile were considered 
to be spinless and we did not symmetrize the state 
function amplitude. Further, the state vector, as used, 
describes the scattering of 6.3-Mev deuterons in S states 
only. 

Next the transitions to final states are induced 
through the interaction H,;—a sum of nucleon potentials. 
We have replaced this interaction by the product form, 
—¢5(%,—a@)5(r,—a), which dissociates a point deuteron 
at a radius r equals a. The value of this quantity is 
taken to be about 4.5 fermis. c; is an undetermined 
parameter in the potential expression and need not be 
known for calculations of relative cross sections. 

The wave function ¥;™ is that for a ground-state 
deuteron in motion relative to a diparticle; the two 
systems having no interaction. In the diparticle, the 
neutron and proton scatter only in S states, for our 
purposes, and in singlet states. The collision matrix in 
their relative wave function is then determined by cal- 
culating the 1S» phase shift from effective-range theory. 
We took as the values of the singlet scattering length 
and effective range: ¢,=—2.4X10" cm and 1o.=2.6 
X10-* cm.!° The diparticle has center-of-mass motion 
as well as internal or relative motion. The energy sum 
of these motions is fixed by energy conservation, the 
individual values are not. Now the final or observed 
states are those for free nucleons, together with a 
deuteron and not the diparticle-deuteron states. It is 
easy to remove the apparent difficulty by specifying 
that the momentum of the protons, we do not observe 
these nucleons, be given by k,=a,(x/2). Here a, is a 
unit vector of arbitrary orientation and «x is the, as yet 
undertermined, wave number for relative motion of the 
diparticle. Then it is easy to show that the energy con- 


18R. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Inc., Cambridge, 1953). 
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Fic. 1. Spectrum of zero-degree neutrons in the c.m. system 
from 6.3-Mev deuterons in the reactions D(d,np); (—--) cal- 
culated; (——) measurements of reference 2. 


servation statements take the forms 


(Eo.m.— €p) = (WR n2/2p*)-+[H?(x/2)2/2u*]; 
u*=(3M/4); 


and (44) 


(E..m.— €B) — (hx? /2upp) + (h?k?/2unp) ; 


KMpp>= M; Mnp> M/2. 


In the preceding, M is the nucleon mass, k is the 
momentum associated with internal motion of the 
diparticle, and E,.m. is the center-of-mass equivalent of 
the deuteron bombarding energy. The neutron KE 
ranges over the values zero to Ey.m.—es, which deter- 
mines the c.m. energy of the diparticle. This energy in 
turn fixes that available for relative motion. The k 
values so determined are used in the effective range 
formula to fix the phase shift and therefore the collision 
matrix describing the nucleon interactions. Now things 
are not quite as straightforward as we have made them 
appear. Before discussing the details, we want to 
observe that Eq. (44) is exact, independent of the orien- 
tation of the vector ap. 

As the energy of the neutron approaches zero in Eq. 
(44), a value of x is reached for which the associated k 
is imaginary, namely for neutron energies satisfying the 
inequality E,<(E./3), where E, is the energy 
(E..m.—€s). Beyond this point in neutron energy, we 
proceed as follows. Solve the Schrédinger equation for 
relative motion, ie., 


= (h?/2unp) Ve+ Uny(r) = (h?k?/2unp) 
= — (WB?/2y np) 


Here, r is the interparticle separation in the diparticle 
and Un, is a suitably chosen square well of depth Uo, 
range Ro. Again, restricting our attention to S states 
we know that if the effective range ro, equals the actual 
range, the scattering length is given by a,=—8Ro. 
Then the Blatt-Jackson analysis!’ tells us that the 


(45) 


17 The results of J. Blatt and J. Jackson which we have used 
are presented in reference 16, pp. 84-85. 
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range-depth relation is given as 
(KRo)?=2.2; K?=(MU,/h’). 


We have chosen a potential of range Ro=3 fermis which 
gives a depth of Up=11 Mev. We are then able to 
construct the diparticle internal wave function for each 
value of 8 or neutron energy, which obviously was the 
point of this discussion. It is important to observe that 
the composite diparticle wave function does have a 
continuous eigenvalue spectrum on x, as required by the 
discussion preceding Eq. (25). 

Any further discussion of the calculations would 
involve the sort of technical detail which is quite 
familiar. Indeed, as we have carried out S-wave calcu- 
lations for spinless particles, using a zero-range force, a 
specific cross-section formula is not given here. This 
situation will be remedied in a later paper, now in 
preparation, in which we discuss several dissociation 
cross sections for deuterons, the emphasis being entirely 
computational and the formula of Eq. (43) being 
employed. We should mention, however, that the 
theoretical yield curve of Fig. 1 is broadened when we 
reduce the final state interaction V x». 

We have, in summary, described the situation in 
which a deuteron is dissociated by its interaction with 
a given nucleus. Formulas were given for the case of no 
interaction of one of the deuteron constituents with the 
target nucleus. These statements were observed to be 
restrictive, requiring knowledge of quantities which we 
could not in general observe. We then proceeded to 
give derivations of symmetric forms for the transition 
matrix element. These contained the system interac- 
tions and wave functions in a way susceptible to cal- 
culation, the former being consistent with our state of 
knowledge. It was pointed out that of the two sym- 
metric forms derived, one of these, Eq. (43), was 
superior as it contained only wave functions and inter- 
actions of which we have inferential knowledge. 

Let us qualify our remarks somewhat in the following 
ways. In Eq. (43), X_‘%? will not be a good approxima- 
tion to W,‘+), the stationary state, if reaction cross 
sections are much the same order as the elastic cross 
sections at the energy of interest. This situation then 
demands that we include in our approximation to ¥,“*? 
the so-called (1/A)-corrections.'® Further, the formula 
of Eq. (43) can with some amount of work be rewritten 
in terms of sums of two-body ¢ matrices. This procedure 
will also lead to optical potentials and concomitant 
corrections for the nucleon-nucleus interactions. The 
point here is that an alternate approximation procedure 
can be developed in this case. We have, however, been 


guided in our development, apart from some of its 


complex features, to give final formulas with which 
workers in the field would not hesitate to compute. It 
is most unlikely that the complicated (A/1)-corrections 

18 See, for example, the work of K. Watson, Phys. Rev. 105, 
1388 (1957); also reference 5, for a discussion of these corrections. 


JAMES E. 


YOUNG 


would be attractive to someone desiring to fit his data. 
The complete formal statements can, however, be made, 
and these will be published elsewhere. 
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APPENDIX 


We wish to discuss here the effect of finite energy 
resolution of the neutron detector upon the measured 
neutron spectrum. Our treatment of this effect consists 
of computing a resolution function for the neutron 
detector used by Cranberg ef al. and folding this 
function into the theoretically calculated neutron yield 
spectrum at zero degrees. The function which results 
is the apparent c.m. spectrum of zero degree neutrons 
or a weighted theoretical yield distribution. 

Cranberg et al. (C.A.H.) give the time spectrum of 
neutrons scattered in the forward direction from 6.3 
deuterons on deuterons, as displayed by 50 channels of 
a 100-channel analyzer. These data, Fig. 1 of C.A.H., 
permit us to construct the channel number, &, as a 
function of time, ¢, 


k=51—501. (Al) 


If the energy resolution, AZ, 1, of the neutron energy 
in the laboratory is defined as the energy interval for 
a one-channel separation, then 


AEat=(Ent!/25). (A2) 
Upon defining a quantity, 82, equal to (AE,,)~* and 
introducing a Gaussian for the resolution function, 
Rg(En,E,’), this function is written as 


Rs(En',En) = (8/m)! exp[—B(En—En’)?].  (A3) 


Since we require this function in the c.m. system where 
our yield calculations were done, the energies E,, EF,’ 
are to be understood as energies in this system. More- 
over, it is necessary to obtain 8 from the value of 61, 
given previously. 

Neutron energies in the c.m, system are related to 
those En, in the laboratory according to 


Ent= (Eo'/4)—cos0 na(Eo' Enc)'+ Ene, (A4) 


where Eo’ is the laboratory energy of the c.m. system 
and #na the c.m. angle between final state neutron and 
deuteron. The preceding relation is to be used in con- 
junction with that for the neutron energy £,, in the 
c.m. system, namely, 


2Enct3Ept2(2EoEnc)* cost na= Ex. (AS) 
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In this result, /p is the kinetic energy of final state 
deuterons in the c.m. system, and £, is the total energy 
in the c.m. system for final states. 

We have then given sufficient information to evaluate 
the energy resolution parameter 8 associated with 
neutron energies in c.m. The obvious next step is to 
represent the theoretical neutron yield curve of Fig. 1 
by a suitable function. Fortunately, the following 
Gaussian is an admissible function: 

Gr(E,; E,°,Ep)=expl[—a(E,—E 
Gr=theoretical yield; (AO) 
a=/0 (Mev)*?;  Eno=0.39 Mev; En=6.3 Mev. 

It follows that the apparent neutron yield as pre- 
dicted by the theory is given by 
Galaga io) 

va) 
-{ Rg( En’; En) Fr( En’; En®,E)dE,’ 


nD 


a 4 
=[1+(a/8) ] 'exp| Caalt (A7) 
(1+a/8) 


We have plotted this function in Fig. 2, where it is 
compared with the observed data of C.A.H., now 
normalized to the maximum value of (A7), 0.75. 
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Fic. 2. Comparison of weighted neutron spectrum (see Appendix 
for discussion) with experimental spectrum; (———) calculated; 
(——) measurements of reference 2. 


The degree of divergence between the two curves is 
not appreciably reduced over that seen in Fig. 1. This 
does not mean, however, that the foregoing computa- 
tion, (A7), is valueless. On the contrary, the correction 
of theoretical spectra is indicated when these are cal- 
culated with some precision. It would not be expected 
that our S-wave approximation to the transition matrix 
element would be drastically altered by (A7) unless 
inordinately large errors were inherent in the experi- 
mental detection apparatus. 

We are indebted to L. L. Foldy and W. M. Visscher 
for discussions on the material in this Appendix. 
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O"* nuclei have been elastically scattered from Au"®’, Ni (natural isotope abundance), Al?’, and C” at a 
laboratory energy of 158 Mev. The angular distributions obtained show features similar to those obtained 
for alpha particles scattered from various nuclei. However, diffraction effects are evident for target nuclei 
of higher atomic number Z with the alpha particle as the bombarding nucleus than with O'* as the bombard- 
ing nucleus. A survey of the literature is presented to show that diffraction effects become evident for n $5, 


where 7 =ZZ'e*/hv. 





I. INTRODUCTION AND CONCLUSIONS 


i this paper experiments are reported of O'* nuclei 
elastically scattered from Au'®’, Ni (natural abund- 
ance), Al’’, and C”. The results obtained from these 
experiments have then been compared to previous 
scattering results from the literature where alpha 
particles and other heavier nuclei have been used as the 
bombarding particles. 

The work on the elastic scattering of alpha particles 
and heavier nuclei has been reactivated recently by 
Farwell and Wegner.'? They investigated high-Z 
nuclei by scattering alpha particles with energies up 
to 40 Mev. These experiments yielded the usual 
Rutherford scattering for classical trajectories outside 
a nuclear radius R, while for trajectories passing inside 
this radius, the scattering cross section rapidly dropped 
below the Rutherford value. Just before the drop away 
from the Rutherford scattering the scattering cross 
section also was found to rise 10-20% above the 
Rutherford value. These features were successfully 
described theoretically by Blair? by means of a partial 
wave analysis of the scattering, using a sharp cutoff at 
the “nuclear radius.” All partial waves with classical 
trajectories passing inside this radius were assumed to 
be absorbed or eliminated by the nucleus. Further 
experiments at various energies yielded alpha-particle 
elastic scattering angular distributions for high-Z 
elements with similar features.~® Although the theo- 
retical the features 
described above, it also yielded oscillations about a 


sharp-cutoff model produced 


constant cross section after dropping about a factor of 
ten below the Rutherford value. This feature of the 
model was in contradiction, of course, to the continued 
drop-off of the experimental cross sections. 

Scattering of alpha particles from elements of lower Z 


* Supported by the U. S. Atomic Energy Commission. 

1G. W. Farwell and H. E. Wegner, Phys. Rev. 93, 356 (1954). 
2G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954). 
8 J. S. Blair, Phys. Rev. 95, 1218 (1954). 

4 Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

5 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 

®R. E. Ellis and L. Schecter, Phys. Rev. 99, 1044 (1955). 

7R. E. Ellis and L. Schecter, Phys. Rev. 101, 636 (1956). 
®H. E. Gove, Phys. Rev. 99, 1353 (1955). 

® Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 


revealed a qualitatively different result. For these 
elements marked diffraction structure appeared. These 
later experiments also covered intermediate-Z elements 
which showed small diffraction structure superimposed 
on a rapid drop away from Rutherford scattering, i.e., 
a combination of the high-Z and low-Z results. Further 
calculations with the sharp-cutoff model showed that 
the experimental diffraction structure for the low-Z 
elements coincided roughly with the diffraction oscil- 
lations of the sharp-cutoff model.!® However, the 
experimental data did not extend to small enough 
angles to determine whether there was still a sharp 
drop-off below the Rutherford value. 

Experiments have also been performed with heavier 
nuclei as the bombarding particle.’*!’ The high-Z 
behavior described for alpha-particle bombardment has 
been found to persist for both N™ scattered from N™ 
and for C® scattered from Au’, 

Recently, calculations'**! have shown that the 
experimental features of the scattering can be re- 
produced rather well by using an optical model potential 
for the target nucleus. The relation between the optical 
model and sharp-cutoff model has also been pointed 
out.!>.19 

The experiments being reported here are for O'* 
nuclei scattered from both high-Z and low-Z nuclei. 
Only qualitative results will be considered at this time 
because of experimental uncertainties in normalizing 
the data. However, it can be shown clearly that the 
qualitative features obtained here fit in with the 
qualitative features of the scattering experiments just 
discussed. In addition, it will be shown that these 
features depend chiefly on one parameter,” 7=ZZ’e?/hv, 


0 FE, Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955). 

1 Eisberg, Igo, and Wegner, Phys. Rev. 99, 1606 (1955). 

12 Igo, Wegner, and Eisberg, Phys. Rev. 101, 1508 (1956). 

13 Seidlitz, Bleuler, and Tendam, Phys. Rev. 110, 682 (1958). 

14 Gailar, Bleuler, and Tendam, Phys. Rev. 112, 1989 (1958). 

15 J. S. Blair, Phys. Rev. 108, 827 (1957). 

16 H. L, Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 

17E, Goldberg and H. L. Reynolds, Phys. Rev. 112, 1981 
(1958). 

18 G. Igo and R. M. Thaler, Phys. Rev. 106, 126 (1957). 

19N. B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
(1957). “ 

*” C. E. Porter, Phys. Rev. 112, 1722 (1958). 

21 G. Igo, Phys. Rev. Letters 1, 72 (1958). 

% Igo, Wegner, and Ejisberg, reference 12, have already shown 
that the magnitude of the diffraction structure depends on Z and v. 
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where Z and Z’ are the atomic numbers of the target 
and bombarding nuclei, respectively, v is the relative 
velocity between these nuclei, and e and % have their 
usual meanings. Thus, a large n, or strong interaction, 
yields the sharp drop below Rutherford scattering ; this 
situation approaches the classical picture of absorption 
of particles striking the nucleus. On the other hand, the 
small » or weak interaction case yields diffraction 
structure; this situation, in the limit, approaches the 
scattering of a plane wave from a black sphere with the 
attendant diffraction pattern. 


II]. EXPERIMENTAL APPARATUS 
A. General Description 


A schematic diagram of the experimental apparatus 
is shown in Fig. 1. The beam of oxygen ions from the 
heavy-ion accelerator at the left strikes a stripping 
foil after leaving the accelerator. (The stripping foil 
is 0.00025-in. aluminum-coated Melinex.?*) The foil 
strips the last few electrons from the ions that are 
leaving the accelerator so that almost all of the ions 
have eight charges. These bare O'* nuclei are then 
deflected by the deflecting magnet through an angle 
of 31° and focussed horizontally and vertically at the 
slit position.24 The magnet disperses horizontally the 
O's of different energy such that a 0.25-in. wide slit 
will pass a 1% spread in energy. The beam energy 
was determined to be 158+2 Mev.” 

After passing through the slits, the O'* beam strikes 
the target and is scattered. The target holder can be 
moved vertically so as to place any one of three different 
targets in the beam without breaking the vacuum of 
the scattering chamber. The target is always set with 
its plane perpendicular to the beam. 

—. 
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Fic. 1. Schematic diagram of the experimental apparatus. 


%Qbtained from Alexander Vacuum Research, Inc., New 
York, New York. 

* The beam is focussed both horizontally and vertically at the 
slits if a parallel beam enters the deflecting magnet. ‘The raw 
accelerator beam is found to focus into a }-in. diameter spot at 
the slits. Introduction of the stripping foil should increase the 
spot size about 107 due to multiple scattering in the foil. 


25 Anderson, Knox, and Quinton (private communication). 
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Beyond the target the beam strikes a Faraday cup. 
Four Faraday cups, ranging in diameter from 1} in. 
to 3 in., are mounted on a vertical rod so that cups of 
various size can be inserted into the beam. The small 
cups are required when scattering at small angles is to 
be investigated. Thus far, the Faraday cups have not 
been checked for beam collection efficiency. Also, 
undoubtedly many electrons knocked out of the target 
are collected in the cup, thereby giving an incorrect 
beam intensity reading. The reading from the Faraday 
cup has thus far usually been used to give the accelerator 
operator a signal. The monitoring of the beam for the 
scattering experiment itself is done by collecting the 
charge from the target (which is insulated) on a 
polystyrene-insulated capacitor and measuring the 
capacitor voltage with a vibrating reed electrometer.”® 
Presumably, the charge from the target is a measure 
of the number of electrons knocked out of the target 
by the beam and hence a measure of the beam itself. 
Electrons, that may be in the beam already because of 
the beam striking the slits, are removed by a clearing 
magnet prior to the target (see Fig. 1) so that no 
electrons will strike the target and falsify the monitor 
reading of the beam. 

The scattering chamber is 8 in. in diameter with the 
target at the center. A 1-in. high by 0.001-in. thick 
Mylar (CioHs04) window extends around the chamber 
from 10° on the left of the beam direction to 150° on the 
right of the beam direction. 

The scattered O's are detected by a CsI(TI) 
scintillation counter placed outside of the scattering 
chamber (see Fig. 1) at a distance of 21.1 in. from the 
center of the target. An evacuated pipe extends from 
the counter to the scattering chamber. A 0.001-in. 
Mylar window with 3-in. diameter aperture allows 
scattered O's leaving the scattering chamber to 
enter the counter pipe and strike the scintillator. A 
piece of 0.00025-in. aluminum-coated Melinex also 
covers the window to keep light away from the scintil- 
lator. The air gap between the scattering chamber 
and the counter pipe is 0.75 in. The CsI(T1) scintillator, 
is 0.010 in. thick by 13 in. in diameter and is glued to a 
-in. thick Lucite disk of the same diameter.2”? Dow- 
Corning silicone oil is used as an optical coupling 
between the Lucite disk and an RCA-6342 photo- 
multiplier. A j-in. diameter aperture mounted on the 
face of the CsI(TI) scintillator limits the sensitive 
area of the detector to this region. The counter is 
surrounded by } in. of steel for magnetic shielding. 
Pulses from the detector are fed through a cathode 
follower and a coaxial cable to the experimental control 
area and analyzed with a Baird-Atomic Model-520 
20-channel analyzer. This fast analyzer (dead time 


26 Cary Electrometer, Model 31, Applied Physics Corporation, 
Pasadena, California. 
27 Obtained from Harshaw Chemical Company, Cleveland, 


Ohio. 
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TABLE I. Energy spread in the scattering process. 


1 2 
Target 
thickness 


element (mg/cm?) (Mev) 


Au? 2.29 } 1.6 
Ni 2.23 . 1.6 
Al? 1.21 , 1.6 
C® (CH:) 1.01 ; 1.6 


Beam 


SE 
(Mev) 


3 
Target 
AE 


Target 


* Full width at half maximum. 


30 ysec in each channel) is used to facilitate rapid 
collection of data. 

The detector is mounted on a heavy table which 
can be rotated about the target by remote control. The 
table swings around a bearing mounted in the fixed 
center post of the apparatus which supports the 
scattering chamber. The table is supported by two 
wheels as well as the bearing. The wheels roll on a 40-in. 
diameter track. The table will carry 1500 lb. of shielding. 
It was found, however, that no shielding is required. 
The angular position of the counter can be read re- 
motely. A gear rack with 1400 teeth is wrapped around 
the track supporting the table. A pinion engaged in the 
rack is mounted to the table; the rotation of the 
pinion thus indicates the angular rotation of the 
counter about the target. A Selsyn, coupled to the 
pinion shaft, transmits the rotation to the experimental 
control area and the rotation is displayed on a me- 
chanical counter which reads to 0.1°. This indicator 
system for measuring the counter angle reproduces 
to +0.1°, the limitation being in the reproducibility 
of Selsyn position. 


B. Energy Spread in the Scattering Process 


For most of the measurements a }-in. diameter hole 


has been used as the beam-defining slit. The energy 
spread in the beam, A//E, is therefore 1% or 1.6 Mev. 
There will also be an energy spread across the target 
because of the energy loss of the beam in traversing the 
target. Four targets have been used in the experiments: 
Au’, Ni (natural isotope mixture), Al*’, and CH» 
(polyethylene film) with thicknesses of 2.29, 2.23, 1.21, 
and 1.01 mg/cm?, respectively (see Table I, Column 2). 
By assuming that the O'*’s are completely stripped, the 
energy loss for the O'®’s may be considered to be 4°= 16 
times that of alpha particles of the same velocity.*$ 
The energy losses so determined are given in Table I, 
Column 3. If the population of particles is evenly 
distributed across both the target and the beam energy 
spreads (rectangular energy distribution), then the 
combination of the two spreads will be a trapezoidal 
distribution with full width at half maximum equal to 
the larger energy spread. Column 5 in Table I gives 
this total energy spread determined from the values in 
Columns 3 and 4. The significance of this energy 
28. C. Northcliffe has taken unpublished data for O's and 
alpha particles in aluminum which bear out this relationship. 
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spread for the scattering process will be seen in the next 
subsection. 


C. Angular Resolution of the Scattering 


A number of factors contribute to the spread in the 
scattering angle when scattered particles are being 
detected by the counter at a fixed angle. First of all, 
there is a smearing out of the diffraction pattern 
produced by the scattered particles because of the 
spread in scattering energy just discussed. A rough 
estimate of this effect can be made by the following 
classical argument. Suppose that the diffraction pattern 
is determined by some interaction radius R between 
the target and the bombarding particle. Then, for a 
bombarding energy F, R is related to the center-of-mass 
scattering angle @ by 


R= (ZZ'e/2E)[1+csc(¢/2)], (1) 


if Rutherford scattering is assumed. For a different 
energy, E+AE, and the same interaction radius, R, 
there will be a different scattering angle ¢+Aq¢ where 


Ag = —2 tan(¢/2)[1+sin(¢/2) JAE/E. (2) 


Equation (2) will be used in the following to estimate 
the Ag introduced by the AE.” Using the largest 
scattering angle in the experiments (center-of-mass 
value), for each target material, Ad was calculated from 
Eq. (2) for the values given in Table I, Column 5. 
Aé, the spread in laboratory angle corresponding to 
the A@ thus calculated, is given in Table II, Column 3, 
using the value of A¢/A@ given in Column 2. 

A second factor contributing to the angular reso- 
lution is the multiple scattering in the target. Using 
the calculations of Williams,® this effect was evaluated 
and is displayed in Column 4 of Table IT. There is also 
multiple scattering by the windows of the scattering 
chamber and counter as well as by the air path between 
them. The magnitude of this effect is given in Column 5. 

Finally, the angular spread is increased because of 
the range in angles detected at any one time by the 
counter. For a }-in. diameter beam striking the target 
and a 3-in. diameter counter located 21 in. from the 
target, the range in angle detected (full width at half 
maximum) would be about 0.70° in the laboratory. 
This value is entered in Column 6 of Table IT. 

The angular resolution resulting from combining 
all of these effects is entered in Column 7 of Table IT. 
This result is found by taking the square root of the 
sum of the squares of Columns 3, 4, 5, and 6 (this 
procedure assumes that four Gaussian distributions are 
folded together). Finally, the angular resolution in the 
center-of-mass system is obtained by multiplying the 

*% FE. Goldberg and H. L. Reynolds, reference 16 and private 
communication, have calculated the A@ associated with a AF 
using the Blair sharp cutoff approximation for several cases. They 
find values for A@ smaller than the values in Eq. (2) by a factor 
of 1.5 to 2. However, Eq. (2) will be used in the following rough 


estimates because of its simplicity. 
# E. J. Williams, Phys. Rev. 58, 292 (1940). 
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TABLE II. Angular resolution of the scattering measurement. 





3 4 
A0g* 
target 
multiple 
scattering 
(degrees) 


due to 
Target AE 
element (degrees) 


5 6 

A6* 
window 46s 
multiple due to beam Ap 
scattering and counter size total 
(degrees) (degrees) (degrees) 


A¢* 
total 
(degrees) 








Au? . 0.92 
Ni : 0.52 
NG 
CHe 


0.55 
0.38 
0.20 











* Full width at half maximum. 


Aé in Column 7 by A¢/A@ in Column 2. The results are 
tabulated in Column 8. The resolution is 1.5° for all 
targets except carbon where it is 2°. Except for the 
gold target the main contribution to the angular spread 
is the beam and counter geometrical size. 


D. Accuracy of the Scattering Angle 


As stated in subsection A, the angular setting of the 
counter is reproducible to 0.1°. The linearity of the 
angular scale is even better than this value since 0.1° 
corresponds to 3 of a tooth on the 1400-tooth angle- 
indicating gear. There remains then the accuracy of 
the lineup of the zero degree angle with the beam axis. 
The lineup was done in two ways: one, by lining up 
optically the counter with the beam slit and the center 
of the target; two, by scattering at 8° on both the 
left and right side of the beam. These two methods 
agreed to within +0.1° so that the angle of the scatter- 
ing is known to this accuracy. However, nonreproduci- 
bility of data at small angles indicates that the beam 
axis may have varied several tenths of a degree during 
the course of any particular run. 


E. Monitoring and Normalization of the 
Scattering Cross Section 

As stated in subsection A, the Faraday cups have 
not yet been calibrated so that the magnitude of the 
beam striking the target is not known. Also, the 
Faraday cups were usually not used for monitoring 
because they did not catch all of the beam. 

The target was used as the monitor for the Au” 
and Ni targets. It was found that at the small scattering 
angles, the differential scattering cross section for these 
elements followed within a few percent the Rutherford 
csc!(@/2) angular dependence. The cross sections for 
these two elements were therefore normalized to the 
Rutherford cross sections at these angles. 

The scattering from the Al” target was monitored 
also with the signal from the target. A subsidiary 
experiment with a large Faraday cup showed that the 
efficiency of the targets in measuring the beam intensity 
is the same for both the Al®’ and the Au’? targets. 
Using this information and the thicknesses of the Al?” 
and the Au!’ targets, the Al?’ cross sections were 
normalized to the Au'’ cross sections. 

The scattering from the CH, target was monitored 


1.48 
1.36 
1.44 
2.08 


0.50 0.70 1.37 
0.50 0.70 1.07 
0.50 0.70 0.90 
0.50 0.70 0.90 


with the smallest Faraday cup (} in. wide). The Faraday 
cup was necessary because the CH, film is an insulator. 
The small cup, which may not have intercepted all of 
the beam, had to be used in order to get into as small 
scattering angles as possible. In spite of this, the data 
were quite reproducible. Normalization of the relative 
cross sections has not yet been made for the CH» 
target. Because of the absence of checks on the method 
of normalization, the Al?’ absolute cross-section values 
are reliable to only about 30-40%. The Au’? and Ni 
cross sections are reliable to about 15% since they are 
fitted to the Rutherford curve. 


F. Uniqueness of Particle Detection 


Elastically scattered O's are easily distinguished 
from most other particles that can be emitted by the 
target because of their high unique energy, and their 
short range. The CsI(TI]) scintillator thickness (0.010 
in.) has been chosen to just stop the 158-Mev O's. 
The maximum energy loss in the scintillator for alpha 
particles and protons is 22.5 Mev and 5.6 Mev, respec- 
tively. The pulse-height ratios for these three particles 
then are 100:30:8.5, respectively, for the O's, the 
alpha particles, and the protons.* The O's are therefore 
easily distinguished from these other particles. Also, 
because of the high energy of the O's as compared to 
nuclear gamma-ray energies, and the poor efficiency of 
the thin scintillator for detecting gamma rays, the 
gamma-ray background is negligible. 

There are, however, two types of interactions in the 
target that can be confused with the elastic scattering 
process. One is an inelastic scattering process where the 
target nucleus is excited. This will be considered in the 
next subsection. The other process is the nucleon 
transfer interaction where one or more nucleons are 
transferred from the O'* to the target nucleus or vice 
versa. Here the detected particle (O', say) is very 
similar to O'® and in some cases has almost the same 
energy. It may be demonstrated however, that the 
cross section for this reaction can be neglected. Volkov, 
Pasiuk, and Flerov® and Hubbard and Merkel* have 


31 Quinton, Anderson, and Knox, Phys. Rev. 115, 886 (1959). 

® Volkov, Pasiuk, and Flerov, J. Exptl. Theoret. Phys. U.S.S.R. 
33, 595 (1958) [translation Soviet Phys. JETP 6, 459 (1958). 

83. L. Hubbard and G. Merkel, Proceedings of the Conference 
on Reactions between Complex Nuclei, Oak Ridge National 
Laboratory Report ORNL-2606, 1958 (unpublished). 
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Fic. 2. Pulse-height distribution from the scintillation detector 
at 3.5° laboratory angle for O'* scattered by Al’. Beam energy 
=158 Mev. 


shown that most of the transfer reaction particles are 
emitted at an angle corresponding to an interaction 
distance of 2>1.4(A,'+A;!) fermis (1 fermi=10-" 
cm), where A; and A? are the atomic numbers of the 
target and bombarding nuclei. Since the interaction 
distance for elastic scattering is comparable to this,” 
the scattering cross section will be near the Rutherford 
value at angles where transfer reaction products are 
emitted. The Rutherford scattering cross sections at 
these angles are of the order of 10-*% cm? while the 
nucleon transfer cross sections are of the order of 
10-* cm?. The contribution of the transfer reaction to 
the elastic scattering cross section therefore may be 
neglected. In addition to this, the negative Q value of 
most nucleon transfer reactions is sufficiently large so 
that the reaction products have energies small enough 
to be distinguished from the elastically scattered 
particles. 


G. Energy Resolution of the Scintillation Counter 


The pulse-height distribution from the CsI(T)) 
scintillator is analyzed with a 20-channel analyzer. 
The pulse-height values are then converted to energy 
values using data of Quinton, Anderson, and Knox.*! 
The resulting energy spectrum for 158-Mev O's 
scattered from Al’ at 3.5° in the lab system is shown 
in Fig. 2. Two points should be noted about this 
spectrum. First, the energy of the O's in the peak is 
124 Mev instead of the beam energy of 158 Mev 
because of energy loss in the target and in the windows 
before the O's reach the scintillator. Second, the full 
width at half-maximum is 2.3 Mev. Since the spread in 
beam energy is ~1% or 1.6 Mev, the counter and 
windows add only 0.7 Mev or about 3% to the reso- 
lution. The 2.3-Mev width in Fig. 2 determines the 
energy resolution of the counting system. Of the four 
targets studied, only the C” nucleus has its first energy 
level at a sufficiently high energy so that elastically 
and inelastically scattered O's can be distinguished. 
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Figure 3 shows that, indeed, the elastic scattering 
from the C” can be distinguished from the inelastic 
scattering. The positions for the inelastic scattering 
resulting from exciting the lower levels in C” and in O'% 
are shown by arrows above the spectrum. The inelastic 
peak is seen to be near the 4.4-Mev C™ level. The 
second inelastic experimental peak is near an excitation 
value of 12 Mev where there are many levels in both 
C” and in O"*, It should be noted here that scattering 
by the hydrogen in the CH, target can be ignored; 
because of the kinematics, no O'* can scatter through 
an angle larger than 4° in the laboratory system.T 
While elastic scattering clearly can be distinguished 
from the inelastic scattering for the C” target this is not 
true for the Au'®’, Ni, and Al?’ targets because of their 
low-lying energy levels. For small-angle scattering, 
where the elastic scattering cross section is large, the 
elastic scattering will undoubtedly predominate over 
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Fic. 3. Pulse-height distribution from the scintillation detector 
at 8.5° laboratory angle for O'* scattered by C. Beam energy 
=158 Mev. Arrows above the curve indicate the energy levels 
in C® and O'*, 


the inelastic scattering." However, at the larger 
angles the elastic scattering cross sections decrease by a 
factor of 100 or more. Inelastic scattering then becomes 
significant as is shown in Fig. 4 for O'* scattered from 
Al? at 12° in the lab. The peak has widened signifi- 
cantly compared to the peak in Fig. 2 and there is a 
low-energy tail on the peak presumably corresponding 
to inelastically scattered O's. The energy levels for 
aluminum are also indicated in the figure and certainly 
inelastic scattering exciting the first two levels could 
be included in the elastic scattering peak. For this 
reason, the elastic scattering cross sections measured 
at the larger scattering angles represent an upper limit 
for the true cross sections. 

+ Note added in proof.—Anderson, Knox, Quinton, and Bach 
(submitted to Phys. Rev. Letters) have shown that the cross 
section for the production of stable nuclei such as N“ and C” 
from targets bombarded by O'* is comparable to the elastic scat- 


tering cross section. The lowest energy peaks in Figs. 3 and 4 may 
therefore be produced by these nuclei. 
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H. Correction to the Scattering Cross Section 
Due to Angular Resolution 


Chase and Cox* have analyzed the effect of the 
counter detecting scattered particles over a range of 
angles. For small angles, and assuming a circular 
aperture at the counter and a Rutherford scattering 
cross section, there is an error introduced into the 
measured cross section, meas, Of 


(meas— true) /Otrue= (Ad/¢)?, (3) 
@ being the scattering angle in the center-of-mass 
system. Here true is the true cross section and Ag is 
given in Column 8 of Table II. For Ag~1.5°, and¢=5°, 
the error introduced by this process is ~10%. At 
larger angles, the effect rapidly becomes negligible. 
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Fic. 4. Pulse-height distribution from the scintillation detector 
at 12° laboratory angle for O'® scattered by AP’. Beam 
energy =158 Mev. Arrows above the curve indicate the energy 
levels in Al?’. 


III. RESULTS AND DISCUSSION 
A. Au” 


The elastic scattering differential cross sections in the 
center-of-mass system, o(¢), for O'* on Au’? are shown 
in Fig. 5. The ordinate plotted is ¢/or where op is the 
Rutherford scattering differential cross section. The 
abscissa is ¢, the center-of-mass scattering angle. The 
O'® beam energy in the center-of-mass system is 145 
Mev. The angular resolution of the experiment is 
indicated above the data in Fig. 5. The cross section ¢ 
is seen to follow with small fluctuations the Rutherford 
value out to an angle of about 25°. At this point o rises 
above or until at 30° it is about 30% above ar. At 
larger angles it drops rapidly below or. This general 
structure for o(¢) is typical of elastic scattering by 
heavy elements for both alpha particle*® and C” 
beams.” The smaller fluctuations about this general 
structure shown in Fig. 5 appear to be real but they 
have not yet been repeated experimentally. As men- 
tioned in Sec. IIG, inelastic scattering cannot be 


4 C. T. Chase and R. T. Cox, Phys. Rev. 58, 243 (1940). 
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Fic. 5. Angular distribution in the center-of-mass system of O'8 
elastically scattered by Au’. The center-of-mass energy is 145 
Mev. a is the experimental differential scattering cross section in 
the center-of-mass system. The Rutherford differential scattering 
cross section is og=2.47X10-** csct(g/2) cm?/sterad. 


distinguished from the elastic scattering for Au’, 
Experimentally, the effect of inelastic scattering 
becomes noticeable when the elastic scattering peak 
becomes broadened (see Figs. 2 and 4). Such broadening 
is not found to occur at the angles shown in Fig. 5. 
A broadening here, of course, is only a sufficient but 
not a necessary condition for proof of inelastic 
scattering. 


B. Ni (Natural Isotopic Abundance) 


Figure 6 shows the results of scattering of O'* by Ni. 
The similarity to the general form of the Au’ data 
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Fic. 6. Angular distribution in the center-of-mass system of 
O'* elastically scattered by Ni (normal isotopic abundance). 
The center-of-mass energy is 123 Mev. o is the experimental 
differential scattering cross section in the center-of-mass system. 
The Rutherford differential scattering cross section is cg=4.30 


X10? csct(¢/2) cm*/sterad. 
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Fic. 7. Angular distribution in the center-of-mass system of O'* 
elastically scattered by Al’. The center-of-mass energy is 98 Mev. 
@ is the differential scattering cross section in the center-of-mass 
system. The Rutherford differential scattering cross section is 
or=1.45X 10% csct(@/2) cm?/sterad. 


in Fig. 5 is clear, ie., Rutherford scattering at the 
smallest angles is followed by a rise above Rutherford 
scattering and then a steep drop below the Rutherford 
value. The outstanding difference between these two 
curves is that the drop away or break from the Ruther- 
ford scattering value occurs at a smaller scattering 
angle. The reason for this change in the break angle 
has been explained by Blair® in terms of partial waves 
centered around the classical trajectory of the scattered 
particle. Classically, a smaller Z for the target nucleus 
will give a smaller scattering angle for the same apsidal 
distance for the particle trajectory. Therefore, the 
nickel nucleus interrupts particle trajectories at smaller 
scattering angles than does the gold nucleus (ignoring 
the change in the nuclear radius which is small) and 
the scattering drops below Rutherford scattering at 
smaller angles. Inspection of the scattering pulse-height 
distributions indicates that inelastic scattering 
becomes significant at angles greater than 18°. Thus, 
the cross sections plotted in Fig. 6 at angles larger than 
this are upper-limit values. 

It is instructive to compare the Ni(O'%,0!%)Ni 
scattering to the scattering of alpha particles by a 
nucleus with a similar Z, namely copper. Comparison 
will be made at a “classically corresponding” energy, 
i.e., at an energy where ZZ’e?/2E is the same for both 
the O'* and the alpha-particle scattering. The Ruther- 
ford cross sections [or=(ZZ'e?/4E)* csc4(¢/2) ] and 
the apsidal distances {R= (ZZ'e?/2E)[1+csc(¢/2) }} 
will then be the same for a given scattering angle.*® 

86When recoil is significant in the scattering problem exact 
“classically” corresponding conditions cannot be obtained because 
of the following. In Newton’s second law of dynamics, F = ma, 
where F is the force on the bombarding particle and m is its mass; 
classical correspondence then occurs when F is proportional to m 
such as in a gravitational problem. In scattering without recoil, 
this feature also prevails since F=ZZ’e/r? and Z’ «m. However, 
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Neglecting recoil, the classically corresponding energy 
to 160-Mev O's is 40-Mev alpha particles. Inspection 
of Cu(a,a)Cu scattering results’ at 40 Mev shows a 
definite diffraction pattern superimposed on the scatter- 
ing cross-section curve in the region of falling away 
from Rutherford scattering in contrast to the smooth 
drop off in the Ni(O'*,O')Ni pattern. The quantum- 
mechanical diffraction effects are thus different for 
these classically corresponding situations. Indeed, 
Blair®* has predicted that the scattering of particles 
heavier than alpha particles would result in decreased 
diffraction effects for classically corresponding condi- 
tions due to the increase in 7. The classical similarities 
are still apparent however, in that the Cu(a,a)Cu 
curve drops away from the Rutherford scattering in 
approximately the same angular region as_ the 
Ni(O'*,0'®) Ni curve.” 


C. a 
The results of Al??(O'®,0'*)AI*? scattering are shown 
in Fig. 7. Again, the sharp drop away from the Ruther- 


ford cross section is observed and the breakaway is at 
still smaller angles than with either Au or Ni. In 
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Fic. 8. Angular distribution in the center-of-mass system of 
alpha particles elastically scattered by Al?’.. The center-of-mass 
energy is 26 Mev. a is the experimental differential scattering 
cross section in the center-of-mass system. The Rutherford differ- 
ential scattering cross section is or=1.28X10' csct(¢/2) 
cm?/sterad. 
with recoil, /=ya in Newton’s law where yu is the reduced mass. 
The electrostatic force is still F «Zme?/r? and so classical corre- 
spondence can no longer occur. 

86 J. S. Blair (private communication). 

37 J. S. Blair, reference 3, has pointed out that the “classical” 
angle corresponding to the trajectory that grazes the nucleus 
is that angle for which ¢/ar~}. For Ni(O'*,O!*) Ni, 1/4=18.5°; 
while for Cu(a,a)Cu, ¢1j4~20°. The Ni(O'*,0!%)Ni angle would 
be expected to be somewhat smaller since the interaction radius is 
the sum of the radii of the target and bombarding nuclei and the 
O'S nucleus is larger than the alpha particle. 
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fact, the angles for Rutherford scattering are too small 
to be detected at the present. Inelastic scattering very 
likely contributes to the cross sections plotted at 
angles greater than 15°. 

Comparison of Fig. 7 to alpha-particle scattering 
reveals an even greater change in scattering curve 
structure than was true for the Ni case. Al(a,a)Al 
scattering at 40 Mev shows” only diffraction structure 
although there may be a drop below Rutherford 
scattering at angles smaller than those measured. 
However, because of recoil, the center-of-mass energy 
for the O"* scattering is only 98 Mev so that the ‘‘classi- 
cally corresponding” energy for alpha particles is 25 
Mev in the center-of-mass system (deeping ZZ’e?/2E 
fixed). Thus a comparison with 40-Mev scattering is 
not too reliable. However, Al(a,a)Al data have also 
been taken at 19 Mev" and these data also show only a 
diffraction pattern with no drop away from the Ruther- 
ford value. Nevertheless, in order to make a more 
direct check, an Al(a,a)Al experiment was performed 
at 26 Mev which is close to the classically corresponding 
energy of 25 Mev. The results of this experiment are 
shown in Fig. 8. Normalization of the data was made 
by measuring Au!"(a,v)Au'’ cross sections at small 


angles and normalizing these to the Rutherford cross 
section. It is seen that strong diffraction effects are 
present,®* in sharp contrast to the steep drop off shown 
in Fig. 7 for Al(O'®,0'%)Al scattering. There is also, 


however, a drop below Rutherford scattering at the 
small angles along with the diffraction structure. In 
fact, the curve as a whole is remarkably similar to 
curves calculated by Blair using the sharp cutoff 
model,’* i.e., the drop away from Rutherford scattering 
extends over something like a decade and then strong 
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Fic. 9. The ordinate is the ratio of the maximum to minimum 
for angular distribution diffraction patterns. The abscissa is 
n=ZZ'é/hv. The data are taken from various scattering experi- 
ments reported in the literature. See Table III for the data and 
references. The letters indicate the bombarding particle: A =alpha 
particle, C=C”, N=N"*, O=O!®, 

38 It should be noted that the energy resolution again was not 
sufficiently good to eliminate possible inelastic scattering so that, 
particularly at the diffraction minima, there may be significant 
inelastic contributions to the cross sections plotted. 
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TABLE III. Summary of elastic scattering measurements. 
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* See reference 12. 

b See reference 13. 

¢ See reference 14. 

4 This paper. 

eM. L. Halbert and A. Zucker, Phys. Rev. 115, 1635 (1959). 
! See reference 7. 

® See reference 4. 

b See reference 5. 

i See reference 17. 


diffraction sets in. Unfortunately, the experimental 
normalization is somewhat uncertain. 


D. General Remarks 


From the data presented, certain features of the 
scattering angular distribution curves become evident. 
One is, that for a higher Z’ for the bombarding particle, 
less diffraction occurs (as Blair has predicted**). Also, 
Igo, Wegner, and Eisberg’ have pointed out that for 
higher Z for the target nucleus and for lower bombarding 
velocity less diffraction occurs. Since the strength 
parameter for the Coulomb interaction, n=ZZ'e?/hv, 
contains all of these variables it is interesting to in- 
vestigate the occurrence of diffraction as a function of 7. 

It is clear from the previous remarks that as 7 
decreases the diffraction structure will increase. To 
make this statement more precise, the plot in Fig. 9 
has been constructed. The data for the plot are given 
in Table III. In Fig. 9 the abscissa is the n=ZZ'e?/hv 
for the angular distribution in question, the ordinate 
is the ratio of the maximum to the minimum for the 
diffraction features of the angular distributions. The 
ratio is designated as unity for the cases of no diffrac- 
tion. Reference to the angular distributions from whence 
these data originate will reveal that the maximum/ 
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c? (0'*, oc" 
E(c.m.)=67 Mev 


is 20 
o (c.m.) 

Fic. 10. Angular distribution in the center-of-mass system of O'* 
elastically scattered by C”. The center-of-mass energy is 67 Mev. 
o is the experimental differential scattering cross section in the 
center-of-mass system. The Rutherford differential scattering 
cross section is or =6.66X 10-** cm?*/sterad. 


minimum ratio is only a qualitative value since the 
amplitudes of the several diffraction peaks in an angular 
distribution often vary a factor of two or more. Never- 
theless, Fig. 9 demonstrates the conclusion that the 
diffraction effects depend strongly on the value of 7 
in the scattering process. For n greater than 5 there is 


very little diffraction while for » decreasing below 5, 
diffraction rapidly sets in. A represents alpha-particle 
scattering; C, carbon scattering; N, nitrogen scattering ; 
and O, oxygen scattering. 


E. C# 


An experimental test of the importance of in 
determining diffraction structure has been performed 
by scattering O'* from C” at 158 Mev in the laboratory 
system (67 Mev in the center-of-mass system). , for 
this situation, is 2.3 so that diffraction would be 
expected. The result of the experiment is shown in 
Fig. 10 and diffraction is clearly evident. This result 
has been included in Fig. 9 and in Table ITI. It is seen 
to fit well with the trend of the rest of the data. It 
should be noted that the curve in Fig. 10 is unnormal- 
ized. Since the inelastic scattering is distinguished for 
the carbon scattering the diffraction pattern represents 
only elastic scattering. The angular resolution, as 
indicated in Fig. 10, however, may be sufficiently wide 
to fill in to some extent the diffraction structure. Also, 


10 — 40 


Fic. 11. A composite drawing of the curves of 
Figs. 5, 6, 7, and 10. 


the two diffraction peaks in Fig. 10 were taken on 
different days so that their relative magnitudes may be 
somewhat in error. 

The curves of Figs. 5, 6, 7, and 10 are plotted together 
in Fig. 11 for comparison. 


F. Nuclear Radii 


The qualitative nature of the data presented does not 
permit accurate nuclear radii determinations. However, 
by using the angle where ¢/or=j as the angle corre- 
sponding to the classical trajectory that is tangent to 
the nucleus,’ an interaction radius can be determined 
for each of the scattering experiments. The radii so 
determined for Au’, Ni, and Al?’ are all consistent 
with a radius of 1.5(A,!+A.#), where A; and Ae are 
the nuclear weights of the interacting nuclei. The 
spacing of the diffraction structure in the C” data also 
agrees with such a radius expression. 
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Conservation of Parity in Strong Interactions* 
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An investigation was made of the angular distribution of the gamma rays produced by the capture of slow 
polarized neutrons in cadmium, indium, and silver. The portion of the intensity of the transitions from the 
spin-one capture state of Cd" to the spin-zero ground state and spin-two first excited state, which is pro- 
portional to cos#, where 6 is the angle between the neutron spin and the direction of propagation of the 
gamma ray, was measured to be less than one part in 10%, From this result the conclusion is reached that the 
intensity of the odd-parity part of the neutron capture state is less than 2 10~ times as large as the even- 
parity part, and that the parity-nonconserving part of nuclear forces is less than 10~* times as strong as the 
parity-conserving part. Qualitatively similar, though weaker, conclusions were derived from the measure- 


ments on silver and indium. 





I. INTRODUCTION 


HE importance of a sensitive determination of the 
space inversion properties of nuclear forces has 
received emphasis from the discoveries that the weak 
interactions do not conserve parity.’ If the nucleon- 
nucleon interaction Hamiltonian is divided into a 
parity-conserving part H and a parity-nonconserving 
part H’, the part H will have nonvanishing matrix 
elements only between states of the same parity, and H’ 
will only connect states of the opposite parity. We are 
concerned with the relative strength of these matrix 
elements. Since the parity-conserving and parity-non- 
conserving interactions may have different ranges and 
different behavior with respect to such properties as the 
conservation of isotopic spin, the problem is not so well 
defined that a numerical ratio of typical matrix elements 
can be more than a guide to a complete understanding 
of the forces which are involved. Nevertheless, at this 
stage of our knowledge of parity-nonconserving forces 
in strong interactions, order of magnitude estimates and 
order of magnitude experiments are useful. 
Measurements of the parity impurity in states of 
light nuclei have been made by Tanner,‘ Wilkinson,°*~7 
and Segel, Kane, and Wilkinson.’ These measurements 
place an upper limit of about one part in 10‘ on the am- 
plitude of parity impurity in various states. The relation- 
ship between these results and the strength of parity- 
nonconserving forces in nuclei is not explicitly stated in 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Guest Scientist from the Technische Hochschule Munchen, 
Munich, Germany. Present address: Technische Hochschule 
Munchen, Munich, Germany. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

3Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957). 

4N. Tanner, Phys. Rev. 107, 1203 (1957). 

5D. H. Wilkinson, Phys. Rev. 109, 1603 (1958). This paper con- 
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6D. H. Wilkinson, Phys. Rev. 109, 1610 (1958). 

7D. H. Wilkinson, Phys. Rev. 109, 1614 (1958). 

8 Segel, Kane, and Wilkinson, Phil. Mag. 3, 204 (1958). 


these papers though the plausible implication is made 
that the relative strength of parity-nonconserving to 
parity-conserving forces is also, then, less than one 
part in 104, 

If the parity-nonconserving forces are quite singular, 
the effects of this interaction would be more easily 
observed in measurements on the interactions of nuclei 
at high energies. Measurements on the up-down asym- 
metry in the scattering of transversely polarized 
protons by Oxley et al.,9"° and Chamberlain ef a/.,"- 
and measurements of the up-down asymmetry in 
m-meson production by transversely polarized protons,” 
suggest that the amplitude of the parity-nonconserving 
part of the interaction cannot be much larger than 10 
times as great as the parity-conserving interaction, and, 
hence that the effective strength of the parity-non- 
conserving part of the nucleon-nucleon interaction, at 
these energies, is not more than one percent of the total 
interaction strength. A recent measurement on the 
production of x mesons by polarized neutrons suggests a 
still lower value of about 0.1%." 

The forces affecting the behavior of nuclei are the 
specific nuclear forces or strong interactions, charac- 
terized by a coupling constant g’/hc~1, the electro- 
magnetic force with a coupling of e?/hc= 1/137; and the 
weak interactions with a coupling strength f?/hic~10™, 
It is generally accepted as a heuristic or aesthetic 
principle that these classes of interactions belong to 
specific symmetry groups. According to such a view we 
would expect that if the strong interactions largely con- 
serve parity, then they will conserve parity exactly. It is 
possible, however, that the approximate parity con- 
servation in strong interactions which has been observed 
is accidental and that more sensitive measurements will 
show violations. It is also possible that there exists a 
specific parity-nonconserving interaction with a coupling 

9 Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954). 

10 Heer, Roberts, and Tinlot, Phys. Rev. 111, 640 (1958). 

1 Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954). 

2T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

13 Jones, Murphy, and O'Neill, Proc. Phys. Soc. (London) 72, 
429 (1958). 
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strength intermediate between the electromagnetic and 
weak interactions. Since the weak interactions do not 
conserve parity, we know that there will be a small 
parity-nonconserving part in nuclear forces. From the 
virtual emission and absorption of leptons we would 
expect such an interaction with a strength of about 
f?/hce, or about 10-*, Gell-Mann and Rosenfeld" point 
out, however, that according to one specific*model of 
weak interactions, a nucleon may emit a virtual nucleon- 
antinucleon pair with a strong coupling constant 
(g?/hc)', and the pair can be absorbed by another 
nucleon with the weak-interaction coupling strength 
(f?/hc)’. This parity-nonconserving interaction would 
have a strength of the order of fg/hc~10-’, which 
might be observable. These considerations emphasize 
the importance of precise measurements concerning the 
conservation of parity in (normally) strong interactions. 


II. THEORY 


There are particular experimental advantages in- 
volved in detecting parity-nonconservation in nuclear 
forces by observing the parity impurity in specific 
nuclear states through measurements of transitions to 
or from these states.® If we consider the parity-non- 
conserving part of the nuclear Hamiltonian as a very 
small perturbation to the parity-conserving forces, we 
must, according to first order perturbation theory, 


expect some mixing between states of different parity. 
We might expect this mixing to be greatest between 
states which are close together as the characteristic 
energy denominator will be small. This, then, suggests 
the examination of parity impurities in the levels of 
heavy ncueli near the neutron binding energy where 
discrete levels a few electron volts apart are experi- 


mentally available. 

In order to make an estimate of the effect of a parity- 
nonconserving perturbation on the dense highly excited 
levels of heavy nuclei, it is convenient to use the free- 
particle model of the nucleus. We shall assume that, to 
a first approximation, the various nucleons occupy the 
states of an oscillator well. The nucleus will then have 
excited states of energy of excitation above the ground 
state of hw, 2hw, ---, of increasingly high degeneracy. 
This degeneracy will be removed by the two-body 
nucleon-nucleon interactions. It is well known that such 
a model can lead to level densities in heavy nuclei not 
very different from those which are observed.!® 

Let us then assume that the nuclear Hamiltonian, H, 
which described this nucleus, conserves parity. Then 
excited states of even parity, y,,, corresponding to an 
energy Eg, will exist. It will be a reasonable approxima- 
tion to write the wave function as ¥,,=)>_; @yuig, where 
the set «;, will be approximately equal to the set of V 
almost degenerate single-particle states belonging to the 
even-parity oscillator level corresponding to an energy 


14M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 407. 
15H. A. Bethe, Revs. Modern Phys. 9, 69 (1937). 
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nhw, near Ey. Likewise, odd-parity states, Yau, will 
exist, where ~rau=)_; bjuj,. Here the set “;, represents 
the M single-particle levels belonging to the odd-parity 
oscillator level with energy mhw, near E,. For a given 
angular momentum there will be states of even and odd 
parity in any region high enough above the ground 
state. The density of even-parity states near Ey, will 
be about V/hw, while the density of odd-parity states 
near E, will be about M/hw. The effective values of 
N and M will be similar. 

If a weak parity-nonconserving interaction, H’, be 
added to H, then the states of different parity will be 
mixed. Let us consider the effect on the wave function 
Wr due to the mixing of the nearest state of opposite 
parity, Y,.. From first-order perturbation theory 


Wro| A’ |Yru) 


ee _ anes 


Ey 


Yr=Wrot (1) 


= 


It is desirable to make an estimate of the value of the 
matrix element. Neglecting antisymmetrization, the 
functions “,; represent products of A single-particle 
oscillator functions, where A is the number of nucleons 
in the nucleus. In general, for each wave function 1); 
there will exist about A wave functions “,; which differ 
from u,; in that one nucleon is in an oscillator level one 
unit higher or lower than in the state occupied in wu); 
and, hence, has different parity. If we represent the 
average single-particle matrix element between a nu- 
cleon in an oscillator state m and a state m as ,H,,’, and 
make the further plausible assumption that the inter- 
action H’ will have a form in analogy with electric dipole 
matrix elements such that ,/,’~0 for |n—m|>1, then 
the matrix element (4! H’|Yru) will be equal to the 
sum of VA terms, each term equal on the average to 
(a;) (bj) av nfm’. From the normalizations of yy, and Yu, 
we have )o yw a2=>. yw 67?=1, and taking N= M, (|i! av 
= (1b;| )a=N—}. Since the signs of the a; and 6; will be 
random, the average value of the matrix element will 
be AiN-! ,H,,’. The value of the single-particle matrix 
element ,H,'’ would appear to be a reasonable measure 
of the strength of parity-nonconserving forces. This 
should then be compared with a value of ,#,, the single- 
particle matrix element for parity-conserving forces 
which will be of the order of the nuclear well depth, or 
about 40 Mev. 

The average value of the denominator in Eq. (1), 
Ey,—E)u, will be equal to the average level spacing, 
hw/N. Using this value and the estimate which was 
made of the matrix element (W,!H'|y~,.), we can write 
Fq. (1) as 

ANH! 
Pr=Vrot— 7 —p 


1@) 


(2) 


We can estimate the value of iw, using the relation 
hw= (h?M-R~V)! where M is the nucleon mass, R the 
nuclear radius, and V the well depth. If we take a 
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typical level spacing of 20 electron volts in a nucleus 
of A = 100, we find an amplitude parity impurity of 10-* 
for an interaction strength of one electron volt. 

Measurement of the parity impurity in such levels is 
easily accomplished by observing asymmetries in the 
emission of capture y rays from polarized states. Con- 
sider, for example, a gamma-ray transition to a spin-} 
even-parity state, following the capture of a slow 
polarized neutron by an even-parity spin-zero nucleus. 
If the parity admixture in the compound state is small, 
magnetic dipole radiation will predominate. Due to the 
parity impurity, electric dipole radiation will also be 
emitted. These radiations will be coherent, and the 
angular distribution of the emitted intensity will be 
proportional to 1+A cos#, where 


A=2 ReLE*M (F2+M?)“}]. 


In this relation @ represents the angle between the 
gamma ray and the neutron polarization direction, and 
Eand M are the amplitudes of the electric and magnetic 
dipole radiation, respectively. If the parity-nonconserv- 
ing interaction H’ is invariant under time reversal, E 
and M will be relative real.'®!7 For other spins of the 
initial and final states, the function A will be multiplied 
by a statistical factor with a value smaller than one. 


III. EXPERIMENTAL PROCEDURE 


The determination of the extent of parity mixture in 
some highly excited states of nuclei was made by 
measuring the asymmetry of the y-ray emission after 
the capture of polarized slow neutrons. The angular 


16 The radiative capture of S-wave and P-wave m mesons by 
nucleons has some formal similarities to the above considerations. 
The discussions by Watson of the role of time reversal in deter- 
mining phases in x-nucleon photoproduction is essentially appli- 
cable. K. M. Watson, Phys. Rev. 95, 228 (1954). 

17 The measurement of the dipole moment of the neutron places 
a limit of about 10-7 on the possible strength of a parity-non- 
conserving interaction which is not invariant under time reversal. 
E. M. Purcell and N. M. Ramsey, Phys. Rev. 78, 807 (1950) ; 
L. Landau, Nuclear Phys. 3, 127 (1957). 
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distribution of the gamma rays would be expected to be 
proportional to 1+ A cos6, where A is the measure of 
parity mixing, and @ is the angle between the spin of 
the neutron and the direction of propagation of the 
gamma ray. The magnitude of A was conveniently 
measured by observing the difference between the 
intensity of specific transitions at 6=0, and at 0=7. 

A schematic representation of the equipment used in 
the measurements is shown in Fig. 1. A neutron beam, 
from the Brookhaven reactor, with a mean energy of 
0.09 ev was incident upon a single cobalt crystal, 
1}-in.X 14-in.X 4-in. in size, which was held in the jaws 
of an electromagnet. The configuration of the crystal, 
which consisted of 94% cobalt and 6% iron, was face- 
centered cubic. Bragg-reflected neutrons from the (111) 
plane of the crystal are polarized in the direction of the 
magnetic field.'®!® These neutrons passed through guide 
fields, which conserve the magnitude and control the 
direction of the polarization until the neutrons pass into 
the target material. The guide field of about 100 gauss, 
which was produced by sections of permanent magnets, 
was rotated through 90° about the axis of neutron 
propagation so that the neutron spin at the target was 
horizontal and perpendicular to the beam direction. The 
direction of polarization was rotated solely for con- 
venience. Appropriate shielding of the Nal scintillation 
crystals and their associated photomultipliers, which 
were used to detect and measure the y rays, was more ‘ 
easily accomplished where the detectors could be placed 
horizontally, as shown in Fig. 1. 

Values of A were determined by measuring the ratio 
of the intensity at 6=0, and at 6=7 radians. It ap- 
peared to be simpler to change the direction of polariza- 
tion of the neutrons rather than to rotate the detectors 
about 180°. The reversal of the neutron spin could 
easily be obtained by reversing all of the magnetic fields. 
Since any effect on the gain of the photomultipliers 


~ 18 Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 
19 Q. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
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resulting from such a variation of the field direction 
would result in a change of the counting rate and a 
spurious value of A, it seemed desirable to maintain the 
guide fields near the target, and hence near the photo- 
multiplier tubes, unchanged. It was possible to do this 
by following a method used by Dabbs.” 

In one mode, the direction of the magnetic field in the 
electromagnet is down, or opposite to the direction 
shown in Fig. 1. The spin direction of the polarized 
neutrons will also be down. In this mode there will be no 
current through the aluminum foil, and the neutron 
spin direction will follow the direction of the permanent 
magnet guide fields. For the reversed mode, illustrated 
in Fig. 1, the current in the electromagnet is reversed, 
the field is up and the spins of the polarized neutrons are 
up. A current of 400 amperes is passed through the 
aluminum foil which is about 0.35 mm thick and 6 cm 
wide. Before entering the foil the neutrons are precessing 
about a field in the direction of their spins. After passing 
through the foil the neutrons are precessing about a field 
opposite to their spins. Since the change in field direction 
is made in a time which is small compared to the pre- 
cession frequency, there is no depolarization of the 
neutrons. Again, the permanent magnet guide fields 
rotate the polarization direction until it is horizontal at 
the target. The magnitude of the polarization direction 
until it is horizontal at the target. The magnitude of the 
polarization was determined to be about 80% in each 
mode by measuring the Bragg scattering from the (220) 
plane of a calibrated magnetite crystal held in a 
permanent magnet. 

The capture y rays were detected by two Nal crystals 
3 in. in diameter and 3 in. deep, subtending solid angles 
of about 0.25 steradian at the target. Light from the 
crystals passed through Lucite light pipes 12 in. long to 
photomultipliers. Pulses from the photomultipliers were 
amplified and fed into single-channel pulse-height 
amplifiers. 

Magnetic shields consisting of two concentric iron 
pipes and a mu-metal cylinder guarded the photo- 
multiplier tube from the effects of the changing stray 
fields from the electromagnet which was about three 
feet away. The change in gain caused by the reversal of 
the field was shown to be less than 3 parts in 10* by 
measuring the variation in counting rate in a narrow 
channel set on the side of a y-ray peak from a source. 

The crystals were shielded from room backgrounds of 
neutrons and y rays with lead, LiF and paraffin, and 
with paraffin. Neutrons scattered from the target were 
shielded from the crystal by thin boron-loaded foils. 
With this shielding, about 3 background counts per 
minute were recorded corresponding to energies between 
8 Mev and 9.5 Mev. The flux of 20000 neutrons per 
second on an area of about a square inch gave a counting 
rate in the same energy interval, with a cadmium target, 


2” J. W. T. Dabbs (private communication). 
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of about 15 counts per minute. This was the lowest 
counting rate used in the experiment. 

High-energy transitions from thermal neutron cap- 
ture states in cadmium, indium, and silver were 
measured. The reasonably accurate energy calibration 
required was obtained by measuring the pulse-height 
spectrum resulting from capture of the neutron beam in 
iron. Kinsey and Bartholomew” have measured the 
energy of the ground-state transition in Fe*’ resulting 
from neutron capture by Fe*® to be 7.639+0.004 Mev. 
The three peaks resulting from the capture of all the 
energy in the crystal, from the loss of one annihilation 
y ray from pairs which were produced, and from the loss 
of both gamma rays, were easily resolved and served as 
energy calibration points. 


IV. RESULTS AND CONCLUSIONS 


From the previous arguments, we have concluded 
that a particularly sensitive measure of the effect of 
parity-nonconserving forces can be made by deter- 
mining the asymmetry of gamma rays following the 
capture of polarized neutrons to form a compound state 
of a nucleus in which the level density is high. It is also 
desirable that transitions in which the impurity state is 
favored be chosen, such as transitions involving a spin 
change of one and (nominally) no change in parity. In 
this case the regular transition will procede by magnetic 
dipole radiation while the parity impurity will induce an 
electric dipole transition. This will result in an enhance- 
ment of about an order of magnitude.” Transitions 
involving small values of the spins of the compound 
state and the final state are preferable, as the statistical 
factors are then larger. For reasons concerning experi- 
mental facility, it was necessary to choose transitions 
which were not masked by high-energy gamma rays 
connecting other states. It was also necessary that the 
product of the thermal neutron cross section and the 
partial width for the selected transition should be 
sufficiently large to produce a reasonably large gamma- 
ray intensity. 

The only target material which seemed to fulfill the 
above requirements ideally was cadmium; however, 
measurements were also made using silver and indium. 

The neutron absorption cross section of cadmium is 
about 3500 barns at 0.1 ev. Virtually all of this is the 
result of capture in Cd"* to form a spin-one state*® of 
Cd", From the shell model we know that Cd" has even 
parity and hence that the Cd" state has (nominally) 
even parity as S-wave neutrons will be captured. 
Although the Cd" state decays predominantly to highly 

ei “y B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 

953) 

CPT. M. Blatt and V. F. Weiskopf, Theoretical Nuclear Physics 
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*3 B. B. Kinsey, in Beta- and Gamma-Ray Spectroscopy, edited by 

K. Siegbahn (Intersciences Publishers, Inc., New York, 1955). 

— Havens, Wu, and Dunning, Phys. Rev. 71, 65 
nh. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 1051 

53). 
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excited states** of Cd'‘, there is an appreciable intensity 
of radiation to the spin-zero ground state and spin-two 
first excited state. The 9.05-Mev ground-state transition 
takes place about 1.4 10~ times per neutron capture, 
while the 8.48-Mev transition to the first excited state 
takes place with a frequency of about 2.310 times 
per capture. 

Measurements of the asymmetry were made at two 
different settings of the single-channel analyzers. One 
measurement was made with the channel set to accept 
energy losses in the crystal from 7.6 to 9.1 Mev. The 
intensity recorded was then about 50% from the ground- 
state transition and about 50% from the transition to 
the first excited state. The measured value of the 
asymmetry parameter A was (4.2+6.5)10~. A meas- 
urement, accepting y rays of energies from 8.3 to 9.3 
Mey, resulted in a value of A of (1.24+7.8)X10~. This 
can be considered a measure of the asymmetry of the 
ground-state transition. From this result we conclude 
that the amplitude of the electric dipole transition to 
the ground state was less than or equal to 4X 10~ times 
the magnetic dipole amplitude, and, using an enhance- 
ment figure of 10 for the electric dipole, we conclude that 
porportion of the amplitude of the odd-parity admixture 
in the highly excited spin-one state formed by the 
neutron capture is less than or equal to 4X 10~, or the 
intensity of the odd-parity part is less than or equal to 
about 1.6X10~® times that of the even-parity part. 
From Eq. (2) and the values of the parameters A, N, 
and hw presented in the discussion of Eq. (2), we then 
place an upper limit of 0.04 electron volt for the value 
of ,H,,’. It is perhaps appropriate to compare this value 
of the strength of parity-nonconserving interaction with 
the nuclear well depth of about 4X 107 ev and conclude 
that the strength of parity-nonconserving forces in 
nuclei is less than 10~* times the strength of parity- 
conserving forces, allowing then a factor of ten for the 
uncertainties involved. 

Similar measurements were made on the asymmetry 
of gamma rays following the capture of polarized 
neutrons in silver and indium. Neutrons captured by 
silver form states of Ag'®* and Ag"® with odd parity and 
spins of zero or one. We investigated the asymmetry of 
the 7.27-Mev gamma ray resulting from the transition 
to the ground state of Ag’®. The value of the parameter 
A was measured to be (—0.3+1.2)10-%. In this case 
the impurity must result in a proportion of magnetic 
dipole radiation amplitude of (1.56) 10~. Since the 
magnetic dipole transition is intrinsically unfavored by 


26 C. O. Muehlhause, Phys. Rev. 79, 277 (1950). 
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about a factor of 10, we estimate the proportion of 
parity impurity amplitude in the capture state to be 
(1.5+6)X10-. This value, assuming the transition is 
primarily the result of a spin-one state, leads to an 
upper limit of the value of the strength of parity- 
nonconserving forces, nH’, of about 5 electron volts. 
The restriction is weaker to the extent that the transi- 
tion is the result of a capture into a spin-zero state. 

Neutrons captured by indium form a spin-4 or spin-5 
state of In" with odd parity. Transitions to the spin- 
zero ground state or spin-two first excited state must be 
extremely weak. We measured the asymmetry coeffi- 
cient A for the gamma rays with energies above 5.6 
Mev. These gamma rays probably represent a mixture 
of dipole transitions from the capture state to relatively 
high-lying states of even parity and spins of 3, 4, and 5, 
together with some cascading gamma rays. The meas- 
ured value of A was — (2.544) 10-*. It is necessary to 
assume, as in the case of the silver measurement, that 
the impurity transition was unfavored. Noting also that 
the large values of the spins involved result in a reduced 
statistical factor, we estimate that the limit placed on 
the value of ,H,,’ by this experiment is about 50 electron 
volts. 

It is desirable to emphasize again that the conclusion 
reached in this work, that the strength of parity-non- 
conserving forces in the nucleus is less than 10-8 times 
as strong as the parity-conserving forces, is the result 
of estimates which are statistical in nature and further- 
more applies literally to specific models of the nucleus. 
While it seems probable that no serious error in the 
numerical conclusion will result, this numerical con- 
clusion is to be considered primarily as an order-of- 
magnitude estimate. This estimate does not then pre- 
clude the existence of parity-nonconserving weak inter- 
actions involving a four-baryon vertex as suggested by 
Gell-Mann," though the limit set here is 10~* while the 
order-of-magnitude estimate of the Gell-Mann inter- 
action is 10-7 times the strong-interaction strength. 
However, it seems quite unlikely that any stronger 
parity-nonconserving interaction exist, and in particular 
this result suggests that the coupling of the nucleon to 
the K-meson field is such as to conserve parity. 
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The imaginary part of the optical potential has been investigated for low-energy incoming neutrons, by 
means of the nucleon-nucleon cross sections in nuclear matter. The cross sections have been calculated under 
the assumption that pair correlations for low excited states of nuclear matter are the same as those formed 
in the ground state. The dependence of the effective mass on the single-particle momentum has been taken 
into consideration using an empirical solution which reproduces the present assumptions for the single- 
particle spectrum. The results have been applied to the nuclear surface in the Thomas-Fermi approximation. 
The maximum in the imaginary potential was found to be at the surface outside of the half-density radius. 
For low incident energies it is about 1.5 10~" cm beyond this radius. 








HE reasonable success of the independent-pair 
approximation! for the calculation of the prop- 
erties of nuclear matter suggests an application of the 
same method to the calculation of the imaginary part 
of the potential in the optical model of the nucleus. It 
is the magnitude which determines the “absorption” 
of a nuclear particle propagating within nuclear matter 
with an energy higher than the Fermi limit. This ab- 
sorption is equivalent to the removal of the particle 
from the configuration space of the one-particle problem 
described by its motion in the optical potential. In the 
approximation considered here it is equivalent to a 
collision with another particle within the nuclear 
matter. 
The imaginary potential —iW which would describe 
this absorption is given by 


W =}v—p(c), (1) 


where v4 is the velocity of the particle absorbed, and 
(c) is its average collision cross section with the par- 
ticles in the nuclear matter of density p. Hence the 
problem reduces to the calculation of (c). 

In this note we try to estimate the value of the 
imaginary potential with simple considerations which 
are not very accurate, but which are probably accurate 
enough to bring out the essential features. It must be 
borne in mind that the approximations inherent in 
the fundamental assumptions do not warrant exact 
evaluations. Very similar considerations were carried 
out by Verlet and Gavoret.? Their approach differs 
from ours only in the treatment of the nucleon-nucleon 
forces. They make use of a separable potential which 
fits the scattering data at low energy. The separability 
of the potential makes it possible to calculate exactly 
the influence of nuclear matter on the scattering. It is 
questionable, however, whether this advantage out- 
weighs the uncertainties introduced by the unphysical 
* This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Naval Research and the 
Air Force Office of Scientific Research. 

+ On leave of absence from Centro Brasileiro de Pesquisas 
Fisicas, Rio de Janeiro, Brazil. 

1 Gomes, Walecka, and Weisskopf, Ann. Phys. 3, 241 (1958). 

2 L. Verlet and J. Gavoret, Nuovo cimento 3, 505 (1958). 


character of a separable potential. A treatment of the 
same problem has also been reported by Shaw,’ and 
Harada and Oda.‘ 

The collision cross section is different from its value 
for a collision of two isolated particles because of three 
reasons: 

1. Certain final states of the collisions are excluded 
because of the Pauli principle. 

2. The effective mass of the particles is different from 
their actual mass. 

3. The interaction acts differently for a pair within 
a Fermi gas than for an isolated pair. 

The effect of point (1) has been calculated by Lane 
and Wandel® and Clementel and Villi.6 We will refer 
to their results in which the points (2) and (3) have 
been left out, as the “final states” approach. Point (2) 
can be easily taken into account if the effective mass is 
known as a function of the momentum. We will use the 
following empirical dependence which reproduces pres- 
ent assumptions for a particle with momentum k, (kr 
is the Fermi momentum) : 


(2) 


with A=0.48f?, B=1.53f? (f is a fermi=110-® cm), 
Point (3) implies that the scattering is governed by the 
Bethe-Goldstone equation rather than by the ordinary 
two-particle Schrédinger equation. A collision of two 
particles with initial momentum k, and kg is described 
by 


(V+ )Was(r) = vf Po V)v(1')Pas(r’)dr’. (3) 


Here k=|k,—kg| is the magnitude of the relative 
momentum, r=r;—fr2 is the vector between the par- 
ticles, v(r) is the interaction potential, and F(r) is 


3G. L. Shaw, Bull. Am. Phys. Soc. 4, 49 (1959). 

*K. Harada and N. Oda, Progr. Theoret. Phys. (Kyoto) 21, 
260 (1959). , 

§ A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 

® i. Clementel and C. Villi, Nuovo cimento 2, 176 (1955). 
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given by 
F(x) . dk 
‘(r= | ek 
r (2m) 
where the region of integration I’ includes only non- 
occupied momentum states for the pair: 
[P+k|2kr, |P—k|2kr, P=}(ka+ke). 
The solution of (3) can be written in the form 


Vag(t)=e'™*+ fap(0,e)e""/r, 


and the scattering amplitude is given by 


1 v(r) 
fas= edi mn(kyp) fer Vaa(rdr, (4) 
4 2 


where k; is the final momentum of magnitude & and 
direction 0, ¢; furthermore we have 


1 for |ky+p| >kr and |k;—p| > kr. 
n(kyp)={ 


0 otherwise. 


Expression (4) differs from the scattering amplitude for 
the isolated case by the factor vm and by the fact that 
Yaa(r) is different from the wave function in the iso- 
lated case. Let us call , 


1 2 
~ fe kyo (r)Wag(rdr 
|2 


(5) 


Sas= 


Sas would be the differential scattering cross section 
Gas Of an isolated pair, if ga were the solution of the 
ordinary two-particle Schrédinger equation. og is al- 
most independent of the scattering angle at the mo- 
menta considered here. We therefore are justified in 
assuming that, here also, Sag is independent of 8, ¢. 
We then can calculate the average cross section (c) 
appearing in (1): 


kak 


1 | Ka’ Ka 
)=—¥ ffs — 


sinéd6d y 


3 |k.—kg| . 

= of ak; ————£(Ka,kg)(Sas)spin, (6) 
4rkp* he. 

where 


1 5(k;?—k?) 
(ke, kp) =- J aia a, 
os 


and (Sag)spin is the average of Sag over the different 
spin pairs, isotopic and ordinary. We make use of a 
well known approximate relation, ¢pp=@nn=40np Which 
gives us 
(Sas)spin nes 5 (Sas) np) 

where (Sag)np is the cross section given by (5) between 
a neutron and a proton of momentum k, and kg, re- 
spectively. 
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We assume that the contribution to the cross section 
from angular momenta / higher than 0, are not different 
from the isolated case. We can calculate them by sub- 
tracting from the experimental cross section the (/=0) 
part as given by the phases of Christian, Gammel, and 
Thaler.” The (/=0) part is calculated by means of 
formula (3). The wave function Was is taken from the 
work of Gomes, Walecka, and Weisskopf.! In that 
paper only collisions of pairs are considered for which 
both partners are within the Fermi distribution. For 
the actual density of nuclear matter the s-part of this 
function can be approximated by 


sinkr sinkc (x/2)—Si(1.10ker) 
¢go= (4a ( oe tree ), 
kr ke = (w/2)—Si(1.10k pc) 

where c is the core radius and “Si” is the sine integral. 
We use here the same function for pairs of which one 
partner is outside the Fermi distribution. This will be 
a reasonable approximation if its momentum is not too 
far from kr. For the potential v(r) we use a central 
potential with a core radius c=0.4 and an attractive 
exponential well which reproduces the singlet scattering 
length and effective range. The effect of the tensor 
force and of the singlet-triplet difference is neglected. 
It probably plays a smaller role here than in the isolated 
case just as in nuclear matter.’ An approximate evalua- 
tion of expression (5) is shown in Fig. 1 as function of 
4k?= |k,—kg|? together with the scattering cross sec- 
tion oas for an isolated pair. This allows us now to 
calculate the imaginary potential with the help of (6), 
for a given incident momentum k,>kr. The relation 
of ka with the incident energy ¢ of the entering particle 
is as follows. The kinetic energy of the particle inside 
the nucleus will be e+ B+ Er, where Er is the Fermi 
energy and B is the binding energy. Hence we find 
(1/v)kr’?+B+e, 


(1/v)ka (8) 








Fic. 1. Curve (a) is (Sag)np as defined in Eq. (5) and (b) is 
oas, the scattering cross section for an isolated pair. The vertical 
scale is in units of f? (1f=10 ' cm) and the horizontal scale is 


ka—kg|?=4k? in f? 


7 Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 
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TaBLe I. The first column gives the excitation energy «€ of the 
neutron in nuclear matter. The second column gives the value of 
the imaginary potential W calculated by our method. The third 
column gives the value of », the effective mass in units of nucleon 
mass, for the corresponding ¢ as given by Eq. (8). The fourth 
column gives W as calculated by the “final states” approach, and 
the fifth is the value calculated with our method but with »=1. 





W by the 
: “final states” 
Independent-pair model approach 
W (Mev) v (Mev) 


Independent- 
pair model 
W (Mev) 


« (Mev) for »=1 


1 j 0.77 
0.78 
0.80 





1.88 
4.03 
6.88 





where » is the ratio of effective mass to normal mass. 
Equations (8) and (2) give a relation between ¢ and k,. 

Table I shows the result of this calculation for nuclear 
matter of normal density (p= 1.94X 10* nucleons cm-*, 
ky=1.42f-'). The first column gives the energy e, the 
second one the value of W as calculated by our meth- 
od, and the third one the value of » for the corre- 
sponding k, as given by (8). The fourth column gives 
W as calculated by the “final states” approach, and 
the fifth is the value calculated with our method but 
with y=1. The values in the fifth column are larger 
than the ones in the fourth, because in the most im- 
portant energy region Sag is larger than the isolated 
cross section gas, as shown in Fig. 1. The difference 
between the second column and the fourth column 
comes mainly from the effective mass. 

The small values of W reflect the fact that collisions 
are strongly repressed by the Pauli principle (5) ; this, 
in turn, is caused by the high Fermi momentum. We 
expect, therefore that the lower density at the nuclear 
surface will give rise to a higher absorption, in spite of 
the fact that the density p enters as a factor in the ex- 
pression of W. In order to get a first orientation of this 
effect, we have calculated W as a function of thenuclear 
radius by first calculating W as a function of density and 
then substituting the well-known density distribution 


p(r)=p(0)[1+exp[(r—C)/a] >, 


with a ~0.65 and C being the half-density radius 
(C=1.07X10—*A! cm). This method can only serve as 
a crude approximation since our calculation of W(p) is 
correct only for constant p. Hence it is applicable only 
if p does not change over distances d characteristic to 
the problem (d~kr™). This is not fulfilled with the 
above p(r). 

The dependence of W on p can be found as follows: 
There is an explicit dependence of the integral (6) on 
kp and Eq. (2) gives the dependence of r on kr. The 
integral (5) also depends implicitly on the density be- 
cause of the fact that the approximate expression (7) 
for Yas only holds for densities close to the nuclear- 
matter density. For low p, Yas goes over into the solu- 
tion of the isolated problem. Hence Sag should go over 


C. GOMES 


into oag for p— 0. In order to obtain a crude orienta- 
tion, we have calculated S.g with expression (7) for 
densities p from the central density down to that 
density p* for which we get S.s(p*)=cas. From p* to 
p=0, we simply have put Sag(p)=cas. 

It is then simple to compute the imaginary potential 
as a function of the radius. The result is shown in Fig. 2. 
The curves show that there is a strong increase at the 
surface of the nucleus caused by an increase of the 
effective mass and a lessening of the effect of the Pauli 
principle. It is perhaps significant that the maximum of 
absorption lies outside the nuclear radius C which is 
the point where the density drops to one-half. 

It is highly doubtful, however, whether our method 
of calculating W is applicable to the region where 
classically no particle would be allowed. This is the 
region in which the real part of the potential is less 
than the binding energy of the last nucleon (8 Mev). 
This region is outside a radius D, which is marked in 
Fig. 2 and was obtained from the potential as given by 
Ross, Mark, and Lawson.’ The curves for W are en- 
tirely meaningless for r>D. In order to get some vague 
information about W in that region, we have also calcu- 
lated W without taking into account the Pauli prin- 
ciple, by simply using the scattering cross sections for 
isolated pairs. The nucleons in the nucleus were as- 
sumed to be distributed with a Fermi distribution cor- 
responding to the density p and the momentum of the 
incident particle was assumed to be given by (8). The 
resulting W is higher than the one calculated by the 
previous method, but it is of the same order for values 
r>D. We therefore believe that the falloff of W re- 
sulting from the previous calculation is not an unreason- 
able estimate, even for r>D. 





Wir) for different voives of 
incoming neutron energies (€) 
C * Holf-density rodius 











-1 C+ C+2 C+3 C+4 
Fermis 


Fic. 2. The imaginary part W of the optical potential at the 
nuclear surface, for different values of incoming neutron energies 
(e). The vertical scale is in Mev and the horizontal scale in f; C 
is the half-density radius. The dashed and dotted curve is the 
density function p(r) in arbitrary vertical scale. D is the “classical” 
turning point. Curve (a) is W in the classically forbidden region 
calculated neglecting the exclusion principle. 


8 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
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A preponderance of collisions outside the nuclear 
radius would have two consequences: It would mean 
that direct reactions are favored, since collisions in the 
surface would make compound nucleus formation less 
likely. Also, the Coulomb barrier for nuclear reactions 
is expected to corrrespond to a larger radius than C, 


in particular with respect to direct reactions. 
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The excitation function for the Al*7(d,ap)Na™ reaction has been measured between 0 and 28.1 Mev. The 
external beam facilities of the Buenos Aires 71-in. synchrocyclotron were used together with the stacked- 
foil technique. Between 19 and 28.1 Mev present results are more precise than those previously obtained, 
showing that the maximum of the cross section is located at 24.25 Mev with a value of 51.4 mb. 


1. INTRODUCTION 


HE excitation function for the Al*’(d,ap) reaction 

as a function of energy was measured previously 
between 0 and 190 Mev by Batzel et al.’ using the 
external beam of the Berkeley 60-in. cyclotron (from 
0 to 19 Mev) and the beam of the Berkeley 184-in. 
synchrocyclotron. Their measurements exhibit a sharp 
peak between 20 and 25 Mev. They used the stacked- 
foil technique and they point out that the peak is 
inherently ill-defined due to range straggling of the 
190-Mev deuterons degraded by the absorber. 


2. EXPERIMENT 


We have used the recently available deflected 
deuteron beam facilities? of the Buenos Aires 71-in. 
synchrocyclotron, illustrated in Fig. 1, and the stacked- 
foil technique to measure the above-mentioned excita- 


tion function between 0 and 28.1 Mev. The aluminum 
foils were some 4.75 mg/cm* thick, cut in 4X4 cm 
pieces, weighed individually to 0.1 mg. The error in 
area was less than 0.5% and the error in thickness was 
therefore less than 0.89%. The aluminum was found to 
be at least 99.7% pure through spectrographic analysis. 

The foils were stacked and aligned carefully, within 
0.1 mm, in order to avoid geometry errors. They were 
compressed between two metal disks, one of them 
being perforated to permit the passage of the beam. 
The stack was irradiated at a distance of 20 feet from 
the machine (see Fig. 1), just in front of the scattering 
chamber. The pipe was pumped by the vacuum system 
of the machine. The deuteron beam was adequately 
focused by two pairs of alternating gradient quadrupole 
lenses. The beam spot is of the order of 1 cm*. Beam 
current was 0.05 wA. Neutron background was low 
because there is no need of collimators or slits along the 





Fic. 1. External beam 
facilities of Buenos Aires 
71-in. synchrocyclotron. 


1 Batzel, Crane, and O’Kelley, Phys. Rev. 91, 939 (1953). 
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Fic. 2. Excitation function of Al?? (dap) Na” reaction. 


beam path. This is achieved by keeping the beam 
size small and almost parallel with five pieces of iron 
located along the beam path. The iron is magnetized 
by the stray field of the machine. The beam direction 
was perpendicular to the stack within 1° and therefore 
the target thickness correction was negligible. 

The experiment was preceded by three trial runs. 
The induced Na*™ activity (approximately 15 hours 
half-life) was measured starting 14 hours after the 
irradiation was finished, with an end-window halogen- 
quenched Geiger-Miiller counter and conventional 
scaling equipment. The counter high voltage was kept 
constant to 1% and therefore the activity of a standard 
source was always the same within counting statistics. 
Usual dead-time and decay corrections were made. 
The dead-time correction factor was obtained by the 
method of many sources. The maximum counting rate 
was 20000 counts/min and the maximum dead-time 
correction was 11%. The background was of the order 
of 60 counts/min. The activity of the foils was followed 
for six days and no activity other than the one due to 
Na” was found to interfere within 1°%. For the foil 
thickness used, the activity increases linearly with 
thickness, and the data were normalized to a uniform 
thickness of 4.75 mg/cm’. 


2 J. Rosenblatt and R. J. Slobodrian, reported at the XXXIII 
Meeting of Asociacién Fisica Argentina (to be published). 


SLOBODRIAN 


The data of Batzel et al. between 0 and 19 Mev were 
considered trustworthy, and therefore our results 
were normalized to theirs in order to get absolute 
values of the cross section. The error due to counting 
statistics is of the order of 1% in the range between 
19 and 28.1 Mev. The over-all error of the cross section 
is therefore less than 2%. Figure 2 and Table I contain 
the experimental results. The beam energy was deter- 
mined independently with a standard current trans- 
mission measurement equipment: Faraday cup, absorb- 
ers, and electrometer. Figure 3 contains a diagram 
obtained during one of the measurements. 

Aluminum range to energy conversion was performed 
using Bichsel’s* recent experimental tables on proton 
ranges, converted to deuteron ranges by using the 


M M, 
Rzm(F)= ma n,(—"e), 
M,Z > \M 


where M and Z are, respectively, the mass and the 
charge of the particle, E is the energy, and M, is the 


relation 


proton mass. 
The original beam energy spread is estimated to be 
less than 0.2% but a precise figure could be given only 
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Fic. 3. Example of beam energy measurement data. 


3H. Bichsel, Phys. Rev. 112, 1089 (1958). 
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through magnetic analysis. This is consistent with the 
value of (Rext—Ro)/Ro=0.027, where Ro is the average 
range, and Rext is the extrapolated range, taking into 
account that range straggling is of the order of 2.2%. 


3. DISCUSSION 


It is worth while to point out that the Al’’(d,ap)Na*! 
reaction is in competition with the Al’(d,p)Al’s 
reaction (2.3-min half-life). Data already obtained on 
the latter reaction by us show that the (d,ap) cross 
section starts rising when the (d,p) starts dropping. 
Although the shape of the excitation function for the 
(dap) reaction resembles the curves obtained through 
the compound nucleus assumption, additional work 
will be done using the nuclear scattering equipment in 
order to clarify the reaction mechanism, as it is sus- 
pected that direct reactions are important around 


28 Mev. 
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FOR Al??(d,ap)Na?4 


TABLE I, Extract of values for the Al?’ (d,ap)Na™4 


reaction cross-section. 


Energy Cross section 
Mev mb 


44.0 
46.4 
50.0 
50.8 
51.4 
51.2 
48.2 
47.6 
42.2 


Energy Cross section 
Mev mb 


11.0 
12.0 
12.9 
14.0 
15.1 
16.1 
17.0 
18.1 
19.1 
20.1 


0.35 
0.60 
1.61 
4.38 
9.04 
14.0 
20.6 
26.4 
35.5 
38.8 
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High Altitude Neutron Intensity Diurnal Variation*t 
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(Received July 14, 1959) 


Two balloon flights in which boron-trifluoride neutron counters were carried aloft were launched from 
Brownwood, Texas, during September, 1958. The flights attained altitudes of 86000 and 79 000 feet at a 
conventional geomagnetic latitude of 41°N. They showed that the slow-neutron intensities in the atmos- 
phere had decreased by about 12% since the time of minimum solar activity in 1954. They also show that 
this decrease was mainly in the low-energy end of the spectrum, as the mean free path for absorption had 
increased from 180+25 g/cm? to 240+30 g/cm’. A high-altitude decrease apparently associated with the 
geomagnetic storm of September 25, 1958 was also detected. After achieving altitude, the balloons floated 
at a constant elevation through sunset. A sharp peak in the intensity which occurs just before sunset at 
balloon altitudes was detected on both flights. The origin of this phenomenon, which results in a doubling 
of the intensity for about 25 minutes, is unexplained, although some possible mechanisms are discussed. 


INTRODUCTION 


N experimental search for a diurnal variation of 

cosmic-ray neutrons has been conducted at bal- 
loon altitudes in order to determine if primary neutrons 
exist in the cosmic radiation. These neutrons, if present, 
would originate in the sun. This is because of the rela- 
tively short half-life of the free neutron.' This 13-minute 
lifetime precludes a very distant origin for all but the 
most energetic neutrons. Extremely relativistic par- 
ticles could reach the earth from elsewhere in the 


* Supported in part by the Joint Program of the Office of Naval 
Research and U. S. Atomic Energy Commission, and in part by 
the U. S. National Committee for the International Geophysical 
Year IGY. 

t This represents an abridgement of a dissertation submitted 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at New York University, 1959. 

1 J. M. Robson, Phys. Rev. 83, 349 (1951). 


galaxy because of time-dilatation effects, but their 
numbers are likely to be quite small. 

Since the distance between the sun and the earth is 
only 8.3 light-minutes, a fairly fast neutron does have 
a reasonable probability of surviving the trip. Of course, 
this assumes that these neutrons are produced high up 
in the solar corona, so that their probability of absorp- 
tion within the sun is small. 

Because neutrons are uncharged, they propagate in 
straight lines, like light. Thus, the existence of solar 
neutrons would be expected to give rise to day-night 
and eclipse effects? 

Several possible processes leading to neutron produc- 
tion by the solar corona have been considered. Biermann, 
Haxel, and Schliiter? have shown that if a solar flare 


2 Swetnick, Neuburg, and Korff, Phys. Rev. 86, 589 (A) (1952). 
} Biermann, Haxel, and Schliiter, Z. Naturforsch. 6a, 47 (1951). 
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occurs, the locally intense magnetic fields may acceler- 
ate the protons to 10® volts. Star production in the 
corona then leads to 107-volt neutrons, which are fast 
enough to reach the earth in appreciable numbers. 
Charge-exchange scattering of these fast protons will 
also produce energetic neutrons. 

The experiments then, employs balloons which carry 
neutron detectors aloft. The balloons float at a constant 
elevation through the sunset period, and the neutron 
intensities are measured during this time. The data are 
then examined for any statistically significant difference 
between the day and night intensities. 

It is evident that more information can be obtained 
from this experiment by recording the intensities during 
the balloon’s ascent. These data may be compared with 
the results of other investigators’ for the altitude 
variation of cosmic ray neutrons. These previous meas- 
surements were conducted during times of minimum 
solar activity. The IGY period of 1957-1958, was, how- 
ever, a time of maximum activity. In fact, it appears to 
have been the most active ever recorded.* Thus, a 
comparison should provide information on any effect 
of the solar cycle on neutron production within the 
earth’s atmosphere. Such an effect would be observable 
in terms of a change in the mean free path for absorption 
of these secondary*®” neutrons, and in their intensities. 

A slow-neutron measurement was decided on for two 
reasons. The first factor is that such a measurement 
eliminates the need for a moderator. Such moderators 
introduce complicating factors into the experiments 
because of star production within them. It is generally 
very difficult to relate such measurements to neutron 
intensities in the atmosphere. The second factor is that 
a slow-neutron measurement permits direct comparison 
with the previous altitude-variation measurements.® 
This is because the experimentally detected energy 
spectra will be the same. 


APPARATUS 


Two BF; proportional counters were used on each 
flight. They were identical in all respects, except for the 
isotopic enrichment of the boron. In order that direct 
comparison could be made with the results of previous 
measurements, the size and pressure of each counter 
was the same as used by Soberman.* One counter con- 
tained BF; with 96% of the B” isotope, while the other 
used the normal isotopic ratio, which is 19% B™. The 
plateaus, when measured with the electronics to be 
used during the flights, were found to be from 100 to 


4L. C. L. Yuan, Phys. Rev. 81, 175 (1951). 

5 J. A. Simpson, Phys. Rev. 83, 1175 (1951). 

®R. K. Soberman, Phys. Rev. 102, 1399 (1956). 

7J. D. Gabbe, Phys. Rev. 112, 497 (1958). 

8 Solar-Geophysical Data, Part B (Central Radio Propagation 
Laboratory, U. S. National Bureau of Standards, Boulder, 
Colorado, 1958). 

® Bethe, Korfi, and Placzek, Phys. Rev. 57, 573 (1940). 

0 Y, Fujimoto and T. Tamura, Progr. Theoret. Phys. (Kyoto) 


8, 221 (1952). 
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250 volts long, with slopes between 2% and 4% per 
hundred volts. Since the operating points were all about 
2350 volts, it was possible to use a common high-voltage 
supply for each pair. 

Figure 1 shows a block diagram of the flight appa- 
ratus. The amplifier is a seven-stage transistorized cir- 
cuit which functions as a linear amplifier and integral 
pulse-height discriminator. It produces an output pulse 
only if the pulse from the counter exceeds 3 millivolts 
in amplitude. In this way, small pulses, such as those 
due to gamma rays, are rejected. As can be seen from 
Fig. 1, two identical, but separate amplifiers are used 
in each flight set. This permits simultaneous telemetry 
of the two counting rates. 

The output pulse from the amplifier is presented to a 
biased blocking oscillator. This circuit is normal]ly non- 
conducting, due to a negative bias supplied by a 6-volt 
battery. When the amplifier neutralizes this bias with 
a +6-volt pulse, however, oscillation occurs for the 
duration of the pulse, which is approximately one milli- 
second. The subcarrier oscillator in the enriched-counter 
train is tuned to 30 kc/sec; the regular subcarrier fre- 
quency is 9 kc/sec. This provides a method of identifi- 
cation for the transmitted pulse. The output of the 
oscillators is used to frequency-modulate the carrier 
frequency. 

As noted previously, both counters are powered by a 
common high-voltage supply. This supply is commer- 
cially available." The combined noise and ripple of the 
transistorized unit does not exceed one millivolt, thus 
making it suitable for this work. The output of the 
supply is variable in the range 0 to 3000 volts, and re- 
quires a single 1}-volt dry cell for its operation. 

A slightly modified Rawin system is used to telemeter 
the data. The transmitter is of the standard rawinsonde 
type (AN/AMT-A4B), and is operated at 135 volts plate 
potential. Approximately 0.67 watt of 1680 megacycle/ 
sec power are radiated. The receiver is of the 
AN/GMD-1A type, and provides automatic tracking 
of the balloon in elevation and azimuth. This feature is 
useful when one wishes to plot the trajectory of the 
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Fic. 1. Block diagram of the airborne apparatus. The two 
counters differ in the percentage of B" isotope in the BF; filling 
gas. 


4! Automation Dynamics Corporation, Tenafly, New Jersey. 
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balloon, or attempt recovery of the apparatus. Since 
this ultra-high frequency is propagated in a line-of-sight 
manner, radio range is limited by the horizon. 

It is vital, in an experiment of this type, that a cor- 
rection be made for changes in altitude of the floating 
balloon. Such changes arise from cooling of the helium 
at sunset, and from diffusion of the gas. 

Conventional techniques of measurement of the at- 
mospheric pressure are subject to large errors at the 
reduced pressures encountered at balloon altitudes. 
This is so because these techniques usually involve 
aneroid cells.2-5 Such a cell works on an application of 
Hooke’s Law, where a given increment of pressure pro- 
duces a constant incremental deflection, regardless of 
the absolute pressure. Thus a cell with a 2-millibar 
error at 1000 millibars (a negligible error), has a 2- 
millibar error at 10 millibars, which is a 20% error. 
Also, the aneroids generally lack sufficient sensitivity 
to detect pressure changes of less than a millibar. 

Accordingly, a hypsometer was developed for this 
experiment. A hypsometer is a device which measures 
the boiling point of a liquid, which is a function of the 
pressure. The device represents an application of 
Clapeyron’s equation; this equation shows that the sen- 
sitivity of the device actually increases with decreasing 
pressure. 

Two units are used in this arrangement, for purposes 
of maximum sensitivity in conjunction with the telem- 
etry system. The first is employed in the range sea level 
to 100 millibars (55 000 feet). The second unit is used 
in the range 100 millibars to 2 millibars (140 000 feet). 
With methylcyclohexane as the hypsometric fluid and 
a special long condensing tube, lifetimes greatly in 
excess of 8 hours at 15 millibars are obtainable. Heater 
power is supplied by a 6-volt dry cell to keep the 1.5 cc 
of fluid boiling.’ 

The accuracy of this device, when checked against a 
photoelectrically scanned mercury manometer" con- 
nected to a chamber which is both evacuated and 
cooled, has been found to exceed +0.1 millibar at 10 
millibars. The sensitivity of the unit was determined to 
be greater than that of the manometer, which is 0.05 
millibar. 

For telemetry purposes, the two thermistors are 


alternately connected in series with the grid circuit of 
the blocking oscillator incorporated in the rawinsonde 
transmitter. This provides an audio-frequency which is 
then dependent on the absolute pressure, and which 
amplitude-modulates the carrier. A reference resistor is 
also switched in briefly once per minute, to provide a 


22 Pavalow, Davis, and Staker, Rev. Sci. Instr. 21, 529 (1950). 
18N. L. Allen and E. Pickup, Can. J. Tech. 30, 317 (1952). 
4H. V. Neher, Rev. Sci. Instr. 24, 97 (1953). 

15 Diamond, Hinman, and Dunmore, J. Research Natl. Bur. 
Standards 25, 327 (1940). 

16 We would like to acknowledge with gratitude the assistance 
and cooperation of Mr. M. Sapoff, Victory Engineering Corpora- 
tion, Union, New Jersey. 

17 Haas Bros. Incorporated, Washington, D. C., Model A-1. 
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Fic. 2. Time-altitude curve for the first flight. The ceiling 
altitude was 21.2 millibars, or 86 000 feet. 


reference audio-frequency to allow for drifts in the 
telemetry system. 


ENVIRONMENTAL BEHAVIOR 


Since any balloon-borne apparatus is exposed to large 
changes in atmospheric pressure and temperature, it 
must be insensitive to these parameters in order that 
correct measurements of the intensity may be made. 

In order to eliminate the possibility of corona dis- 
charge at high altitudes, without using a large and heavy 
pressure shield, the high-voltage supply was potted. 
Solid-dielectric coaxial cable is used to conduct the 
output to the counters. The end of the counters were 
hermetically sealed, and contain the load resistor and 
blocking capacitor. 

Because of the temperature sensitivity of the transis- 
tor circuits and of the dry-cell batteries, a gondola was 
constructed of 0.020-in. aluminum with a 4-in. interior 
lining of Styrofoam. Thermostatically-controlled elec- 
trical heaters can supply up to 150 watts to the flight 
set. In addition, each circuit has an individual Styro- 
foam jacket and thermostatically-controlled heater. 
Laboratory tests with a large cold chamber revealed 
that the performance of this system was insensitive to 
ambient temperature down to the lowest temperature 
that the chamber could produce, which was — 64°C, 


NEUTRON DETECTION 


The two-counter technique allows one to eliminate 
the “background” radiation, and arrive at ”, the number 
of neutrons that would be detected by a counter filled 
with 100% B"™. Real proportional counters filled with 
BF; produce pulses for any event which causes ioniza- 
tion equal to or greater than that produced by the 
lithium nucleus and alpha particle in the B'(n,q) re- 
action. Such events are stars formed in the walls of the 
counter, high-energy recoils, etc. 
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Fic. 3. Time-altitude curve for the second flight. A ceiling of 
28.2 millibars (79 000 feet) was achieved. The improved altitude 
control is the result of a larger supply of ballast. 


The counting rate of the enriched counter is 
E=0.96n+5, 
and that of the regular counter is 
R=0.19n+6 counts/min, (2) 


where 6, the background, is assumed to be the same for 
both counters because they are at the same point in 
space at the same time, and have identical geometries. 
Solution of these two simultaneous equations yields 


n=1.3(E—R), (3) 
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hic. 4. Counting rates vs pressure for the individual counters 
on the first flight. 
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This m may be related® to the number of neutrons cap- 
tured by one gram of air per second. 


EXPERIMENTAL RESULTS 


The two balloon flights were launched from Brown- 
wood, Texas, at a conventional geomagnetic latitude of 
41°N. The first flight was launched at 1639 CST on 
September 16, 1958, and climbed to a ceiling pressure 
of 21.2 millibars, which corresponds to 86000 feet.!8 
Attached to the gondola was a ballasting system to 
maintain a constant elevation even when sunset re- 
sulted in cooling of the helium. As soon as the balloon 
commenced to lose altitude, a pressure-activated relay 
caused ballast to be released until it climbed back to its 
normal altitude. Unfortunately, insufficient ballast was 
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Fic. 5. Counting rates vs pressure for the individual counters 
on the second flight. 


carried aloft on this flight to completely achieve this 
objective, but the pressure data from the hypsometer 
is accurate enough to permit a correction for this. 
Figure 2 shows the time-altitude curve for the flight. 
Data reception was free of noise for the period shown on 
the curve. The gondola was subsequently recovered in 
operating condition. 

The second flight was launched at 1612 CST on 
September 25, 1958. Like the previous flight, this also 
used a 69-foot diameter balloon fashioned from 3-mil 
polyethylene.” Considerably more ballast was carried 
aloft on this flight, and the great improvement in alti- 
tude control is apparent from an inspection of Fig. 3. 

18 U.S. Extension to the ICAO Standard Atmosphere, 1958. 

'’ Raven Industries, Incorporated, Sioux Falls, South Dakota. 
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The greatest departure from the ceiling pressure of 28.2 
millibars was only 4.6 millibars, and this lasted for only 3 
minutes. As on the first flight, the data transmission was 
quite good. This gondola was also recovered in operable 
condition. 

Figures 4 and 5 are plots of the counting rate vs pres- 
sure for the individual counters on the two flights. The 
uncertainties shown are the statistical standard devia- 
tions. The neutron counting rate, obtained by use of 
Eq. (3), is shown for each of the two flights in Figs. 6 
and 7. 

Figures 8 and 9 show the pressure-corrected neutron 
intensity as a function of time for the two flights. These 
curves start after the balloon has levelled off at its 
ceiling altitude. An exponential correction factor was 
employed to correct the intensity to the ceiling altitude. 
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Fic. 6. Slow-neutron counting rate vs pressure for the first flight. 


In order to interpret the experimental results, an in- 
vestigation was made of the state of solar, ionospheric, 
and geomagnetic data for this period.?°”! These reveal 
that a small geomagnetic storm ended just before the 
first flight achieved ceiling, and that this flight may 
therefore be considered to have taken place during an 
undisturbed time. 

A geomagnetic storm was in progress, however, during 
the second flight. Figure 10 shows the effects of this 
storm on the intensity of the nucleonic component at 
sea level, as observed by the New York University IGY 


*” Reports TR-368 and TR-369 of the High Altitude Observa- 
tory, University of Colorado. We would like to thank the Observa- 
tory staff for making these weekly reports available to us. 

*1 The author is indebted to Capt. E. B. Roberts, U. S. Coast 
and Geodetic Survey, for the magnetograms from the Tucson, 
Arizona, Observatory. 
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Fic. 7. Slow-neutron counting rate vs pressure 
for the second flight. 


neutron monitor at College, Alaska. It can be seen that 
this monitor showed only a 2% decrease, even though 
it is located in the auroral zone at a relatively high 
geomagnetic latitude (64°N). The Tucson Observatory 
records show that the horizontal component of the 
earth’s magnetic field had decreased by about 175 
gamma during this storm. 


DISCUSSION 
A. Double Maximum 


An examination of Figs. 4 and 5 shows that a pro- 
nounced double maximum is exhibited by the curve for 
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Fic. 8. Neutron counting rate corrected to constant altitude 
for the first flight. The sharp peak in the intensity is noted mainly 
in the counter enriched in B". 
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Fic. 9. Neutron counting rate corrected to constant 
altitude for the second flight. 


the counter filled with “regular” (19% B'°) BF3. This 
effect takes place at pressures beoneen 50 and 100 
millibars. 

The pulses which are formed in such a counter are 
largely those due to background. This background is, 
among other things, due to star formation in the walls 
of the counter. Thus it appears that the presence of a 
double maximum in the counting rate is evidence for 
two components of the star-producing radiation. As 
Lord” has pointed out, those stars formed by fast neu- 
trons reach a maximum at about 70 000 feet, while the 
remaining stars continue to increase exponentially to at 
least 94 000 feet (15 millibars). 

There is a suspicion of a similar effect in the curves 
for the two enriched counters. However, the additional 
counts caused by slow neutrons tend to ‘“‘smear out” 
the effect. 


B. Variation of Secondary-Neutron Production 
Throughout the Solar Cycle 


The curve shown in Fig. 6 represents the neutron in- 
tensity as a function of atmospheric pressure as meas- 
ured at a geomagnetic latitude of 41°N. This measure- 
ment, as noted before, was made on an undisturbed 
day. Hence it may be directly compared with the curve 
for 40° shown by Soberman® for 1954, a period of mini- 
mum solar activity. These two curves are found in 
Fig. 11. 

As may be seen from this figure, the intensity appears 
to be about 12% lower in 1958 than it was in 1954. 
Also, when the data for the equilibrium region 
(770 mb > P> 200 mb) are subjected to a least-squares 
analysis, it is found that the slope of the straight line 
corresponds to a mean free path for absorption of 
240+30 g/cm*. This compares with a value of 1804-25 
g/cm? found in 1954. The greater standard deviation is 
due to the fact that the present balloons used a some- 


# J. J. Lord, Phys. Rev. 81, 901 (1951). 
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what greater rate of climb than those of previous 
investigators.® 4.24 

Several investigators**-** have remarked on this in- 
verse relationship between solar activity and cosmic-ray 
intensity. As can be seen from this work on the neutron 
component, the greatest change is in the low-energy 
end of the spectrum. This is evidenced by the increase 
in the mean free path for absorption between solar mini- 
mum and maximum. The picture implies the presence 
of a great many low-energy particles at the earth during 
the time of minimum solar activity which are not 
present otherwise. 


C. Effects of a Geomagnetic Storm on the 
High-Altitude Intensity 


As already noted, a geomagnetic storm was in prog- 
ress during the second flight of September 25, 1958. 
There appears to have been no effect beyond statistics 
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Fic. 10. Neutron monitor record for September, 1958, at College, 
Alaska. The data have been corrected for fluctuations in the 
atmospheric pressure. 


on the intensity or mean free path in the equilibrium 
region. Indeed, the effect on the sea-level neutron moni- 
tor at College, Alaska, was only a 2% decrease. How- 
ever, at altitudes in excess of 70 000 feet, a significant 
decrease in the intensity of the slow-neutron component 
was detected. As may be seen in Fig. 7, the intensity at 
28.2 millibars (79 000 feet) was only 50% of normal. It 
would appear that this storm was particularly effective 
at low energies. 

It is interesting to note that this magnetic storm, the 
sudden commencement of which occurred at 0408 UT 
on September 25, followed a Class 2 solar flare by about 


% W. O. Davis, Phys. Rev. 80, 150 (1950). 

* W. P. Staker, Phys. Rev. 80, 52 (1950). 

25H. V. Neher, Phys. Rev. 107, 588 (1957). 

26 H. V. Neher and Hugh Anderson, Phys. Rev. 109, 608 (1958). 

27 P, Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 

28S. E. Forbush, paper presented under auspices of U. S. 
National Academy of Sciences at the Fifth General Assembly of 
CSAGI, Moscow, 1958. 
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Fic. 11. Variation in the neutron intensity during the solar 


cycle at geomagnetic latitude 40°N. The statistical uncertainties 
are too great to permit comparison at lower altitudes. 


42 hours. This flare was accompanied by a major burst 
of radio noise at 500 Mc/sec.”° 


D. Diurnal Variation of High-Altitude 
Neutron Intensity 


The most interesting feature of the constant-altitude 
intensity curves (Figs. 8 and 9) is the sharp peak in the 
intensity. As can be seen from the curves, the maximum 
occurred about 25 minutes before local sunset on both 
flights. This places the maximum at just a few minutes 
after sunset at sea level. This increase is believed to be 
genuine, as no known source of instrumental difficulty 
could give rise to it. Also, it seems improbable that an 
instrumental failure would yield the same effect at the 
same time on two flights. 

One explanation that has been proposed for this effect 
is that it is the result of a transition effect arising from 
solar neutrons which are incident upon the earth’s at- 
mosphere. This maximum would be due to the rapidly- 
increasing thickness of atmosphere that such neutrons 
would penetrate near sunset. This thickness amounts 
to 100 g/cm? at the time of maximum intensity.” 


” E. C. Pressly, Phys. Rev. 89, 654 (1953). 
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Other explanations, which avoid the necessity of in- 
voking copious solar neutron production, and which 
attempt to account for the fact that the night-time in- 
tensity equals that found during the day, have also been 
proposed. These include the possible formation of micro- 
scopic ice crystals in the earth’s atmosphere below the 
balloon at sunset.” Such crystals, as they increase in 
size, could, through neutron scattering, give rise to an 
effect such as the observed one. 

Another possibility is that the effect is due to solar 
protons which are guided by a weak solar magnetic 
field.*! These protons would be focused by the combined 
helio- and geo-magnetic fields on the sunset and sunrise 
positions at high altitudes. Neutron production would 
presumably result from the interaction of these protons 
with the upper atmosphere. 

Further investigations of the effect are planned. In 
particular, longer flight durations, and data taken at 
sunrise should prove useful in the interpretation. Data 
acquired at other latitudes may also be significant. 


SUMMARY 


Two balloon flights launched at a geomagnetic lati- 
tude of 41°N during September, 1958, attained altitudes 
of 86000 and 79000 feet, respectively. They showed 
the following features: 

(a) The cosmic-ray slow-neutron intensity had de- 
creased by about 12% since the time of minimum solar 
activity in 1954, 

(b) The effects of the geomagnetic storm of September 
25, 1958 were most pronounced at atmospheric depths 
of less than 50 g/cm? (70 000 feet). At 28.2 millibars, the 
intensity was only 50% of normal. 

(c) A sharp peak in the intensity of the slow-neutron 
component is found at balloon altitudes shortly before 
local sunset. No diurnal variation in the usual sense was 
detected. 
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A nuclear interaction of type 0+-20p observed in nuclear emulsion was analyzed by measuring the energies 
and angles of the secondary particles. The primary energy, as determined from the angular distribution of 
the tracks, is 2.710" ev. This value is in agreement with an independent estimate obtained from the total 
energy dissipated. A secondary collision of type 0+20n was also analyzed in the same way. Its energy is 
1.4X 10" ev, which is comparable to the primary energy. The inelasticity of the primary event is 0.54_o 191°. 

The energy and angular distributions of the shower particles in the center-of-mass system (c.m. system) 
are given for both events. The shower particles show a correlation in the sense that those with the highest 
energies are emitted in the c.m. system under small angles with the shower axis. 

The energy distribution of the mesons in the c.m. system is peaked toward low energies and shows a 
remarkably long tail at high energies extending up to 10 Bev. One of these particles is a x® meson, which 


carries off about 23% of the total energy. 


The average value of the transverse momentum of the shower particles is 0.30.05 Bev/c. 


INTRODUCTION 


NUMBER of investigations have been carried 
out in order to obtain some of the experimental 
facts about multiple particle production in high-energy 
nuclear interactions (~10" ev).!-87 The most useful 


* Supported by a joint program of the U. S. Atomic Energy 
Commission and the Office of Naval Research, and by the National 
Science Foundation. 
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interactions to investigate are those representing the 
fundamental process in which a nucleon collides with 
one single unbound nucleon. Present experimental tech- 
niques do not allow us to observe this process un- 
ambiguously, since no criteria used in selecting such 
events from large samples of nuclear interactions ob- 
served in photographic emulsion are sufficient. Fortu- 
nately, a number of quantities can be observed, which 
are not very sensitive to this selection. 

There are several**“ theoretical approaches to the 
problem of multiple particle production as well as 
phenomenological models,**:** but until now, none of 


them succeeded in explaining all of the experimental 
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Fic. 1. Projection drawing of the 0+20p event. 


facts, for instance, the energy and angular distribution 
of the produced particles, the mass spectrum, the 
multiplicity, and the elasticity. 

In order to obtain more experimental information 
about some of the topics just mentioned, it seemed 
desirable to analyze two high-energy nuclear inter- 
actions in great detail because they seem to come closest 
to the fundamental process of a nucleon-nucleon colli- 
sion, and offer favorable possibilities for carrying out 
reliable measurements. A brief account of some of the 
results has already been published.*>27.78 


1. EXPERIMENTAL PROCEDURES 


A stack of nuclear emulsion consisting of 100 Ilford 
G-5 pellicles, 30 15 cm, 600 » thick, was exposed to the 
cosmic radiation on a Skyhook balloon flight over Texas. 
The flight remained at an altitude of 104000 feet for 
8 hours. 

The stack was scanned for energetic electron-photon 
cascades which were traced backwards. One of these 
was found to be originated by a high-energy nuclear 
interaction of type 0+20p (Fig. 1). The incident proton 


Fic. 2. Projection drawing 
of the 0+20n event. 


of this event enters the top of the stack with a zenith 
angle of 2.5° and a dip angle of 1.2° with respect to the 
plane of the emulsion. It traverses 14 cm of emulsion 
before interacting. The tracks in the central cone of the 
shower remain for more than 2 cm inside this particular 
pellicle. The central cone can be followed for 16 cm 
inside the stack. 

All of the 20 tracks of the event were followed until 
they produced a secondary interaction or left the stack. 
In addition, the total volume of a cone (opening angle 
approximately 10-? radian) around the extrapolated 
line of flight of the primary proton was carefully scanned 
for neutral secondary interactions. By this method an 
event of type 0+20n (Fig. 2) was found at a distance 
of 5.7 cm from the primary event. 

The neutral interaction is located within the un- 
certainty of measurement on the extrapolated line of 
flight of the primary proton. The axis of the meson 
shower of the secondary event is parallel to this line of 


flight. Figure 3 shows a projection drawing of the pri- 


mary interaction and all observed secondary collisions. 
Figures 4(a) and 4(b) show the angular distributions of 
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Fic. 3. Schematic drawing of the primary event and its secondary interactions. 


the 0+20p and the 0+20n event”in a diagram which 
will be discussed in Sec. 3. 

Due to the favorable geometry of both events, rather 
extensive multiple scattering measurements were pos- 
sible. The energy of the highly collimated tracks in the 
central cones were obtained by track to track scattering 
measurements! whereas the low-energy tracks in the 
outer cone were measured by the usual methods of 


tog ae 


0*20p 


ie} | 


a | 


log tan 8 








(a) 


0*20n 


log tan 6 
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Fic. 4. (a) Angular distribution of the 0+-20/ event. 
(b) Angular distribution of the 0+20n event. 


multiple scattering.“* The experimental results for all 
tracks are given in Tables I and II. In several cases, 
only lower limits could be established. This is due either 
to insufficient track length, to too high an energy of the 
particle, or to spurious scattering. In addition to the 
scattering data, Tables I and II also contain some in- 
formation on the type of the secondary interactions. 
The energy of these interactions has been estimated 
using the Castagnoli formula, which will be discussed 
later in detail. 

In case of track 10 in the 0+20n event, this method 
leads to a result which is obviously impossible. The 
energy thus obtained would not be sufficient to produce 
the rest masses of all the observed charged mesons plus 
the neutral mesons whose number is assumed to be one 
half of the number of the charged mesons. Therefore, we 
estimated the energy of this particle such that it could 
just produce the observed number of mesons. 

In addition, it is possible to obtain some information 
about the x° mesons produced in the interactions. A 
scan of the forward cone of the primary event 0+20p 
up to 0.5 cascade units (1 C.U.=2.9 cm in nuclear 
emulsion) yielded four high-energy electron pairs which 
are probably due to y rays from the decay of high-energy 
n° mesons. Three of these electron pairs originate rather 
energetic cascades in the stack. The lateral distribution 
of the electrons in these three cascades was measured 
and plotted at distances of 2.4 and 4 C.U. from the 
origin of the pairs. Using Pinkau’s method“ based on 
computations of Nishimura and Kamata,** we estimated 
the energies of the three y rays. In addition, the 
Cudakov effect*:?8 was measured on those electron 

46 P. H. Fowler, Phil. Mag. 41, 169 (1950). 

47K. Pinkau, Phil. Mag. 2, 1389 (1957). 

48 J. Nishimura and K. Kamata, Progr. Theoret. Phys. (Kyoto) 
7, 185 (1952); 5, 889 (1950). 

4 ]). H. Perkins, Phil. Mag. 46, 1146 (1955). 

% A. E. Cudakov, Compt. rend. acad. sci. U.R.S.S. 19, 651 
(1955). 
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pairs. Taking into account the kinematics of the 7° 
decay, one can try to match the y rays. This leads to 
two x° mesons of 700 Bev and 200 Bev, respectively 
[see Table I(a) ]. The energies of all other 7° mesons 
must be small compared with these two because they do 
not originate comparably energetic cascades. Their con- 
tribution to the measured electron densities at 2.4 and 
4 C.U. is negligible. 

We were not able to find any electron pairs of very 
high energy originating from the secondary neutral 
event 0+20n. Low-energy pairs were observed but they 
do not produce dense cascades and, therefore, cannot be 
distinguished from the large cascades originating from 
the primary event. 


2. TRANSVERSE MOMENTUM 


The angles and energies of shower particles are 
correlated in such a way as to make the transverse 


TABLE I. Angles, energies, and transverse momenta p, 
of the secondaries of event 0+20,. 


pp pe om 
(Bev/c) (Bev/c) determined from 








0.53 +0.10 
1.0+0.3 
1.1+0.3 
3.8_0.7*20 
1.8+0.5 0.18 
4.9_9.9t40 0.20 

0.52 +0.12 0.11 

0.30 +0.07 0.12 

10-3 rad we >0.065 
1074 rad 40+20 0.15 


0.41 
0.30 
0.31 
0.43 


scattering 
scattering 
scattering 
scattering 
scattering 
scattering 
scattering 
scattering 
scattering 
scattering, 
interaction 11+13 
scattering 
scattering 
scattering 
scattering 
scattering 
scattering 
interaction 1 +6) 
scattering 
scattering 
scattering, 
interaction 6 +6) 


>40 >0.14 
2347 0.13 
>65 > 0.38 
>0.45 

>0.045 
>0.045 

0.42 

> 0.16 

>0.18 

0.15 
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X10-3 rad 





(a) Data of two high-energy 7° mesons from event 0+20p 


Particle 6 
No. (rad) 


pe 
(Bev/c) 


E 
(Bev) 


0.9 X1078 0.63 


momentum P; approximately constant. This correla- 
tion, for example, can be seen quite easily in Figs. 6 and 
7. This is to be expected from the theories of Heisen- 
berg’® and Landau.“ The value of P; is not changed by 
a relativistic transformation into another frame of 
reference, for instance by the transformations carried 
out in Sec. 4. It can, therefore, be discussed in a 
meaningful way without further assumptions regarding 
the primary energy. 

The importance of the transverse momentum for the 
discussion of high-energy nuclear interactions was 
first pointed out by Nishimura and by Milechin 
and Rosental.™ 

51 Z. Koba, Proceedings of the Sixth Annual Rochester Conference 
On High-Energy Nuclear Physics, 1956 (Interscience Publishers, 
New York, 1956), Vol. IV, p. 46. 

8 G. A. Milechin and I. L. Rosental, J. Exptl. Theoret. Phys. 


U.S.S.R. 33, 197 (1957) [translation: Soviet Phys. JETP 33(6), 
154 (1957) ]. 
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TABLE IT. Angles, energies, and transverse momenta py; 
of the secondaries of event 0+20,. 


pe PB 
(Bev/c) determined from 
0.36 scattering 

scattering 
scattering 
scattering 
scattering 
scattering 
scattering 
range, o star 
scattering 
interaction 12 +20, 
scattering 
scattering 
interaction 2 +6p 
scattering 
scattering 
scattering 
scattering 
interaction 1+7 
scattering 
scattering 


pB 
(Bev/c) 


0.66 +0.20 
0.55 +0.15 
0.23 +0,.05 
>0.76 
2.3+1.0 
>5.8 
3.6_0.7780 
0.072 +0.002 
107-3 rad >4.2 
107% rad 
.2 107% rad 
3.5 X1074 rad 
0.0 1074 rad 
0.78 X1074 rad 
3.4 X107% rad 
9.2 X107* rad 
X<1073 rad 
1073 rad 
1078 rad 
107% rad 


250_179*50 
60_307% 


On the two events, 0+ 20% and 0+20n, the transverse 
momenta of the charged secondary particles can directly 
be determined. The transverse momentum is calculated 
from 


P,=P’ sin®’, 


P’ is the momentum, ©’ the angle of the secondary 
particle in the laboratory system as explained in Sec. 1. 

The values of P; for all the secondary particles of the 
two events are given in Tables I and IT. For some cases, 
only a lower limit for P; could be established. It will 
now be discussed, how this affects our conclusions 
regarding the average value of P;. 

Table III shows the directly measured average values 
of P, ((P,)) for both events in forward cone and back- 
ward cone separately. 

For the 0+20p event, (P;) in the forward cone seems 
slightly lower than in the backward cone. This could be 
due to the fact that most of the energies of the backward 
cone tracks could be actually measured, whereas in the 
forward cone, for 7 out of the 11 tracks only a lower 
limit could be given. Assuming P; to be the same in both 
forward and backward cones, the value of (P;) in the 
forward cone cannot be increased by much more than 
about a factor of 1.2. 

Another upper limit on (P;) comes from arguments of 
energy balance, if the two events are accepted to be 
examples of a nucleon-nucleon collision. This will be 
discussed more completely in Secs. 4 and 5. 

In this case, the primary energy of the event 0-+-20p 
can be determined by the angular distribution of the 
shower particles and by assuming symmetry in the 
c.m. system. A lower limit for the primary energy can 
be obtained by adding the energies of all secondary 


TABLE III. Average transverse momentum (P;). 


Interaction 


0+20p 
0+20n 


(P:) forward cone 


>0.20 Bev/c 


P.) backward cone 


0.24 Bev/c 
>0.17 Bev/c 
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particles. This sum includes the energy of the 0+-20n 
event (calculated from its angular distribution), the 
energy of the soft cascade, and the energy of the charged 
secondary particles. The lower limits obtained by the 
scattering measurements were taken as the true values 
of the energies. This lower limit of the primary energy 
agrees well with the value deduced from the angular 
distribution, which in turn, indicates, that the values 
of the energies of the shower particles cannot be raised 
a great deal above the lower limits given. Otherwise the 
energy contained in the secondary particles would be 
higher than the primary energy. However, increasing 
the energies in the forward cone by a factor of 1.2, as 
mentioned above, would leave our conclusions un- 
changed because of the various experimental errors. We 
conclude therefore, that the most probable value of 
(P,) for the event 0+20p is about 0.24 Bev/c. 

A similar argument can be used for the 0+ 20n event. 


N 
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Fic. 5. Distribution of transverse momentum for 0+20p and 
0+20n events. The shaded area represents measurements when 
only lower limits were obtained. 


The average energy of the secondary particles cannot 
be increased by a factor greater than 1.6, otherwise 
their total energy would be higher than the primary 
energy determined from the angular distribution. This 
gives an upper limit of 0.35 Bev/c for (P,). Furthermore, 
for this event, only five measurements out of a total of 
twenty are lower limits; therefore, their influence on 
(P,) is expected to be small. 

The upper and lower limits of (P;) given for the 
secondaries of both events is between 0.25 Bev/c and 
0.35 Bev/c. The results regarding (P,) agree for both 
events within experimental error. Hence we can combine 
the data for both events in order to plot the distribution 
of P,. It is shown in Fig. 5. The values, which represent 
lower limits only, are shaded. The distribution is peaked 
at a momentum of about 0.2 Bev/c. No values of 
P,>0.8 Bev/c were observed. 

This result on (P;) is compared with the values given 
by other authors in Table IV. They agree with our 


LOHRMANN, 


AND TEUCHER 
TABLE IV. Average transverse momentum (P;). 


Primary energy of 
events used (Tev)* 


0.30-+0.05 1.4 —3.0 
0.34 0.05—1.0 
0.41+0.13 ~§ 
0.36 4 
>0.13 20 
>0.24 0.15 


Reference 


This work 
Fenyves et al.» 
Edwards et al.° 
Debenedetti e¢ al.4 
Glasser et al.® 
Lohrmann! 


(P:) Bev/c 








*1 Tev =10% ev. 
b See reference 30. 


¢ See reference 17, 
! See reference 19. 


¢ See reference 22. 
4 See reference 24. 


results within the limits of error. The over-all results 
indicate that the value of (P;) observed in these 
collisions is between 0.30 and 0.35 Bev/c, irrespective of 
primary energy. This value is furthermore confirmed by 
the determination of the transverse momentum of 7° 
mesons by the Japanese group.” After correction for 
their acceptance criteria of electromagnetic cascades, 
they find a value of (P,)=0.32540.02 Bev/c. The 
Bristol”* data on 2° mesons are not in contradiction with 
this, since they are less accurate. 

On the other hand, (P,) as determined from the 
angular distribution of secondary interactions” is 
higher than the directly obtained value of 0.30—0.35 
Bev/c adopted here by almost a factor of 2. This 
discrepancy could be explained by the fact that the 
energy of such events can be overestimated by a factor 
of 2 by using one of the standard methods involving the 
angular distribution of the shower particles (see Sec. 3). 

The low value of about 0.30 Bev/c for the average 
transverse momentum will remove some of the diffi- 
culties arising in connection with the “two-center 
model” of multiple meson production. In particular, 
values of the inelasticity greater than unity, which were 
obtained by Cocconi* in his analysis of some of the 
showers, should disappear. 

Finally the transverse momentum of the two high- 
energy 7° mesons originating from the 0+20p event has 
to be discussed. The data are shown in Table I(a). The 
values of P; are rather high. However, it has to be noted 
that the angles of these x° mesons, with respect to the 
line of flight of the primary, could not be measured 
accurately. Therefore, their direction of flight was deter- 
mined with respect to the primary direction of the 
0+20n event. This procedure should lead to an over- 
estimate of P,, because the true center is probably 
between the 0+20n event and the 7° mesons. 

These two ° mesons carry away an appreciable 
fraction of the total energy going into meson produc- 
tion. No attempt was made to determine the transverse 
momenta of the other 2° mesons, which have lower 
energies. Therefore the value of P, found for the two 
high-energy x° mesons cannot be combined with the 
results given above on charged secondaries. 


3. ESTIMATE OF THE PRIMARY ENERGY 


A direct measurement of the energy of the primary 
particle causing the 0+20p event is impossible. It is 
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possible, of course, to add up the energies of all second- 
ary charged particles. This will definitely lead to a lower 
limit for the primary energy. In addition, we have the 
energy found in electron-photon cascades associated 
with the event. But one has always to take into account 
that neutral particles may escape detection completely 
and that for some of the charged particles in the forward 
cone only lower limits of their energy can be established. 
Such a “calorimetric” method will, therefore, in general 
lead to an underestimate of the primary energy to a 
degree which is difficult to calculate, if one cannot make 
sure that most of the neutral particles were actually 
detected (see Sec. 5). A first estimate, therefore, has to 
be based on the kinematics of the 0+20p event. This 
method requires the assumption of a model for the 
fundamental processsand some additional assumptions, 
which will be discussed briefly. 

First we assume that the 0+20p event is due to a 
collision of a primary proton with a single proton target. 
This is suggested by the even multiplicity of the event. 
The absence of “heavy” prongs, as is well known, is not 
sufficient evidence for the assumption that the target is 
actually a free proton. In nuclear emulsion, about 10 to 
15% of all nuclear interactions of primary protons are 
“clean,” i.e., they do not show heavy prongs due to the 
evaporation of charged particles from a heavy nucleus. 
From the composition of the emulsion and assuming 
reasonable cross sections, one can, however, expect that 
roughly 6% of all nuclear interactions will occur on 
free proton targets. The rest is explainable by collisions 
between primary protons and peripheral protons of 
heavy nuclei without any visible excitation of the 
nucleus. 

The secondary event 0+20n is assumed to be a 
collision between a neutral particle with a single neutron 
on the periphery of a heavy nucleus as suggested again 
by the even multiplicity of the event. It is furthermore 
possible to assume that the primary proton undergoes 
an inelastic charge exchange collision in the 0+20p 
event, continuing as a neutron which subsequently 
produces the 0+20n event. 

These assumptions cannot be proved a priori. How- 
ever, it can be shown that they lead to an analysis of 
both events, consistent with experiment. 

It can generally be assumed that in nucleon-nucleon 
collisions the emission of particles in the c.m. system is 
symmetrical with respect to a plane perpendicular to 
the line of flight of the primary nucleon. On this basis, 
the so-called median angle formula is used to determine 
the primary energy 


E,/Me=2y2—1~2/0 2 (1) 


[E,=primary energy, Mc?=rest mass of the proton, 
©,=half the opening angle in the laboratory system of 
a cone around the extrapolated line of flight of the 
primary particle, which contains half of the charged 
particles produced in the collision, y.=(1—82)"}, Be 
=velocity of the c.m. system ]. 
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This formula does not lead to an accurate value of 
the primary energy for reasons discussed by several 
authors. It uses only part of the information contained 
in the angular distribution. Also, it is valid only under 
the approximation 


B/B.=1 (2) 


(8= velocity of produced particles in the c.m. system). 
Therefore any energy distribution toward lower energies 
in the c.m. system is neglected. The situation is further 
complicated by any correlation between the energy of 
a particle and its angle of emission in the c.m. system. 
The experimental facts obtained so far show such a 
correlation. 

The method developed by Castagnoli et al.'* gives a 
somewhat better estimate than that of formula (1). 
They obtained the expression 


sy ix 
> In tanO@,’+- >> U(cosO,,8;) (3) 
N i=! N i=l 


Iny, 


(n is the number of charged mesons produced in the 
collision; ©,’ and ©, are the angle of the ith particle in 
the laboratory and in the c.m. system, respectively). In 
the spectrum-independent approximation (2) men- 
tioned above the second term in (3) vanishes, but in 
general, the behavior of the function U has to be taken 
from the various theories on multiple meson production 
or from experiment. Castagnoli e¢ al. quote results for 
the Fermi and the Heisenberg theory indicating that the 
second term in (3) is always >0 and not necessarily a 
constant. The spectrum-independent approximation, 
therefore, always tends to overestimate y,. The original 
method first used by Duller and Walker®® is essentially 
the same as the one by Castagnoli with the additional 
assumption of isotropy of the shower particles in the 
center-of-mass system. They obtained 


F(®,’) | 
=72 tan’@,’, (4) 
1—F(0,') 


where F(©,’) is the fraction of particles emitted in the 
laboratory system within a cone of half opening angle 
©,’. In order to determine y,, one has to plot 
log F/(1—F) ] versus log tan ©,’. Under the assumptions 
mentioned above, the experimental points should be 
located on a straight line of slope 2. Due to fluctuations, 
this will, in general, not be completely true. Therefore 
one has to try to fit best a straight line through the 
experimental points. The intersection of this line with 
the line log( F/(1—F) ]=0 yields the value of logy.. It 
has been shown* that under different assumptions, the 
experimental points of the Duller-Walker plot will be 
found either on straight lines having a slope different 
from 2 or on some curves. All these deviations can serve 
as indications of the actual angular distribution in the 


53.N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 
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Fic. 6. Transforma- 
tion to c.m. system of 
0+20p event. In (a), 
y-=50, E=5 Tev. In 
(b), y-=35, E=2.7 Tev. 
The dashed line corre- 
sponds to a constant 
value of the transverse 
momentum P,;=2m,c. 
In (c), ye=25, E=1.2 
Tev. 





c.m. 
authors*** have come to the conclusion that in nucleon- 
nucleon collisions, the secondary particles might be 
emitted from two centers of emission of hitherto un- 
specified nature (“balls of fire”) which move in opposite 
directions in the c.m. system. The methods of estimating 
the primary energy in such cases have been extensively 
discussed by Cocconi.“ ; 

In addition, there can be found various other ap- 
proaches":!.14.18 to the problem in the literature which 
in most cases are actually only slight modifications of 
the methods discussed above. In order to determine the 
primary energy of our events, we follow Castagnoli’s 
procedure including the second term in (3): 


system. By inspection of such plots, several 


1 n 
~> U;=InC. (5) 


nN =! 


The value of C was taken from experimental data®™ to be 
C=0.7. 


In the case of the 0+-20n event, track No. 13 had to be 
relocated because its angle 0,’ in the laboratory system 
is equal to 0 within the limits of measurement, i.e., it 
is parallel to the energetic cascades of 7°, of event 
0+20p. We fitted a straight line in the Duller-Walker 
plot [Fig. 4(a), 4(b) ] through the points of the 0+20n 
event and relocated track No. 13 in such a way that it is 
now exactly on this line. 


% Jain, Lohrmann, and Teucher Phys. Rev. 115, 643 (1959). 
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Thus we obtained the following values for the primary 
energies : 
2.7X 10" ev; 
1.4X 10" ev. 


0-+209, 
0+20n, 


4. ENERGY AND ANGULAR DISTRIBUTION IN 
THE CENTER-OF-MASS SYSTEM 


After having estimated the primary energy of the 
two events, we can now obtain the transformations into 
the c.m. system. The primary energies of 2.7 and 1.4 Tev 
correspond to approximate values for 7. of y-=35 and 
7-=25, respectively. In order to show how sensitively 
the energy and angular distribution in the c.m. system 
depends upon the correct value of y., both events are 
also transformed for two additional values of y,, which 
are approximately 1.4 times larger and 1.4 times smaller 
than the values determined in the preceding section. 
The results of this procedure are shown in Figs. 6 and 7. 
They indicate that the transformation is not very 
sensitive upon the choice of y,. This is particularly true 
for the energy distribution. All transformations were 
carried out under the assumption that all secondary 
charged particles are mesons because present experi- 
mental evidence indicates that the fraction of particles 
of nonpionic mass among the shower particles is small. 
In transforming the backward cone tracks, no approxi- 
mations were used. One sees quite clearly that in both 
events, the high-energy particles are emitted preferen- 
cially in the forward and backward direction. It can 
further be noticed that there are particles with angles 
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Fic. 7. Transforma- 
tion to c.m. system of 
0+20n event. In (a), 
ye=35, E=2.7 Tev. In 
(b), y-=25, E=1.2 Tev. 
The dashed line corre- 
sponds to a constant 
value of the transverse 
momentum P,=2m,c. 
In (c), y-=18, E=0.6 
Tev. 
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close to 0 or 180 degrees having energies which exceed 
the average energies by rather large factors. In the 
0+20 event (y.-=35), one charged particle in the back- 
ward cone has an energy of 7.3 Bev, which has a pre- 
dominant influence on the average energy of the charged 
particles in the backward cone, which comes out to be 
2 Bev. The average energy in the forward cone, however, 
is only 0.76 Bev. This value is, first of all, only a lower 
limit, because for several tracks in the forward cone, 
only lower limits of the energy in the laboratory system 
could be established. Secondly, the existence of neutral 
mesons must be taken into account. One of these (21°) 
would have an energy of 10 Bev in the c.m. system. 
This particle would, of course, have a considerable 
influence upon the average energy in the forward cone 
if the average energy could be calculated for both 
charged and neutral mesons. In the 0-+20n event 
(y-= 25), the situation seems to be reversed. There are 
no w° mesons of extraordinarily high energy in the 
forward cone, but there is one charged particle having 
an energy of 5 Bev, which increases appreciably the 
average energy in the forward cone. In the backward 
cone, one does not find high-energy charged particles in 
the c.m. system. However, there might be high-energy 
neutral pions, which, of course, are difficult to detect in 
the laboratory system because of their low energy. 

In Fig. 8 the combined energy distribution of the 
mesons is given for the two events. There is a pro- 
nounced accumulation of particles at the lower end of 
the spectrum. The average energies for the 0+-20p and 
0+20n event are 1.25 and 1.1 Bev, respectively. These 
values are lower limits only, because of the lower 
limits for several particles in the laboratory system. But, 
by taking into account the neutral 7 mesons too, it can 
be shown from momentum balance in the c.m. system 
of the 0+20 event that this lower limit cannot be far 
from the true value. This follows directly from the fact 
that there is not too much energy in the c.m. system 
available in order to increase the energy of the particles 
where only lower limits were measured. In the 0-+-20n 
event, only a few such particles occur anyway. We, 
therefore, believe that the average energy of the mesons 
in the c.m. system of both events is approximately 1.4 


" - 
7 


Fic. 8. Energy distribution in c.m. system of 0+20/ and 0+20n 
events. The abscissa is in units of the pion rest mass. 
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Fic. 9. Transformation of 
0+20p event using the two- 
center model. 
Backward Tracks ¥%= 45 


Bev. This will be further supported by the energy 
balance presented in Sec. 5 and is not in agreement with 
Fermi’s” theory, which would predict a considerably 
higher value. But it is also in disagreement with 
Heisenberg’s*®* theory, which predicts about 0.5 Bev for 
primary energies of 2X10" ev. Landau’s" theory can 
be adjusted to agree with the experimental value of the 
average energy. However, one has to keep in mind that 
the obtained average energies are very sensitive with 
respect to the existence of a few particles in the high- 
energy tail of the distribution. A rather large fraction 
of the particles (lower limit 30%, upper limit 60%) can 
be found at energies below 1 Bev. But there are a few 
particles with energies exceeding the average value by 
five to ten times. 

The two events were plotted according to Cocconi’s® 
version of the two-center model. The Duller-Walker 
plots for both events are broken into two branches. 
This yields the following values for yq and ys: 

Yb 


0+20p 
0+20n 


The transformations show that the emission of particles 
from the assumed centers could probably be considered 
reasonably isotropic and that the average energy of the 
charged particles would then be 0.4 Bev (see Figs. 9 and 
10). It should, however, be noticed that in the forward 
branch of the neutral event, one charged meson has an 
energy of 1.25 Bev. If, in the case of the 0+ 20p event, 
m\° is included, it would carry about 1.75 Bev, which 
considerably exceeds the average value. From this 
evidence, it must be concluded that this model is 
certainly not able to remove the high-energy tail of the 
distribution, It only shifts the spectrum towards lower 
energies. The present limits of measurement do not 
allow very precise statements about the angular dis- 
tribution for this model. They also do not indicate any 
obvious discrepancy concerning the two-center model. 
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Fic. 10. Transformation 
of the 0+20n event using 
the two-center model. 
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5. ENERGY BALANCE AND INELASTICITY 


The total energy dissipated in the primary collision 
can be estimated by means of energy measurements on 
the shower particles and on the soft cascade. The total 
energy contained in the individual components is shown 
in Table V. The values for the shower particles in the 
first column of Table V are based on scattering measure- 
ments; lower limits obtained by this method were 
assumed to represent true values. The estimate of the 
soft cascade was based on three high-energy electro- 
magnetic cascades discussed in Sec. 1. No further high- 
energy cascades were observed. Therefore, the energy 
contained in any other r° mesons was neglected. The 
lower limit on the energy of the neutral (0+20mn) jet 
was also derived from scattering measurements on the 
secondaries, adding 50% for the contribution by 7° 
mesons. In this way, one obtains obviously a lower 
limit for the primary energy of the 0+20p event. The 
high energy of the 0+20n secondary shower suggests 
that this event is possibly produced by the particle 
which initiated the first jet and retained an appreciable 
fraction of its original energy. One may then assume 
that no major fraction of the energy of the primary 
particle escaped detection. In the second column of 
Table V, the total dissipated energy was therefore 
estimated as well as possible. This should give an 
approximate value for the primary energy. For the 
shower particles, this was done by raising the total 
energy by a factor of 1.2 on the basis of symmetry 
arguments between forward and backward cones. This 
was discussed in Sec. 2. A better value for the energy of 
the neutral jet 0+20n can be obtained from the angular 
distribution and symmetry arguments as discussed in 
Sec. 3. Assuming that no major fraction of the energy 
escaped detection, one arrives at a value of 3.1 Tev for 
the energy of the primary interaction. This is in very 
satisfactory agreement with the energy estimate of 
2.7 Tev obtained from the angular distribution and 
symmetry arguments (Sec. 3). This agreement shows 
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that a consistent picture can be obtained by assuming 
that both interactions do represent nucleon-nucleon 
collisions. 

The inelasticity of the primary event can also be 
estimated. The inelasticity 7 is defined as the fraction 
of the total available energy, which is dissipated in the 
form of secondary particles produced in the collision. 
As was pointed out before, it is probable that the 0+20n 
secondary event was produced by the primary particle 
of the first shower, as it continued after the collision. 
The inelasticity can then be taken from Table V. In the 
laboratory system, one gets 


n= 1670/3070=0.54. 
The corresponding value in the c.m. system is 
7-=0.5/7. 


An appreciable part of the figures used to derive the 
inelasticity » comes from direct energy measurements 
and thus 7 does not depend very strongly on additional 
assumptions about the nucleon-nucleon character of the 
collisions. 

It is interesting to note, that in the 0+20p event, 
a great fraction of the total primary energy 
(~23%) is carried off by a single energetic 7° meson. 
This illustrates again that a single energetic particle can 
have great influence on the energy balance and on the 
average values of the energy dissipation. The high- 
energy m° meson also accounts for the fact that the 
energy contained in the soft cascade is about as high as 
the energy contained in the charged shower particles. 
Ordinarily one would expect that the soft cascade 
contributes only about 3 of the energy of the charged 
shower particles. 

Due to the various assumptions discussed above, it is 
difficult to estimate reliable limits of error for 7. Using 
the lower limits of Table V, one gets an upper limit for 
n~0.70. A lower limit for 7 can be obtained if one keeps 
the interpretation of the two events, 0+20p and 0+ -20n, 
as nucleon-nucleon collisions and assumes an un- 
certainty of about a factor of 2 for the determination of 
energies by means of the angular distribution of the 
shower particles. This leads to a lower limit of about 
n=0.35. The final value is therefore 


n= 0.540.998, 


TABLE V. Energy balance of the 0+20 event. 


Most probable 
value (Bev) 


Total energy, 
lower limit (Bev) 


640 770 
900 900 
1400 
3070 


Shower particles 
Soft cascades 
0+20n event 870 


Total 


2410 











MULTIPLE 


For the neutral 0+20n event, the estimate of the 
inelasticity is less reliable. One gets the following result : 


= 0.70_0.40* 0.30. 


This is based on scattering measurements of the 
secondary particles, adding 50% energy for the 7° 
mesons. The limits of error take into account a possible 
error of the primary energy of a factor of 2. They are 
rather high, because for this event, it is necessary to 
rely exclusively on the angular distribution of the 
shower particles to determine the primary energy. 

The discussion concerning the value of 7 for the 
primary 0+20p event shows clearly the advantage 
gained by a thorough analysis of one event. In par- 
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ticular, it is possible to check the various assumptions 
involved and to estimate limits of error. It should, 
however, be noted that the two interactions described 
do not necessarily represent an unbiased example of a 
nucleon-nucleon interactions at energies of a few Tev. 
There might be some form of selection, because the 
events were found by scanning for high-energy electro- 
magnetic cascades. Furthermore, the number of shower 
particles of the primary event must not be too small, 
otherwise, a complete analysis becomes more difficult 
and less reliable. It is possible that such a bias might in 
particular tend to select events with relatively high 
values of the inelasticity 7. The important problem of 
determining the distribution of 7 in a reliable way is as 
yet unsolved and needs further studies. 
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Modified Analysis of Nucleon-Nucleon Scattering. II. Completed 
Analysis of p-p Scattering at 310 Mev* 


Matcotm H. MacGrecor, MICHAEL J. MorAvcsik, AND Henry P. Stapp 
Lawrence Radiation Laboratory, University of California, Livermore and Berkeley, California 
(Received May 28, 1959) 


The application of a recently suggested modified method of analysis of nucleon-nucleon scattering 
experiments to p-p scattering at 310 Mev has been completed. The results are summarized and compared 
with the work of Gammel and Thaler and of Signell and Marshak. The analysis is carried out on several 
levels, with varying number of angular momentum states being described by phenomenological phase 
shifts while the higher angular momentum states are represented by the one-pion exchange contribution. 
It is found that the inclusion of the high angular momentum states in this manner makes a significant 
improvement in the analysis. The pion-nucleon coupling constant is also determined from the data with 
a fair accuracy. The five ‘‘best” sets of phase shifts of the conventional analysis are reduced to two sets, 
corresponding to Solution 1 and 2 of the conventional analysis. Some slight evidence favors Solution 1 
over Solution 2. It is shown that a very satisfactory fit can be obtained with nine parameters instead of 
the 14 parameters of the conventional analysis. Some remarks are made about the extent to which Solutions 
1 and 2 are distinct. Experiments are suggested which could resolve the remaining ambiguity due to the 
existence of two sets of phase shifts. 


INTRODUCTION 


9 


N recent papers'? a modified method of analysis of 

nucleon-nucleon scattering experiments was sug- 
gested. The general theory of the method as well as a 
partial application to the p-p data at 310 Mev has 
already been given®* (in this paper reference 2 will be 
designated as I). In the present paper we wish to 
summarize the results of the completed analysis of 
p-p scattering experiments at 310 Mev and state the 
conclusions that we believe can be drawn from these 
results. 100 

In Sec. I we summarize the results. Tables and graphs x? 
are given showing the values of the goodness-of-fit 90 
parameter, x”, the phase shifts obtained in our analysis 
as well as predictions for the values of the various 
experimental quantities, and the corresponding error 
matrices. In Sec. II these results are discussed with 
reference to our original objectives in adopting the 
modified method of analysis. A comparison is also 
given with other recent work on the nucleon-nucleon 
interaction, particularly with the work of Gammel 
and Thaler,‘ and of Signell and Marshak.®~? Finally, 
Sec. IIT lists some of the conclusions. 

I. SUMMARY OF RESULTS 


Some partial results have been given in I. There the 
exact relativistic amplitude of the one-pion exchange 


contribution (henceforth referred to as OPEC) was 
used to represent the contributions in the angular 
momentum states beyond the H wave, and a serarch 
was carried out on the 14-phase shifts up through the 
HT waves. The result of this work will not be reiterated 
here. 

Our next step was to use the OPEC to represent also 
the G and H wave contributions, and carry out a search 
on the nine phase shifts up through F waves. Just as in 





P(X?) 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1M. J. Moravesik, University of California Radiation Labora- 
tory Report UCRL-5317-T, August, 1958 (unpublished). 

2 Czifira, MacGregor, Moravcsik, and Strapp, Phys. Rev. 114, 
880 (1959). 

8 Moravesik, Cziffra, MacGregor, and Stapp, Bull. Am. Phys. | N 1 
Soc. Ser. IT, 4, 49 (1959). 10 20 30 6 

4]. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

5 P_S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 











Fic. 1. Goodness-of-fit parameter vs pion-nucleon coupling 


The tables in this and the next references giving the phase shifts 
at 310 Mev contain serveral errors. 
6 Signell, Zinn, and Marshak, Phys. Rev. Letters 1, 416 (1958). 
7 We are indebted to Professor Marshak and Dr. Signell for an 
illuminating private communication. 


constant for the five “best” solutions of the modified analysis of 
p-p scattering at 310 Mev. The OPEC was used to represent all 
angular momentum states from G waves on up. The right ordinate 
gives the percentage probability of obtaining a x? value larger 
than the corresponding x? on the left ordinate. 
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TABLE I. Blatt and Biedenharn (BB) and nuclear bar (NB) phase shifts in degrees for p-p scattering at 310 Mev. The angular, 
momentum states from G waves on are represented by the OPEC. The coupling constant for Solutions 1, 2, and 6 were g?=12.0, 13.3 


and 18.7, respectively. Also shown are the phase shifts from the 


those of Gammel and Thaler,* of Signell and Marshak, and of Signell, Zinn, and Marshak.° 


2 


Solution 1 
B NB 


Solution 
NB B 


Solution 6 
3 NB 


BI 


OPEC (one-pion exchange contribution) alone with g?=14.4, and 


Signell, Zinn 
and Marshak 
BB NB 


Signell and 
Marshak 
BB NB 


Gammel and 
haler 


OPEC 
3 N NB 





—8.92 
12.82 
2.08 

— 10.64 
— 26.86 
17.44 

— 5.94 
2.21 

— 2.37 
5.28 

— 22.67 
1.35 
0.32 
1.65 


—8.92 —28.99 —28.99 
11.87 S73 4.78 
0.77 2.16 0.85 
—11.27. —27.29 —27.92 
— 27.49 — 8.08 —8.71 
16.65 24.01 21.05 
—1.55 -—1848 —7.55 
1.21 —1.66 —0.49 
—3.53 —0.03 
3.54 3.33 

— 1.40 —1.55 
0.49 0.54 
—1.12 —1.24 
0.21 0.23 


— 5.26 
9.37 
2.50 

— 65.96 
— 14.17 
11.54 
3.48 
327 

—0.86 

5.72 
— 32.67 
0.74 

—0.31 —1.75 

La7 0.33 


—5.26 
8.42 
1.19 

— 66.59 
— 14.80 
10.88 
0.50 
2.14 

—2.02 
Ke | 

—2.26 
0.75 


® See reference 3. b See reference 4. © See reference 5. 
I, we used as starting solutions the five “best’’ solutions 
of Stapp, Ypsilantis, and Metropolis® (henceforth 
referred to as SYM), and the search was carried out for 
rarious values of the pion-nucleon coupling constant g. 
The resulting values of x? are shown in Fig. 1. The 
values of the phase shifts at the minimum values of x? 
for Solutions 1, 2, and 6 are given in Table I. These 
minima are at g’=12.0 for Solution 1, at g?=13.3 for 
Solution 2, and g’= 18.7 for Solution 6. 

The error matrices for Solutions 1 and 2 at the above 
values of the coupling constant are given in Tables IT 


TaBLe II. Error matrix for the nuclear bar phase shifts in 
degrees squared of Solution 1 of p-p scattering at 310 Mev. The 
angular momentum states from G waves on are represented by 
the OPEC. The coupling constant was chosen to be 12.0. 


iF, 


1S0 1De 8Po sP; aF 


0.80 0.05 
—0.04 0.04 
0.64 0.49 
—0.33 0.21 
0.44 0.04 
0.33 


€2 
0.53 —1.13 
0.05 0.22 
2.81 —0.05 

1,19 





—0.08 
0.02 
—0.13 
0.05 
—0.00 
—0.01 
0.18 
0.03 
0.12 


—0.50 
0.05 


3.72 —0.39 


0.24 


TABLE III. Error matrix for the nuclear bar phase shifts in 
degrees squared of Solution 2 of p-p scattering at 310 Mev. 
The angular momentum states from G waves on are represented 
by the OPEC. The coupling constant was chosen to be 13.3. 


1D: *P2 1F 2 


—0.29 
0.29 


§Po aP; 


—1.12 
0.31 
0.09 
1.21 


af, €2 


—0.25 —0.45 
—0.01 —0.05 
0.54 1.84 
0.04 0.38 
0.15 0.18 
0.92 


—0.62 
0.07 
0.37 
0.42 
0.08 
0.21 

—0.19 
0.26 





0.78 
—0.09 
—1.33 
—0.35 
—0.13 
—0.47 
0.79 


—0.92 
—0.19 
6.43 





8 Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 


(1957). 


—70.0 


70.6 


— 40.10 
—1.39 
— 3.66 


— 44.15 


—9.40 
14.32 1 
1.24 
— 12.58 
— 27.33 
15.54 
—1.01 
—0.81 
— 6.00 
3.16 
—1.78 
—0.58 
-3.10 
— 0.84 


—70.0 
2.40 
0.92 

70.0 
— 35.8 
5.67 
— 6.59 
2.98 
— 4.82 
0.95 
— 1.69 
0.57 
—1.35 
0.25 
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and III. They were calculated following the procedure 
outlined by Anderson ef al.® and also followed by 
SYM.8 Finally, the predicted values of the physically 
observable quantities for Solutions 1 and 2 at the above 
values of the coupling constant are given in Figs. 2 
through 7. 

The favorable results of the above procedure (which 
will be discussed in Sec. II) prompted us to take the 
next step and use the OPEC to represent also the 
contributions from the two “uncoupled” F waves, 
that is, from the *F; and *F, states, and carry out the 
search on the seven phase shifts representing the S, P, 
and D states and the two other F parameters, that is, 
the phase shift in the *F, state and €. The five best 
SYM solutions were used as initial values in the search. 
The use of the final solu‘ioas from the 9-parameter 
search as initial values gives the same result. The 
results are shown in Fig. 8. 

Finally we also carried out a phase shift search using 
the OPEC to regresent the contributions in all of the F 
states as well as in the higher angular momentum 
states, and search only on the S, P, and D waves. The 
results are not shown in a graph; the values of x? for 
all the solutions for all values of the coupling constants 
were larger than 130. 

In addition to the searches which used as initial 
values the phase shifts of SYM we also carried out 
searches with random sets of initial phase shifts. 
This was done in order to see if there might be any 
acceptable sets of phase shifts in addition to those 
that correspond to the eight solutions listed in SYM. 
We performed such random searches on the 7-parameter 
and on the 14-parameter level, for a coupling constant 
of g*=14.4. On each level we carried out 30 searches. 
We found no new sets of phase shifts. It will be recalled 


9 Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955). 
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Fic. 2. Plot of P sin@ cosé vs @ for Solutions 1 and 2 for those 
values of the coupling constant which give the minima in Fig. 1. 
Experimental values are shown in comparison. 


that a much more extensive random search procedure 
was carried out by SYM in finding their five best 
solutions. Our random searches furnish some additional 
evidence that the SYM search was indeed complete. 


II. DISCUSSION OF RESULTS 


The present method of analyzing nucleon-nucleon 
scattering data has four immediate, practical aims.’ 
These are (a) the inclusion of the contributions of 
all higher angular momentum states, (b) the reduction 
of the number of parameters needed to represent the 
data, (c) the determination of the pion-nucleon coupling 
constant, and (d) the reduction of the number of sets 
of phase shifts. We will now discuss the results outlined 
in Sec. I in terms of these aims. 

The original phase shift analysis of SYM used 14 
parameters. We showed in I that, for Solutions 1 and 2, 
if the angular momentum states beyond H waves are 
represented by OPEC the same 14 parameters give, 
for reasonable values of the coupling constant, a better 
fit than SYM obtained. As we reduce the number of 
parameters and represent more and more of the high 
angular momentum states by OPEC the fit becomes 
less and less good as one would expect. Thus the question 
arises as to where one draws the line between an 
acceptable and unacceptable fit. We believe that our 
analysis in terms of 9 parameters plus the coupling 
constant (corresponding to Fig. 1) is certainly accept- 
able. Figures 1 and 8 also give, as a function of x’, 


MORAVCSIK, 


AND STAPP 





i ! 





—_ SOLUTION 
——--SOLUTION 











! ! i i 
60 80 100 120 140 160 180 


6 DEGREES 











Fic. 3. Plot of D vs 6 for Solutions 1 and 2 for those values of 
the coupling constant which give the minima in Fig. 1. Experi- 
mental values are given in comparison. 


the probability of obtaining a x? value larger than the 
one in question. These probabilities are indicated at 
the right-hand edge of the figures. As one can see from 
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Fic. 4. Plot of R vs 6 for Solutions 1 and 2 for those values of 
the coupling constant which give the minima in Fig. 1. Experi- 
mental values are given in comparison. 
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Fic. 5. Plot of A vs 6 for Solutions 1 and 2 for those values of 
the coupling constant which give the minima in Fig. 1. Experi- 
mental values are given in comparison. 


Fig. 1, the minima of the curves corresponding to 
Solutions 1 and 2 are at the probability values of 70% 
and 45%, respectively. On the basis of this we consider 
these solutions quite acceptable. The corresponding 
probability values for the minima of the curves corre- 
sponding to Solutions 1 and 2 in Fig. 1 of I are 90% 
and 75%, respectively. Our confidence in this stage of 
our analysis is strengthened by the fact that the 
minima of the curves lie at very reasonable values of the 
coupling constant. 

The analysis in terms of 7 parameters plus the 
coupling constant is more of a borderline case. There 
the minimum of the curve corresponding to Solution 1 
is at a probability value of about 25%, while the rest 
of the solutions are all beyond the 0.1% probability 
level. The minimum of the curve corresponding to 
Solution 1 has its minimum at g?=7 or so, which is 
quite different from the usually accepted value. In 
view of these facts we tend to disregard the quantitative 
results of this analysis in terms of 7 parameters, and 
believe that quantitatively it is not a good approxima- 
tion to represent all of the F waves by OPEC. 

The analysis in terms of 5 parameters gives what 
seem prohibitively large values of x?. In addition, the 
x? curves of the various solutions show no minima at 
any positive value of g’. Thus we believe that this 
5-parameter analysis can be definitely rejected. It 
might be added, however, that if one judged the 
goodness of a fit by eye instead of the x? test, even this 
5-parameter fit would look like a reasonable fit. Its 
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Fic. 6. Plot of Cxp vs 6 for Solutions 1 and 2 for those values of the 
coupling constant which give the minima in Fig. 1. 


x” values, which range from 130 on up, depending on 
the solution and the value of the coupling constant, 
compare favorably with the x? value of around 1000 
which represents the fit of Gammel and Thaler* at 
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Fic. 7. Plot of Cyan vs 6 for Solutions 1 and 2 for those values of the 
coupling constant which give the minima in Fig. 1. 
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Fic. 8. Goodness-of-fit parameter vs pion-nucleon coupling 
constant for the five “best” solutions of the modified analysis of 
p-p scattering at 310 Mev. The OPEC was used to represent the 
37; and *F, phase shifts as well as all angular momentum states 
from G waves on up. The right ordinate gives the percentage 
probability of obtaining a x? value larger than the corresponding 
x? on the left ordinate. 


this energy. On the other hand, the potential of Gammel 
and Thaler was constructed to fit all data up to (and 
not only at) 310 Mev, and so one would expect a some- 
what less good fit at a given energy. 

In regards to points (a) and (b), the modified 
method therefore appears to have successfully included 
the contributions of higher angular momenta and 
reduced the number of parameters from 14 to 9 plus 
the coupling constant. 

We have already said something about the deter- 
mination of the coupling constant. This matter, 
however, requires further discussion. From the 9- 
parameter analysis, the values of the coupling constant 
obtained from Solutions 1 and 2, respectively, are 
g?=12.042.1 and g?=13.343.3, which correspond to 
f?=0.062+0.011 and /°=0.069+0.017. The errors 
quoted here were determined simply from the steepness 
of the x? curve by the usual method? and do not include 
p’, the factor representing the error due to the un- 
certainty in the knowledge of the functional form used 
for the fitting.’° This latter error is included, however, 
in Table IV which gives the values and errors of the 
coupling constants as determined from Solutions 1 and 
2 in the 14-, 9-, and 7-parameter analysis. One would 
expect that if too many free parameters are used one 
gets a good fit and hence p’ is small. At the same time, 
the many free parameters obscure the component of 
the analysis which serves to determine the coupling 


1 For a more complete discussion of this question see, e.g., 
P. Cziffra and M. J. Moravesik, University of California Radiation 
Laboratory Report UCRL-8523, October, 1958 (unpublished). 
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constant, and hence the conventional statistical error 
is large. As one moves to fewer and fewer free param- 
eters, p’ will increase since the fit gets tighter and 
tighter, but at the same time the component which is 
the basis of the determination becomes more and more 
pronounced and hence the statistical error itself gets 
smaller and smaller. It should be mentioned, that while 
the statistical error is independent of the absolute 
value of x’, the quantity p? depends very sensitively on 
it. Now it is a rather striking feature of the SYM 
analysis, as well as our 14-parameter analysis, that the 
x? values obtained for the best solutions are noticeably 
smaller than the expected value of x? for the appropriate 
number of degrees of freedom. One possible reason for 
such a phenomenon could be the overestimation of the 
errors pertaining to the experimental data used in the 
analysis. We have no reason to believe that this is 
indeed the case, but if it were, all p? values would have 
to be increased, and hence probably more consistency 
would be evident with the value of the coupling constant 
obtained from the 7-parameter analysis. 

We might also remark in connection with the coupling 
constants obtained from our analysis that they refer 
to the interaction of a proton and a neutral pion. The 
over-all value obtained from our analysis is slightly 
lower than the value /?~0.08 customarily quoted as 
the average of various other determinations, but the 
difference cannot be taken too seriously in view of 
the above discussion of uncertainties. 

Finally, we believe that this analysis has brought 
about a definite simplification in the picture of multiple 
phase shift solutions. First of all, the results show that 
Solutions 3 and 4 are very closely connected to Solutions 
1 and 2, respectively. They evidently correspond to 
small local minima near the deeper minima of Solutions 
1 and 2. In fact, the maximum separating the minima of 
Solutions 3 and 1 might disappear for certain reasonable 
values of the coupling constants. Similarly, Solutions 2 
and 4 might merge under reasonable conditions. The 
similarity between the SYM Solutions 1 and 3 and 
between 2 and 4 already suggest a relationship of the 
type we have found. 

Regarding the remaining set of phase shifts, corre- 
sponding to SYM 6, the new analysis greatly strength- 
ens the argument for its rejection. In the reasonable 


TABLE IV. Values of the pion-nucleon coupling constant, as 
obtained in the various stages of the modified analysis of p-p 
scattering at 310 Mev. For further details see the text. 
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statistical 
error 
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range of g? this solution remains in the <0.1% probabil- 
ity range whereas the other two solutions reach >40% 
probable values (see also I). The status of Solution 6 
is important since it is the solution corresponding to the 
analysis of Feshbach and Lomon." In the analysis of 
SYM, Solution 6 was the least favored of the five best 
but the difference was not nearly as pronounced.” 

Thus the choice is narrowed down to two solutions, 
1 and 2. We find that on the basis of our analysis of 
the presently available p-p data at 310 Mev we cannot 
decide between these two solutions with anything like 
the same degree of certainty as we could eliminate 
Solution 6. Just as in the case of the SYM analysis, 
Solution 1 looks slightly more promising, since it has a 
lower x?. Furthermore, Solution 1 exhibits somewhat 
more sensitivity to the value of the coupling constant 
than Solution 2, which might also be construed as 
slight evidence in favor of Solution 1. Finally the decided 
superiority of Solution 1 over Solution 2 in the 7- 
parameter analysis can also be used for evidence in 
favor of Solution 1. One might argue that the 7- 
parameter analysis shows, at least for some solutions, 
the qualitative behavior we expect, and hence that the 
OPEC gives the uncoupled F phase shifts at least 
qualitatively right. Thus we can rely on the 7-parameter 
analysis for qualitative predictions, one of which is 
that Solution 1 is to be preferred over Solution 2. In 
summary, therefore, we can say that we have some 
arguments for preferring Solution 1 over Solution 2, 
but we cannot consider the evidence as being conclusive. 

It is natural to ask whether there is some experiment 
which could definitely distinguish between the two 
solutions. A glance at the predictions of the physical 
observables, particularly that of cxp, shows that, if 
properly chosen, even a qualitative experiment could 
easily eliminate this ambiguity. These correlation 
experiments, however, are very difficult to carry out at 
the angles where the distinction is clear-cut. A study of 
the feasibility of measuring cxp in the neighborhood of 
45° is being carried out.” 

It might be of interest to mention that according to 
Gammel and Thaler* Solution 1, which we tend to 
favor, is the one which can be approximated by a 
local potential. According to these authors neither 
Solution 2 nor 6 can be approximated in such a fashion. 

Table I also gives the phase shifts of Signell and 
Marshak,®:* and of Gammel and Thaler,‘ as well as 
the phase shifts of the OPEC itself. The comparison 
with the OPEC phase shifts shows clearly that the 
quantitative results of the 7-parameter analysis turn 
out to be unsatisfactory mainly on account of the 
3F; phase shift. One can also see that the Gammel- 
Thaler phase shifts are in general agreement with 
Solution 1 as expected since the Gammel-Thaler 


1H. Feshbach and E. L. Lomon, Phys. Rev. 102, 891 (1956). 

2 Solution 6 is now also excluded by some new experimental 
results. We are indebted to Professor A. Ashmore for valuable 
private communication on this and other matters. 
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potential was based upon SYM Solution 1. One can also 
see that the Signell-Marshak phase shifts differ from 
either Solution 1 or 2 in most of the lower angular 
momentum states. It seems as if the modified version 
given by Signell, Zinn, and Marshak® gives slightly 
better agreement. 

Another question which deserves some attention is 
to what extent Solutions 1 and 2 are separate solutions." 
One can see from our results that in some extreme cases, 
for instance, in the 7-parameter analysis for values of 
the coupling constant which are larger than 24, even 
Solutions 1 and 2 merge. In general, however, the two 
solutions give quite different sets of phase shifts. In 
order to see in what way these two solutions differ at 
the more interesting stages of our analysis, we took the 
9-parameter case at g’= 14.4, held the S phases fixed at 
various values between those given by Solutions 1 and 2, 
and minimized for the rest of the phase shifts. For the 
initial values of the rest of the phase shifts we used 
several points in the 8-dimensional space of these 
phase shifts. These points lay along the straight line 
connecting the points corresponding to Solutions 1 and 
2. We found that we got two distinct solutions in this 
whole range of S phases, one corresponding to Solution 1 
and the other to Solution 2. Whether, at a given fixed 
value of the S phase, we got one solution or the other 
depended on the set of initial values of the other phases. 
In particular, when the point representing the initial 
set of phase shifts on the straight line in the 8-dimen- 
sional space was closer to the end point representing 
Solution 1, we obtained a solution corresponding to 
Solution 1, while when the point representing the 
initial set was closer to the endpoint representing 
Solution 2 we obtained a solution corresponding to 
Solution 2. The values of x? as a function of the S 
phase shift are shown in Fig. 9. While the above study 
is not quite exhaustive it gives a rather strong indication 
that Solutions 1 and 2 are indeed separate and that 
there is no simple “valley” which takes one solution 
into the other. A completely conclusive study of this 
problem would probably call for the very time-consum- 
ing procedure of carrying out an extensive random 
search procedure for each fixed value of the S phase 
shift lying between those given by Solutions 1 and 2. 

In the course of our random search procedure we 
found some of those solutions of SYM which in their 
analysis had higher x”’s than the five best solutions. 
We traced these “bad” solutions through various 
stages of our analysis and for several values of the 
coupling constant to see whether they remain “bad.” 
We found that all of these solutions continued to be 
much worse than Solution 1 throughout the analysis, 
although several of them became better than Solution 6. 


They were also worse than Solution 2 except at the 


7-parameter level where some of them were about the 


13 We are indebted to Dr. Gammel for arousing our interest in 
this particular question. 
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Fic. 9. Goodness-of-fit parameter vs fixed S nuclear bar phase 
shift, for the 9-parameter analysis at g?= 14.4. The two solutions, 
resembling Solutions 1 and 2, respectively, remain distinctly 
different throughout the whole range of S phase shifts. Any 
search using as initial values some sets of phase shifts intermediate 
between Solutions 1 and 2 results in either one or the other of 
these distinct sets. 


same as Solution 2. This investigation strengthens our 
claim that the choice of the right set of phase shifts 
has been narrowed down to two solutions. 

The present analysis is based on the observation that 
just outside the physical region in the complex cos# 
plane there is a pole where the scattering amplitude 
(and thus the differential cross section) goes to infinity. 
On the other hand, in the physical region the p-p 
differential cross section looks almost isotropic except 
for the forward and backward peaks due to the Coulomb 
interaction. In an attempt to exhibit the effect of the 


pole in the physical region, we computed the differential 
cross section without the Coulomb effects as given by 


Solutions 1 and 2. These results for Solution 1 at 
small angles are shown in Fig. 10. The curve for Solution 
2 is very similar. We also computed the differential 
cross section without the Coulomb effect as predicted 
by the SYM Solutions 1 and 2 and found that even at 
the smallest angles they differ from our predictions 
only by a few percent. Thus the slight peaking must be 
produced by those higher angular momentum states 
which are already included in the SYM analysis. It is 
also interesting to note that the analogous -p differen- 
tial cross section at this energy has a much more 
pronounced peak in the forward direction, which 
therefore must be due to the triplet even and singlet 
odd states. 
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The fact that the pole has such a small visible effect 
on the p-p differential cross section at this energy 
would, at first sight, cast doubt on the whole approach 
which is the basis of our analysis. One should remember, 
however, that our analysis also includes data on other 
experimental quantities, such as polarization and 
triple scattering parameters, where the influence of the 
pole is not quite so hidden. To demonstrate this point 
we applied the method given by Chew" to determine 
the pion-nucleon coupling constant from the 14 pieces 
of data on differential cross section, which are among 
the data used in our analysis. We found that the 
resulting coupling constant has an error assigned to it 
which is of the order of ten times as large as the error 
we obtained in our analysis. Furthermore, the selection 
of the proper order of the extrapolating polynomial is 
quite ambiguous, and the value of the coupling constant, 
ranging from 4 to 40, depends very much on the order 
of the polynomial. To be sure, the difference in the 
success of the two methods of determination in this 
case is due in part simply to the increased number of 
data used in our analysis. In view of the success!® of 
the Chew method in the case of n—p scattering, however, 
it is difficult to escape the conclusion that the net effect 
of the pole in the p-p differential cross section is 
anomalously small, and that therefore the data on the 
other physical observables are mainly responsible for 
the good and precise value of the coupling constant 
we obtain. 

The predictions of Solutions 1 and 2 were also used 
to compute the so-called Wolfenstein amplitudes,'® 
which are given in Table V. 

Finally, we wish to draw attention to two particular 
aspects of our procedure. The first is that, as usual in 
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Fic. 10. The nuclear part of the differential cross section of 
p-p scattering at 310 Mev as predicted by Solution 1 corresponding 
to the minimum in Fig. 1. Even at the smallest angles the curve 
rises only slightly, although the pole is just outside the physical 
region. 


4G. F. Chew, Phys. Rev. 112, 1380 (1958). 
15 P. Cziffra and M. J. Moravcsik, Phys. Rev. 116, 226 (1959). 
16. Wolfenstein, Phys. Rev. 96, 1654 (1954), see Eqs. 3.4 and 


3.5. 
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TABLE V. The Wolfenstein parameters* corresponding to Solution 1 (with g?=120.) and 
Solution 2 (with g?= 13.3) in the 9-parameter analysis. 


B Ce 
—0.0294 0.0602 
—0.0293 0.0602 
—0.0289 0.0600 
—0.0259 0.0584 
—0.0182 0.0535 

0.0008 0.0400 


—0.0310 0.0599 
—0.0310 — 0.0599 
—0.0307 0.0597 
—0.0295 0.0581 
—0.0273 0.0529 
—0,.0235 0.0388 


c's 


0.1167 
0.1162 
0.1126 
0.0878 
0.0453 
—().0259 


0.0313 
0.0309 
0.0275 
0.0065 
—0.0210 
—0.0511 


0.0018 
0.0018 
0.0018 
0.0018 
0.0020 
0.0029 


—0.0007 
— 0.0007 
—0,.0007 
—0.0010 
— 0.0018 
— 0.0034 


® See reference 16. 


—0.0101 
— 0.0097 
— 0.0075 


—(.0103 


G 


G H H N N 


— 0.0347 
— 0.0347 
— 0.0345 
— 0.0330 
— 0.0286 
—0.0149 


— 0.0379 
— 0.0379 
—0.0377 
—0.0355 
— 0.0292 

0.0132 


—0.0861 
—0.0861 
—0.0858 
— 0.0828 
—0.0721 
—().0378 


— 0.0814 
—().0814 
—0.0811 
— 0.0779 
— (0.0665 
— 0.0328 


0.0171 
0.0175 
0.0200 
0.0345 
0.0455 
0.0350 


— 0.0666 
— 0.0661 
— 0.0629 
— 0.0421 
—0.0155 

0.0124 


0.0167 
0.0167 
0.0165 
0.0152 
0.0128 
0.0103 


0.0056 
0.0055 
0.0051 
0.0023 
0.0044 
— 0.0186 


0.0034 
0.0034 
0.0032 
0.0013 
— 0.0039 
— 0.0103 


0.0132 
0.0109 
0.0107 
0.0093 
0.0063 
—(0,0021 


0.0034 
0.0095 


0.0888 
0.0890 
0.0907 
0.0970 
0.0826 
0.0171 


b The Wolfenstein parameters listed here are defined in Eqs. (3.4) and (3.5) of reference 16. The barred and unbarred quantities are real and imaginary 


amplitudes, respectively. 


¢ The quantities C’ and C’ are related to the Wolfenstein C and C by the equations C =C’ sind and C 


phase shift analyses, we deal only with scattering 
amplitudes and not with potentials. In particular, the 
one-pion exchange contribution which we have included 
is completely covariant and is not based on the idea 
of a potential. 

The second point is that our inclusion of the one-pion 
exchange contribution is exact. We use the term 
“one-pion exchange contribution” in the sense of 
dispersion theory which classifies contributions in 
terms of the singularities to which they belong.” This 
is stressed in order that the circumstance that the 
OPEC is, formally, identical with the Born approxima- 
tion will not lead to the erroneous conclusion that our 
method depends on the validity of perturbation theory. 

The basic philosophy underlying the present method 
of analysis is the attempt to work from the outside of 
the nucleon toward the inside, combining our theoretical 
understanding of the edge of the nucleon with a 
phenomenological description of the inside. This 
approach has long been used by various Japanese 
workers'® who, for some years, have been contributing 
to the understanding of nuclear forces along these lines. 
Our work, though based on certain differences in view 
and method, is in accord with their general principles. 
We regret that a direct comparison of our results with 
their work cannot be made without a considerable 
amount of additional computation converting potential 
models into scattering amplitudes and phase shifts. 


III. CONCLUSIONS 


We will now summarize the main results of this 
analysis. 

(a) The final phase shift solutions are expected to 
be more accurate by virtue of the inclusion of all 
higher partial waves. 


17 A more detailed discussion of this point is given by H. P. 
Noyes and D. Wong (to be published). 

18 For a summary of the Japanese contributions, see e.g., 
Progr. Theoret. Phys. (Kyoto), Suppl. IIT (1956). 


—C”’ sind. 


(b) The pion-nucleon coupling constant has been 
determined fairly accurately from nucleon-nucleon 
scattering experiments. 

(c) The number of sets of phase shifts has been 
reduced from the five given by SYM to two, with some 
additional evidence mildly favoring one of these two sets. 

(d) The results indicate how far into the interior of 
the nucleon the one-pion exchange force is dominant. 
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Fic. 11. Goodness-of-fit parameter vs pion-nucleon coupling 
constant for the five “best” solutions of the modified analysis of 
p-p scattering at 310 Mev. The OPEC was used to represent the 
‘F, and €2 phase shifts as well as angular momentum states from 
G waves on up. The right ordinate gives the percentage probability 
of obtaining a x? value large than the corresponding x? on the 
left coordinate. 
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(e) Some understanding has been obtained concern- 
ing the extent to which the remaining two solutions 
are different. 

This concludes our analysis of present data on p-p 
scattering at 310 Mev. Further work on similar analyses 
of p-p scattering data in the range of 0-40 Mev, at 
150 Mev, and at 200 Mev are in progress and will be 
reported in subsequent papers. 
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Note added in proof.—Stimulated by remarks made 
by B. L. Ioffe, I. Pomeranchuk, V. G. Grishin, and 
I. Kobzarev at the International Conference on High- 
Energy Physics in Kiev, July 1959, we carried out the 
analysis of the data on p-p scattering at 310 Mev with 
the S, P, D, °F 3, and *F 4 states being searched on, and 
the parameters €2, 6(°F2), 6('G4), etc. being fixed by 
the pole contribution. The result of this analysis is 
shown in Fig. 11. This 7-parameter analysis is as 
unreliable, quantitatively, as the 7-parameter analysis 
described in the text. Qualitatively the new analysis 
does not exhibit the superiority of Solution 1 over 
Solution 2, shown in the original 7-parameter analysis 
(Fig. 8), and the two solutions now seem equally good. 
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Application of Sum Rules to Electron-Deuteron Scattering* 


J. I. FrrepMAN 
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A measurement of elastic and inelastic electron-deuteron scattering has been made at a momentum 
transfer of 206 Mev/c and an electron energy of 175 Mev for comparison with the Drell-Schwartz sum rules. 
The measured value of the non-energy-weighted sum rule is in good agreement with theory. The experi- 
mental result for the energy weighted sum rule is 30% larger than the value given for a pure Wigner poten- 
tial and is consistent with a Rosenfeld two-body interaction if the analysis is restricted to central forces. 
The analysis is extended to include tensor forces for comparison with the prediction of the Gartenhaus 
potential. It is found that the gauge terms introduce major ambiguities when tensor forces are included. 





I. INTRODUCTION 


UM rules are especially valuable in the analysis of 

inelastic electromagnetic interactions with nuclei 
because they can be used to extract information about 
the ground state of a nucleus without requiring knowl- 
edge about its excited states. Besides giving information 
about collective properties of a nuclear system, sum 
rules can also be used to probe some features of the 
nucleon-nucleon interaction that operates to bind the 
system. One such feature that may be investigated is 
the amount of exchange force in the interaction. Feen- 
berg! and Siegert? first pointed out that the presence of 
charge exchange forces would modify the dipole sum 
rule for photonuclear reactions. The possible enhance- 
ment in dipole absorption from this effect has been 
calculated** and found to be large. 

Recently Drell and Schwartz’ investigated what 
could be learned from the construction of sum rules 
for the scattering of high-energy electrons by light 
nuclei. In particular they considered high-resolution 
studies since, in addition to permitting theoretical 
simplifications, high-resolution sum rules can utilize 
the precision possible in electron scattering experiments. 
They found that a sensitive measure of the amount of 
charge exchange force in an arbitrary two-body Hamil- 
tonian for central forces is provided by a sum rule for 
the energy-weighted electrodisintegration cross section 
at a fixed three-momentum transfer. The sum rule is 
applicable for energies around 150 Mev and momentum 
transfers around 200 Mev/c. The energy-weighted 
cross section is 


dk 


do 
(Ea—E)—(6,E) ; 
|q| =constant dE 0 (0,0) f? 


Ey is the incoming electron energy, E the scattered 
energy, Ee the energy of elastic scattering for a mo- 
* Supported by the joint program of the Office of Naval Re- 
search, the U. S. Atomic Energy Commission, and the 
Office of Scientific Research. 
1 FE. Feenberg, Phys. Rev. 49, 328 (1936). 
2A, J. F. Siegert, Phys. Rev. 52, 787 (1937). 
3]. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
'M. L. Rustgi and J. S. Levinger, Phys. Rev. 106, 530 
5S. D. Drell and C. L. Schwartz, Phys. Rev. 112, 568 (1958). 


Air Force 


(1957). 


mentum transfer |q|, and (do/dE)(E,@) is the measured 
cross section for electrons scattered through an angle 6, 
emerging with an energy E. The quantity / is the proton 
form factor® corresponding to a four-momentum trans- 
fer (AF?—|q|*)! and 


e* cos?(@/2) 1 

o0(8,Eo)=—— ———— ) 

4E,? sin*(0/2) \1+[(E—Eo cosb)/. A M] 

where M is the nucleon mass and A is the mass number 
of the target nucleus. The measured cross section is thus 
weighted with the excitation energy given to the struck 
nucleus, i.e., with the energy of each final nuclear state 
relative to its center of mass. The sum rule for og 
calculated by Drell and Schwartz will be given specifi- 
cally for electron-deuteron scattering since this is the 
process studied in the present experiment. 


9 


SF si 
area +4 (Hp— mw)? ‘ — a +4 town) | 
+2((VatVs)(1—e8"*)) 
@? ae. 
+ V (uy pw) {—"(3-0)+— (1—e##"") 
M M M 


2V. 
——“(1+e)), 
M 


where the symbol ( ) denotes ground-state expectation 
value and (7) is the average kinetic energy in the 
ground state. The quantities uw and uw, are the magnetic 
moments of the neutron and proton and 


Y =1[2 sec?(6/2)—1]. 


The terms Va, Vs, V. are defined by the potential V ofa 
general two-body Hamiltonian in the following way: V 
=V(r)+71:72Valr) +71: 7201-02V(r)+01-02V.(r). Ten- 
ser force terms are not included in this analysis. The 

6 f represents both the electric (/’,,) and magnetic (2p) form 
factors. These are equal within the accuracy of current measure- 
ments (see references 8 and 9). Also used here is the experimental 
result of R. Hofstadter and M. R. Yearian, Phys. Rev. 110, 552 
(1958), that F2,~F on. 
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quantity og thus depends sensitively on the terms V,, 
V,, and V, which can be related to exchange forces in 
the interaction. The purpose of this experiment is to 
get information about these potential terms by applying 
the above sum rule to the electrodisintegration of the 
deuteron. 

One other high-resolution sum rule was constructed 
for electron scattering experiments. It is similar to the 
one above except that it does not weight the cross sec- 
tion by the excitation energy and thus includes the 
elastic scattering cross section. The calculated result 
for this is 


» g? 


(up +e?) +- —wpun(e'*?) 
3 4M? 


X [2 sec?(0/2)—1 ]. 


While this sum rule contains little information about 
nuclear properties, it does permit a direct experimental 
test of the formalism. This is certainly a requirement to 
be met before the more complicated sum rule for og 
can be used to extract information from the data. 
Consequently, in this experiment the sum rule for o, 
is also tested. 

Also considered here are the modifications introduced 
into the sum rule for og by the inclusion”of tensor 


forces. 
II. EXPERIMENTAL METHOD 


The experiment was carried out with a 175-Mev 
electron beam from the Stanford Mark III linear 
accelerator. The measurement was made in the end 
station with the use of the 36-in. double-focusing spec- 
trometer to magnetically analyze the scattered elec- 
trons. The experimental apparatus used has been fully 
described on several occasions.7:* 

A 0.217-inch CD,» target of density 1.06 g/cm* was 
used for the measurement. The carbon background was 
determined by using a 0.151-inch carbon target having 
1.46 the carbon content of the CD» target. The two 
targets were roughly matched both in thickness in 
radiation lengths and in average energy loss. The 
measured relative carbon content of the two targets was 
checked by comparing the counting rates of the carbon 
elastic peaks from both. 

The latter procedure insured that the slight difference 
in multiple scattering in the two targets did not affect 
the results and that the difference in average energy 
loss was negligible. 

The incoming beam had an energy spread of 1% 
andJthe momentum acceptance of the 36-in. spec- 


“Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
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trometer was set to 1%; the over-all energy resolution 
was about 1.5%. The electrons were detected with a 
Lucite Cerenkov counter 5.0 inches long with an input 
diameter of 2.75 inches and an output diameter of 3.75 
inches viewed by a 5-in. photomultiplier. The counting 
equipment is the same as that described in references 
7 and 8. 

Scattered electrons having energies from 164 Mev 
to 78 Mev were detected in this experiment, and conse- 
quently it was necessary to make sure that the counter 
had a constant efficiency in this energy range. A de- 
crease in efficiency for lower energies could result from 
electrons undergoing multiple scattering out of the 
Cerenkov counter and spreading the pulse-height dis- 
tribution to a point substantially below the discrimina- 
tor setting. This was checked by comparing the 
pulse-height distributions at the two limits of the energy 
range. No measurable difference (less than 1% of all 
detected electrons) was found in the number of true 
counts lost, indicating a constant counter efficiency. 

Since the sum rule for og was constructed for a con- 
stant momentum transfer, this constraint had to be 
maintained in measuring the spectrum of inelastically 
scattered electrons. The angle of scattering is related 
to the momentum transfer |q| by the expression 


cosd= (Ee+ E2— q?)/2EvE, 


which is plotted in Fig. 1. Thus for a constant beam 
energy Eo, |q| can be kept constant by varying the 
scattering angle 6 as a function of the scattered energy 
E. It can be seen that |q| can also be kept constant 
by varying Fo as a function of EZ. This would involve 
changing the accelerator energy for each measured 
point. Because of the normalization procedures used in 
this experiment the latter method was not thought to 
be as satisfactory. The former method relies on the fact 
that this sum rule is approximately independent of 
angle. The weighting factor 1/o0(o,8) which appears 
in the definition of og takes out the major angular de- 
pendence. An angular dependence that is not removed 
by this factor comes from terms resulting from the inter- 
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ANGLE OF SCATTERED ELECTRONS IN DEGREES 


Fic. 1. The electron scattering angle as a function of the 
energy of the scattered electrons for a constant momentum trans- 
fer of 206 Mev/c. The energy of the incident electrons is 175 Mev. 
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action of the electron with the nucleon magnetic mo- 
ments. These bring in the characteristic 2 sec?(6/2)—1. 
However these terms are not the dominant ones for 
the range of angles of this measurement and only con- 
tribute a small angular dependence. In the numerical 
evaluation of og for comparison with the measured 
value the mean value of 2 sec?(@/2)—1 is used. An evalu- 
ation of oz has been made (for the models considered in 
the analysis of the results) at the limits of the angular 
region 75° to 90°, which contains the major part of the 
energy weighted cross section. The values differ from 
the mean value by only about +5%. 

The momentum transfer at which the measurement 
was made was 206 Mev/c. For an incoming energy of 
175 Mev this momentum transfer corresponds to elastic 
scattering from the deuteron at 75°. The elastic scatter- 
ing energy defines zero excitation energy at this |q|. 
Because of this, the deuteron elastic peak was first 
measured in each run. The inelastic continuum was 
then measured, the spectrometer angle being varied 
for each successive point as a function of the excitation 
energy. Following the measurement of each point with 
the CD,» target, a carbon background point was taken 
at the same spectrometer setting. These counting rates 
were normalized to measurements of the proton elastic 
peak at 90° made during each run with the use of a 
0.217-inch CH, target. From the known electron-proton 
cross sections,? the above counting rates have been re- 
duced to cross sections. 


III. CORRECTIONS TO DATA 


In Fig. 2 the experimental results for elastic and in- 
elastic scattering are shown. Figure 3 gives the results 
for only inelastic scattering. Both of these curves in- 
clude corrections for the dispersion of the spectrometer. 
The measured points shown represent roughly half the 
data used to evaluate og and a,. In order to determine 
the inelastic scattering spectrum, the radiative tail of 
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Fic. 2. The measured energy distribution of electrons scat- 
tered by the deuteron at an incoming energy of 175 Mev and a 
momentum transfer of 206 Mev/c. The dashed curve represents 
the calculated contribution to the inelastic spectrum from large- 
angle bremsstrahlung and from the radiative straggling of elasti- 
cally scattered electrons. 
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Fic. 3. The inelastic spectrum from electron-deuteron scattering 
at an incident energy of 175 Mev and a momentum transfer of 
206 Mev/c. The data shown here have been corrected for the 
contributions from the radiative tail of the elastic peak and for 
the radiative broadening of the inelastic distribution. 


the elastic peak had to be subtracted from the inelastic 
scattering data. This tail, shown as the dashed curve in 
Fig. 2, results from two processes. The first of these is 
the radiative degradation” of the electron energy in 
the target material before and after scattering. The 
second is photon emission during scattering. The differ- 
ential correction for the radiative degradation is given 
in good approximation by 


da Ea—E\" doa do 
— =3bi{ - - ) - (Eo) +—(F)) |, 
dQdE Fa Ea El dQ dQ 


where b,=¢/In2, t=number of radiation lengths of the 
target; /., and F are the elastic scattering energies re- 
sulting from incoming energies of /y and F respectively ; 
and (do/dQ2)(£;) and (do/dQ) (Fo) are the cross sections 
for electron-deuteron scattering at the energies /, and 
Fo. The correction resulting from photon emission dur- 
ing scattering is evaluated by using the Schiff calcula- 
tion" of the differential cross section for large-angle 
bremsstrahlung. With a redefinition of the relevant 
energies in the expression in order to take into account 
the nuclear recoil energy, the correction is given by 

d*a a ky 

———— 2 (14+ In 
dQdE (ar 0° 


Ey?7 - m 


2E sin(@/2) 


do do 
‘ (Eo) + cn) 
Ea— EldQ dQ 


Here a is the fine structure constant and m is the elec- 
tron rest mass. In the energy region near the elastic 
peak the above corrections are folded into a peak 
shape representing the distribution of /,, corrected for 
radiation straggling and photon emission. Beyond a 


1 W. Heitler, The Quantum Theory of Radiation (Oxford Uni 


versity Press, London, 1954), third edition, p. 377. 
uL. I. Schiff, Phys. Rev. 87, 750 (1952). 
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few peak widths this is not necessary and the center 
of the elastic peak defines Z,). Since the scattering angle 
was varied as a function of EF in the measurement, the 
cross sections do(/,)/dQ and do(Ey)/dQ are evaluated 
for a different angle at each point of the continuum. 
The cross sections used are taken from the results of 
McIntyre and Burleson.” 

In order to fold out the broadening of the inelastic 
spectrum due to the aforementioned radiative effects, 
expressions similar to those shown above were used to 
predict the radiation tails resulting from each differen- 
tial element of the spectrum. In this application the 
elastic sections in the expressions are replaced by 
inelastic cross sections with appropriate energy sub- 
stitutions. In addition, because the inelastic cross sec- 
tions have a weaker energy dependence, the approxi- 
mation is made that photon emission before and after 
an inelastic interaction have roughly the same effect 
on the straggling. In carrying out the unfolding pro- 
cedure the change in angle for each point was taken 
into account. 

Broadening of the inelastic spectrum also results from 
the spread in the momentum acceptance of the spec- 
trometer, the spread in acceptance angle of the spec- 
trometer defined by the setting of the entrance slits, 
and the spread in energy of the incoming beam. The 
correction to ox from this effect has been calculated to 
be less than 1% and has thus been omitted. 

The measurement of the inelastic spectrum’ was 
carried out up to an excitation energy of 86 Mev and 
could not be meaningfully extended, because beyond 
this point the CD», counting rate was statistically in- 
distinguishable from that of the carbon background. 
It should be noted that beyond 70 Mev most of the 
CD.—C counting rate results from the radiation tail 
of the spectrum at lower excitation energies. The con- 
tribution from the unmeasured region beyond 86 Mev 
can be estimated from the Jankus™ calculation of the 
spectrum of electrons inelastically scattered from the 
deuteron and is found to give an addition of 4% to or. 
However, since the calculation does not include the 
effects of exchange forces, this is probably too small a 
contribution. As a rough estimate, one can say that 
this part of the spectrum probably has a fractional 
enhancement comparable to that of the measured part. 
Thus the contribution given by the Jankus theory is 
multiplied by the factor by which the measured og 
exceeds the value of OR calculated from only the non- 
exchange terms. The resulting increase in the experi- 
mental value of og from the unmeasured part of the 
spectrum is then 5.2%. Though this estimate is rough 
it leads to a small uncertainty in the final result. A 
few words should be said in this context about the 
consistency of the Jankus calculation with the electron 
sum-rule theory. The Jankus formalism leads to a sum 


2 J. A. McIntyre and G. R 
1958). 
13 V. Z. Jankus, Phys. Rev. 102, 1586 (1956). 


Burleson, Phys. Rev. 112, 2077 
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rule for a, nearly identical to that of Drell and Schwartz 
since there is only a very small contribution to o, from 
charge exchange forces. The one other difference be- 
tween the two is that the Jankus sum rule is for con- 
stant scattering angle with the momentum transfer 
being approximated as constant across the spectrum for 
closure. These effects make the two differ by less than 
3%. Since the measured value of o, is in agreement with 
either of these sum rules, this gives some confidence to 
the use of the Jankus theory as a basis for extrapola- 
tion."* The resulting percentage corrections to og and 
a, from the above effects are given in Table I. 


IV. RESULTS 


The experimental value of the sum rule for a, is 
in good agreement with theory to within the accu- 
racy of the measurement: the experimental value is 
(1.39+-0.060)+0.019 as compared to a theoretical value 
of 1.34. The statistical error is +0.060 (one standard 
deviation) and there is an additional uncertainty of 
+0.019 resulting from the radiative corrections and the 
extrapolation of the continuum beyond an excitation 
energy of 86 Mev. 

The measurement of the energy-weighted sum rule 
gives a value of 20.6 Mev. The statistical error is +1.1 
Mev and there is a +1.1-Mev error resulting from the 
estimated uncertainties in the corrections to the data. 
Though the proton cross section at 90° has been used to 
normalize the counting rates, the quoted error of this 
cross section does not contribute to the errors in the 
sum-rule measurements in first order. The reason for 
this is that both sum rules are inversely weighted with 
the experimentally determined proton form factor 
causing the error from the proton cross section to 
cancel out. 


V. DISCUSSION OF RESULTS 
A. Analysis in Terms of a Central Potential 


As a first step in the analysis of the results, a com- 
parison can be made with the predicted value of ox 
for a pure Wigner potential. This corresponds to the 
omission of terms proportional to Va, Vo, and V, and 
gives a result of 15.7 Mev. The measured value is a 
factor 1.31 larger than this result. In the approximation 
of a central potential, exchange forces are required to 
increase the theoretical value; however, this conclusion 
will be modified when tensor forces are included in the 
analysis. 

It is perhaps most useful to analyze this experiment 
in terms of specific models for the interaction. Drell 

4 Because the theory of the sum rule for ox is applicable for 
only relatively small momentum transfers (¢~10" cm™), the 
result is not sensitive to the structure of the nucleon potential 
at very small distances (<0.5 fermi). Aside from the presence of 
specific potential terms that contribute to oz, one would thus 
expect no major deviations from the Jankus result for the con- 
tinuum at the momentum transfer of this experiment; the region 
of the potential that can be expected to give rise to deviations 
cannot be probed in this measurement. 
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and Schwartz have evaluated ox for three deuteron 
models. Model I is a Hulthén ground state with a 
Rosenfeld'> two-body interaction,of Yukawa spatial 
dependence : 


Vi=71-72(0.1+0.230;-02) (e“"/ur) Vo, 


with w!=1.4 fermis (1 fermi=10~% cm) and V»=40 
Mev. 

In Model II the Rosenfeld interaction is given a 
Gaussian shape: 


0.7 exp(—0.46y’r’). 


Model III consists of the central part of the Garten- 
haus'® potential for the deuteron. In Table II the values 
of og calculated from these models are compared with 
the experimental result. The measured value is con- 
sistent with a Rosenfeld interaction but is too large to 
agree with the central part of the Gartenhaus potential. 
However, because the Gartenhaus tensor interaction is 
so large the effects of this term should be included. 
Consequently, the evaluation of og for Model III made 
by Drell and Schwartz has been extended to include 
the tensor force." 


B. Inclusion of Tensor Force 


The analysis with the inclusion of the tensor inter- 
action is made ambiguous by the gauge current terms. 
These terms, which have been discussed extensively by 
Sachs,'* arise from the presence of charge exchange 
forces and cannot be uniquely defined. They give about 
a 1% contribution to og for Models II and III and 
about a 15% contribution to Model I which comes from 
the singularity at the origin; this contribution is dis- 
counted as coming from an unrealistic part of the 
potential. However, with the inclusion of the Garten- 
haus tensor interaction the gauge terms increase og to 
roughly a factor of three greater than its potential 
independent value, giving a result on the order of 2.5 


TABLE I. Percentage corrections applied to the measured sum 
rules and the estimated uncertainties in the corrections. 


Radiative tail from 
elastic peak 

Radiation broadening of 
inelastic spectrum 

Extrapolation of continuum 
beyond an excitation 
energy of 86 Mev 


+0.4+0.2% 


® For excitation energies >86 Mev. 
b This estimate of the uncertainty allows the correction to range between 
0.4 and 2.0 times the value predicted by the Jankus theory. 


16T,, Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, 1948), p. 234. 

16S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

17 The inclusion of tensor forces has little effect on the predicted 
value of o- because the Hamiltonian does not enter directly into 
the calculation. 

18R. G. Sachs, Phys. Rev. 74, 433 (1948). 
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TABLE II. Theoretical values of o% for various central n-p 
potentials. The experimental value of og is 20.6 Mev with a 
statistical error of +1.1 Mev (one standard deviation) and an 
additional uncertainty of +1.1 Mev. 


Calculated value of ¢ 


15.7 Mev 
19.6 Mev 


Potential 


Central Wigner 

Rosenfeld interaction with a 
Yukawa shape 

Rosenfeld interaction with a 
Gaussian shape 

Central part of the Gartenhaus 
potential 


19.6 Mey 


14.4 Mev 


times the experimental value. Drell'® has pointed out 
that this large effect may indicate that tensor forces in 
a nuclear system interacting with the electromagnetic 
field may require additional gauge currents. For ex- 
ample, on the basis of a pseudoscalar meson theory the 
part of the nucleon-nucleon potential that arises from 
the one-meson exchange term is proportional to 


71°7201' Voo:V(e 4" /ry2). 


According to the simplest gauge-invariant prescription, 
p— p—(eA/c), there arise, in connection with this 
part of the potential, gauge terms of major importance 
which are specifically associated with the tensor inter- 
action. These tensor-force gauge currents could possibly 
provide the large cancellations necessary for agreement 
with experiment. 

Despite this ambiguity, it is of some interest to in- 
vestigate the effect of the tensor force on the other 
terms of ox. In the evaluation for a central potential, 
the major contributions are made by the charge-charge 
and moment-moment terms (following the terminology 
of reference 5). These terms have been calculated for a 
Gartenhaus tensor interaction, using the Gartenhaus 
wave function. The formal results are given in the 
Appendix. The contribution to og from the charge- 
charge term is 3.9 Mev and that from the moment- 
moment term is Mev. The total result for the 
Gartenhaus central and tensor interactions, with the 
exclusion of the effects of currents, is thus 25.8 Mev. 
This gives some idea of the required sign and magnitude 
of the contribution from the current terms for agree- 
ment with experiment. 

One other effect of the tensor interaction should be 
mentioned. For models consisting entirely of central 
forces, only exchange potentials can increase og above 
its potential-independent value. However, as will be 
seen from the results in the Appendix, a non-(71-72) 
tensor interaction can make a significant contribution 
to oz, this contribution resulting from the moment- 
moment term. Thus a large measured og can indicate, 
but not definitely establish, a large fraction of exchange 
forces even if gauge terms are excluded. 

In conclusion, this experiment provides a measured 
value of og 30% larger than that given for a pure 


(es. 


19S. Drell (private communication). 
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Wigner potential. However, a better understanding of 
gauge currents is required before this result can be 
used to test any specific potential model which includes 
noncentral forces. 
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APPENDIX 


The calculation of the contributions to og from the 
tensor forces has been made using the standard repre- 
sentation of the deuteron wave function, 


w 
Wa -[ unt (Sef 
V8 
where 
3(o1:7r)(o2:r) 
Si2=——————_— 0 ‘02. 
r- 
First the results for the potential V(r)Si2 will be 
given. The major contribution X comes from the 
moment-moment term and is 
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The contribution from the moment-moment term is 
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where A is the nucleon anomalous magnetic moment. 
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Sea-Level Cosmic-Ray Mass Spectrum in the Interval 30m,-2000m,* 
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In nuclear emulsion stacks exposed to sea-level cosmic radiation under 180 g cm™ of iron, no evidence 
for mass values in the regions 30m, to 100m, and 400m, to 900m, was found. If such particles do exist, their 
intensity relative to that of ~ mesons stopping in the same range interval must be as follows: for 30m, to 


100m,, <0.13° %; for 400m, to 900m,, <0.04%. 


INTRODUCTION 


N 1956, Alikhanian e/ al.,! in a report on their in- 
vestigation of the mass spectrum of cosmic radiation 
at an altitude of 3250 meters, presented evidence for the 
existence of a particle of mass (500+50)m,., which 
occurred with an intensity equal to 0.5% of the u-meson 
flux. These particles were not locally produced, hence 
they appeared to have a relatively long lifetime. Several 
experimenters’ have attempted to verify the existence 
of this particle. A summary of the results appears in 
Table I. 

Nuclear emulsion affords the possibility of rather 
precise comparative mass measurements, together with 
the opportunity for observing the behavior of particles 
after they are brought to rest. Furthermore, particle 
decays occurring over a very wide range in lifetime are 
observable. Since no thorough investigation of the 
cosmic-ray mass spectrum had been made by this 
technique, the experiment reported here was undertaken 
to search for hitherto undiscovered particles, with 
masses smaller than the muon mass, or intermediate 
between the pion and A-particle masses. 
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EXPERIMENTAL ARRANGEMENT 


In the period from December, 1957, to September, 
1958, five nuclear-emulsion stacks, each consisting of 
seventy-five 400-micron pellicles of Ilford G-5 emulsion, 
were exposed to cosmic rays at sea level, in an iron 
vault 180 g cm~ thick on all sides. Each stack was 
exposed for two months. Four of the stacks were 2X3 
inches in size while the fifth was 6X3 inches. During the 
exposure the emulsions were wrapped in a watertight 
container and were refrigerated in a styrofoam box 
maintained at —10°C. The emulsions were developed 
by the temperature development technique. The 
amount of fading that occurred during the two-month 
exposure period was checked by studying the change 
in grain density with time elapsed between exposure 
and development in the tracks of electron pairs pro- 
duced in a synchrotron exposure. Comparison of such 
tracks in plates developed immediately after exposure 
with the tracks in plates developed after being stored 
for two months under conditions like those of the 
cosmic-ray exposure showed negligible change in grain 
density. 


SCANNING 


All flat, grey tracks entering at the upper edge of the 
stack were selected and followed. The criterion that a 
track be flat (i.e., have a dip angle less than 15°) was 
set so that grain counting would be more accurate and 
so that there would be sufficient track length per plate 
to complete the grain count in one plate. ‘Thus changes 
in density due to variations in degree of development 
and corrections for overestimation of the grain density 
of steep tracks were avoided or minimized. The grain 
density of the grey tracks selected ranged from 1.5 to 
3.5 times the plateau value. 

A strip of the emulsion parallel to the upper, shorter 
edge of the plate and located 8 mm from the edge was 
scanned from one side of the plate to the other. When 
a track meeting the above criteria for selection was 
found, it was traced until it came to rest in the emulsion, 
interacted in flight, left the stack, became impossible 
to trace for some other reason, or went a distance of 
40 mm or greater and was still grey. For particles coming 
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TABLE I. Search for 500m, 


Experimenters Technique Altitude 


3250 m 
4700 ft 


mass spectrograph 
counters 


Alikhanian et al.! 
Keuffel ef al.24 


3250 m 
2550 m 
sea level 
sea level 


double cloud chambers 

counters, cloud chamber 
counters 
counters 


Peyrou and Hendel? 
Conversi et al.?.* 
Hincks* 

Giacconi et al.’ 
Fazio and Ritson® counters sea level 
3300 m 
3400 m 


sea level 


emulsions 
emulsions 
emulsions 


Columbia?:* 
Bombay? 
Present experiment 


Total emulsion data emulsions 


to rest, an approximate range and grain-count measure- 
ment was made to detect any outstanding anomalies. 


DATA 


Each track found to end in the stack was grain 
counted in the region where it was first selected. 
Approximately 1000 grains were counted for each track 
and counting was performed only in a region where the 
track was more than 50 microns below the surface of 
the emulsion. A net reticule in the eyepiece defined the 
counting interval and usually 30 to 40 intervals were 
covered to accumulate 1000 grains. The coordinates at 
which the grain counting began and ended were recorded 
and the residual range was determined from the mid- 
point of this region. Range was determined from the 
coordinates of the grain-count region and the co- 
ordinates of the stopping point, with corrections for 
scatterings. 

The resulting grain density (g) versus residual range 
(R) data were plotted on log-log graphs, with separate 
plots for the data accumulated by different observers 
in different stacks. The reduction in mass resolution 
that would arise from differences in grain counting 
caused by subjective differences and emulsion variations 
were thus minimized, since masses were determined by 
comparisons made among particles analyzed by the 


nge (mm 


Fic. 1. This is a typical set of data obtained by one observer 
in a single emulsion stack. The points plotted here represent 107 
muons and 4 protons. m,/m, obtained by inspection of this plot 
is 8.8 (from the ratio of the ranges at equal grain density). 


AND 


Lifetime interval 


M. WIDGOFF 


particle in cosmic radiation. 


Upper limit of flux, relative to flux of » mesons 


(sec) stopping in the same range interval 


0.5% for mass (500+50)m, 

0.05% for light meson decay 

0.1% for electron decay ; 

0.3% for mass 500m, (95% confidence) 

0.02% for mass 500m, 

0.05% for mass 500m, 

0.02% for light meson decay of mass 500m, 
article 

0.03% for light meson decay | 

0.14% otherwise 

0.09% for mass 500m, 

0.1% for (380-900)m, region 

0.13% for (30-100)m, region; 

0.04% for (400-900)m, region 

0.02% for mass 500m, 


10-7—1071 }(450-470) m, region 


10-4#—5 102 


od 1 
10 10 for masses >60m, 


same observer, in plates manufactured and developed 
together. In each plot, the grain density versus range 
points were distributed about two lines, one corre- 
sponding to the protons and one to the light mesons. 
Figure 1 shows a typical plot. No points were found to 
lie in the regions corresponding to the mass intervals 
30m, to 100m,, or 400m, to 900m,. One K meson, a 7 
which decayed into three 7 mesons, was found; this 
was the only track analyzed which gave a mass value 
in the region between 400m, and ~1200m,. However, 
this track was not picked up in the normal course of 
scanning. The + was found because one of the decay 
pions left the stack at the front edge and satisfied the 
criteria used in selecting tracks. The 7 meson entered 
the stack in the direction of the incident flux, but with 
a dip angle >15°. 

The masses of all the particles were determined in 
the following way: Each log g vs log R plot consisted 
principally of points representing muons which decayed 
or gave zero-prong stars, and protons. These points 
were used to determine least-squares lines, 


Ingi=a+6 InR,, 


for muons and protons. These lines should have equal 
slopes, and should be displaced from each other along 
the InR axis by an amount given by the ratio of the 
proton and muon masses: m,/m,= 8.87. In each case, 
the slopes were found to agree within the statistical 
errors. The average ratio m,/m, determined from the 
ratio of the ranges R:,/Ri, at equal grain density on the 
least-squares lines was 
m,/My= Rip/Ry=9.1. 

The masses corresponding to the individual experi- 
mental points R;, g; were determined relative to the 
muon and proton masses as represented by the least- 
squares lines by comparing R; to R; at gi=g;. The mass 
of the ith particle is given by 


m= (Rj/R,)m,, 


m= (R;/Rp)my. 
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Fic. 2. The histogram represents the distribution in measured mass values for all the 1554 particles whose tracks were analyzed. 
The distributions in mass of the o mesons (14 one-prong stars and 1 three-prong star), mesons (7-u-e decays), and the measured mass 
of the single 7 meson are also shown separately. On the scale of the large plot, the 7 mass is resolved from the proton peak, the whole of 


which is shown in the inset, on a different mass-interval scale. 


Figure 2 shows the distribution in mass of all the 
particles, as found by comparison to the muon mass of 
206.9m,. The muon lines were used as a basis because 
the statistical error in each was less than the statistical 
error in the corresponding proton line. 

Of the particles traced to the ends of their ranges, 1360 
were wz mesons, either decaying at rest or producing a 
zero-prong star (the number of pion-produced zero- 
prong stars among these is small); 163 were protons; 7 
were classed as deuterons; 14 gave 1-prong stars 
(o particles, either u~ or m~); 1 gave a 3-prong star 
(o, probably w~); and there were 8 m-y-e decays. The 
o- and m-meson masses are included in the histogram of 
Fig. 2 and are also shown separately there. The 7-meson 
mass, determined in a like manner, is also indicated 
in Fig. 2. 

Relative intensities cannot be determined directly 
from these numbers because of the probability of 
dropping long tracks and because of a range cutoff at 
70mm, which introduce biases that depend on the 
particle mass. Procedures for correcting these biases 
are described in the next section. 


SCANNING EFFICIENCY 


To correct for a bias against long tracks, a mean 
length, A, was determined for following a track before 


it was dropped for one of the following reasons: (a) in- 
teraction in flight, (b) not traceable, (c) left edge of 
plate or stack, or (d) became too steep to trace. d is 
given by the relation: 


(1) 


where » is the number of tracks dropped; /;, the length 
of the ith track; LZ, the total track length followed; 
and \, the total number of tracks followed. For an 
experienced scanner \ was found to be 85 mm, in an 
interval where the mean range for particles which came 
to rest was 10mm. For a less experienced scanner 
A=55 mm. 

Weighting \ according to the number of tracks traced 
by each scanner, a mean value of 70 mm was determined. 

The number, ,;, of w mesons in the ith grain-density 
interval that were actually found to stop is given by 


Nyi=N; exp(—R,,/A), (2) 


where V; is the number of » mesons in the 7th grain- 
density interval that would be seen to stop if none were 
lost by dropping of tracks [for reasons (a)—(d) above ], 
and R,, is the mean muon range corresponding to this 
grain-density interval. Likewise for a particle of mass 
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m, in the same grain-density interval : 


n= {N; exp(—R,;/d), (3) 


where f is the ratio of «-particle flux to muon flux, in 
the ith grain-density interval. In the following, this 
ratio is assumed to be independent of energy for the 
grain-density and range intervals involved. Since at 
equal grain densities 


Rii= (mz/my)Ryi, (4) 


‘is given by 


F Nzi 


> Mui exp{ —L(m./m,) — 1](Ryi/d)} 


f 


The dropping of tracks that showed no change in 
grain density in a given distance is equivalent to the 
specification of an upper limit on the range; in this 
case the upper limit was ~70 mm. The 70-mm range 
cutoff determined the minimum value of the grain 
density for which a particle of mass m, could be 
identified. Therefore «1 mesons in the grain-density in- 
terval lower than this minimum value were not con- 
sidered in the intensity calculation. 


DETERMINATION OF INTENSITY 


The total number of u mesons seen to come to rest in 
the grain-density interval investigated was 1360, and 
the distribution had a maximum at a muon range of 
10 mm. 

To compute the value of f from (5) for particles of 
mass 500m,, only that grain-density interval was con- 
sidered for which a 500m, particle would have a residual 
range of 5 to 70 mm. This corresponds to a u-meson 
range interval of 2 to 28 mm. There were 1300 « mesons 
in this interval, and these tracks were divided into six 
grain-density groups, with ,; mesons in each group. 
With A\=70 mm, the denominator of (5) is 


6 


> yi exp(—1.5R,i/70) = 1051. (6) 


—~ 


i=l 


Since no particles of mass 500m, were seen to come to 
rest, ). mz; was taken equal to one, to get an upper limit 
to the value of f. The value of f thus determined was 


f<0.00095. 


Thus the correction due to the dropping of tracks [for 
reasons (a)-(d) of the preceding section] raised the 
upper limit of the intensity f of 500m, particles by 
~ 20%. To convert this fraction f to the ratio of number 
of particles of mass 500m, to number of » mesons 
stopping in the same range interval, f is multiplied by 
m,/mz=0.4, giving a value of 0.0004 (i.e., 0.04%). 

This method was also used to compute the intensity 
of other mass values. 


AND M. 


WIDGOFF 


The relative intensity of the strongly interacting 
component of cosmic rays cannot readily be determined 
from the data, because the iron above the plates acted 
as a source of protons and pions, as well as an absorber. 
With local production and the biases described in the 
preceding section taken into account, the numbers of 
protons and pions found in the plates are consistent 
with the measured intensity of protons in cosmic rays 
at sea level. 

RESULTS 


No evidence for new mass values was found in the 
region investigated. If such particles exist, their in- 
tensity relative to that of u mesons stopping in the same 
range interval is given by the following: 
30m.-100m,, <0.13%. 


Particles in the mass interval 400m.—900m,, <0.04%. 


Particles in the mass interval 


In addition to these results, a summary of the other 
information available at present, on the existence of 
particles of mass smaller than the muon mass or inter- 
mediate between the pion and K masses, is given in 
Table I. 

CONCLUSION 


There is at present no evidence other than that of 
Alikhanian e¢ al.’ for the existence of particles other 
than K mesons in the mass interval 400m,-1200m., nor 
is there any evidence for the existence of any particles 
of mass between 30m, and 100m,. Combining the results 
of the emulsion data of Columbia,?:> Bombay?” and this 
experiment, the resulting intensity for a particle of 
mass 500m, is <~0.02% of the flux of » mesons 
stopping in the same range interval. Hence the data 
of Alikhanian e al. concerning a particle of mass 
(500+50)m, occurring with a frequency equal to 0.5% 
of the cosmic-ray muon flux, remain anomalous. 
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By use of a scintillation counter telescope, sea-level cosmic radiation was investigated for the existence 
of particles of mass greater than 60m,, decaying with lifetimes in the millisecond region. If such particles 
exist, their intensity, relative to « mesons, for various lifetime ranges, must be as follows: for 10~¢ to 10™ sec, 
£0.03%; for 10 to 5X10 sec, 0.1%; for 10 to 107 sec, <0.14%; for 10~¢ to 107! sec (for decay 
into a light meson), <0.03%; for 1074 to 1.0 sec, < 1.4%. 


INTRODUCTION 


HE mass spectrum results of Alikhanian ef al.,! 

obtained at 3250 m, have indicated the existence 
of a particle of mass 500 times the electron mass, which 
exhibits a comparatively long lifetime. Evidence for a 
long lifetime is deduced from their observations of 
nonlocal production of this particle and relatively high 
abundance with respect to the » meson (0.5%). Keuffel 
el al.” have recently investigated the region of 450 to 
750 electron masses for lifetimes in the range of 1077 
to 10~' sec, and have concluded that the abundance of 
such a particle, if the decay secondary is an electron, 
and the lifetime is less than 10 milliseconds, is < 0.1%. 
If the decay secondary is a light meson, the abundance 
is < 0.05%. 

Due to the fact that no thorough investigation had 
been made of millisecond lifetime components in cosmic 
radiation, an experiment was undertaken, at sea level, 
to determine the abundance of particles of mass greater 
than 60m, and lifetime in the region of 10~* to 107 
second. At sea level, as compared to 3000 meters, the 
u-meson intensity has been reduced by a factor of 3, 
and the proton intensity by a factor of 10. Thus, if a 
long-lived particle exists and even exhibits a strong 
nuclear interaction, the intensity would be reduced 
only by a factor of 3 with respect to the results of 
Alikhanian. 


EXPERIMENTAL PROCEDURE 


The search for such a particle was accomplished by 
looking for the delayed decays of particles which had 
come to rest in an absorber. The following type decays 
could be detected: 


Xi casts X3t + X,9+ ee -+0, 


where X+ is either a light meson with kinetic energy 
greater than 40 Mev, a positron with kinetic energy 

* This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Naval Research, and 
the Air Force Office of Scientific Research. 

+ Now at the University of Rochester, Rochester, New York. 

1 Alikhanian, Shostakovich, Dadaian, Federov, and Deriagin, 
Zhur. Eksptl. i Teoret. Fiz. 31, 955 (1956) [translation: Soviet 
Phys. JETP 4, 817 (1957) ]. 

2 Keuffel, Call, Sandmann, and Larson, Phys. Rev. Letters 1, 
203 (1958). 


greater|than 25 Mev, or a light meson with kinetic 
energy less than 40 Mev which decays into a positron 
of energy greater than 25 Mev. The apparatus consisted 
of the counter telescope shown in Fig. 1. A, S, B, C, and 
D are 4ll plastic scintillators. Plastics A and C were 
each viewed by a 12-in. phototube, S by three 2-in. 
phototubes, B by six 1P21 phototubes, and D, which is 
ring shaped, by two 5-in. phototubes. Incident particles 
arriving in the vertical direction are selected to stop 
in a 24kilogram plastic scintillator which serves as 
counter| B. A stopping particle is indicated by the 
coincidénce ASBC+D (bar indicates anticoincidence). 
The stopping pulse, after a delay of 100 microseconds, 
initiates a 100-millisecond gate, which is put in coin- 
cidence; with a pulse BC A+8+D. BCA+S+D 
indicates a possible decay, in the downward direc- 
tion, of, the stopped particle. If this pulse is in coinci- 
dence with the gate pulse, indicated by (ASB C+D) 
(BC A+S+D)aetayea, then the stopped particle possibly 
decayed in the time interval 10~ to 107 second. 


The dxact time and type of decay is determined by the 


following scheme. The stopping particle initiates a 


_ 


















































Fic. 1. Scintillation counter telescope. A, S, B, C, 
and D are plastic scintillators. 


1267 





FAZIO 


4 {cane | 


=| COINCIDENCE | 


| AB 
— 


s 6BN6 ] 
COINCIDENCE 


ABS 


| 
ijt sj 
L| anal 
[ t 
COUNTER GEOMETRY 
J sow | 
BN6 " 5[ otvay | | SWEEP | 
DELAY | 4 
ANTI ABS Ged) j 
| COINCIDE NCE } | —_—— on 
L J «4 (00 ms | SCOPE 
| 
GATE / 
t L GATE } {, 
6 f —— . 
+ cas | [scarcer] 
| COINCIDENCE | , 


ANTI | BC AeSeD 6BN6 —s 
te | T “| cowcivence [~T [MIXER 


| COINCIDENCE | l j 
yall : ee ee ae | 
SCALER SCALER 
L j L j i 
FAST 
} 
Sweer 


a! oeLay 


“| INVERT [ “| 
L J 


cf 7 

| DELAY } 
f 5 PULS SP 

F fampuiricn | PULSE OrsPLar 


r . 
S| DELAY 
a= 


INVERT | [CAMERA} 


“| DELAY } 


Fic. 2. Block diagram of electronic circuits. Amplifiers and dis 
criminators preceding coincidence circuits have been omitted. 


20 microsecond trace on the oscilloscope, displaying each 
of the counter pulses from the coincidence ABS C+D. 
The vertical position of the sweep is then moved down- 
ward proportional to the time the gate is on. Pulse 
BC A+S+D causes the fast trace to trigger again, dis- 
playing the individual pulses. From the vertical dis- 
tance between the sweeps, the time of decay can be 
determined. A block diagram of the electronic system 
used is shown in Fig. 2. 

By this method of display, the number of stopping 
particles which are » mesons can easily be identified by 
the presence of the decay electron pulse on the initial 
trace. Also events caused by a random coincidence 
between a stopping » meson and a pulse BC A+S+D 
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can be identified. Likewise the existence of a particle 
which decayed with a millisecond lifetime into a light 
meson could readily be detected by an electron decay 
on the second trace. 

Each trace is characterized as belonging to one of 
three groups: p, 8, f. It is a “p” type if no electron decay 
pulse is seen on the sweep, “8” if one is seen, and “f” if 
the trace indicates a malfunction of the apparatus. 
Double traces are grouped then according to the type 
of each trace (e.g., pp, Bp, 8, pf, etc.), the first letter 
corresponding to the stopping event, the second to the 
“decay” event. 


RESULTS 


The counter telescope was in operation 827.2 hours 
in which time 31 800 stopping events were recorded. 
During this running time 76 double traces indicating a 


TABLE I. Classification of double trace events. 


Spurious counts due to 
malfunctioning of 
anticoincidence 


Random 
coincidence 


Possible 
decays 
Stopping event f pep f f lost 
Decay event d i “a. 7 
Number ; : 3 i120 2 
Number expected 
from calculated 
random rate 30 -~0 


TABLE II. Summary of results. Sea-level cosmic-ray intensity 
of particles of lifetime 10~¢ to 1 second, of mass greater than 60 
electron masses, relative to « mesons stopping in equal range 
interval. 


Intensity relative to 
w# mesons 


<0.03% 
<0.1% 
<0.14% 


Lifetime interval (seconds) 


10~ to 10? 

10-4 to 5X10 

10 to 107 

10-4 to 107 (and light 
meson decay) 


104 to 1 


<0.03% 
<14% 


“decay” were seen. These are grouped in various 
classes in Table I. The total number of double traces 
expected from the calculated random rate is 80. 

Only the pp and p8 type decays could be classified as 
possible true millisecond decay events, the remaining 
traces being eliminated due to the fact that a u-meson 
decay occurred on the stopping trace or malfunctioning 
of the anticoincidence occurred on the stopping or 
decay trace. Comparison with the random rates gives 
0+5 as the expected number of true decays. Of the 
31 800 particles stopping in the absorber, 20 000 were 
identified as ~ mesons. It is assumed that only the 
positively charged long-lived particles which stopped, 
decayed. The efficiency of detection of the decay 
product was 0.35, due to counter geometry and dis- 
criminator bias levels. Thus an upper limit to the in- 
tensity of a particle in sea-level cosmic radiation with 
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a lifetime in the region 10~ to 10~ second, and mass 
greater then 60 electron masses, is one per 700 « mesons 
stopping (i.e., £ 0.14%). 

Of the 28 events which could be actual decays, no case 
was seen of a u meson decay on the second trace. Such a 
decay would indicate the existence of a millisecond- 
lifetime particle which decays into a light meson. The 
intensity for this type event was thus found to be 
£0.03%. 

The distribution of decay times is seen in Fig. 3. Here 
the double traces are grouped according to the type of 
stopping event. The distribution is consistent with a 
random decay time. 
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ANOMALOUS 


116, 


LIFETIME VALUES 1269 

In the vicinity of each double trace a sample of single 
traces was recorded as to p, 8, or f type; the ratio 
p/8=1.1 for these tracks was then compared with the 
same ratio for double events (p/8= 1.0). The comparison 
is a satisfactory internal consistency check of the data 
and again indicates the double traces are random 
coincidences. 

The results of this experiment are summarized in 
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Calculations of K*-nucleon scattering phase shifts are reported. A simple model of Yukawa interactions 
between K mesons and baryons (containing no derivatives) is adopted. The method used is a three-dimen 
sional Tamm-Dancoff approximation but with no simplifications as far as recoil effects are concerned. This 
method is particularly convenient for K*-nucleon scattering, since the principle of associated production 


excludes graphs leading to nonrenormalizable effects. 


The resulting integral equation has been solved for the T=1, S;, Pj, and Py states in the energy region up 
to 1.26 Bev. The coupling constant is the only parameter to be determined from experimental data. This 
was chosen to fit the experimental value of the total cross section at about 350 Mev. It turned out that the 
best agreement with experiment was obtained with (G?+G?)/42=12.5. This value is much greater than the 


corresponding one adopted in previous papers. 
g 


EVERAL theoretical papers concerning the scat- 

tering of K+ mesons by nucleons have been pub- 
lished.! The results obtained are rather inconsistent with 
experimental data. The authors have not been able to 
get the isotropy of the angular distribution (for the At, 
p scattering) together with the constancy of the total 
cross section in the energy region up to 200 Mev. 

This paper presents an attempt to calculate At- 
nucleon phase shifts, but with no simplifications as far as 
the magnitude of the coupling constant and recoil 
effects are concerned. We have adopted a simple model 
of Yukawa interactions between K+ mesons and baryons. 
A d’Espagnat-Prentki? interaction Hamiltonian has 
been taken: 


W'=G f barabs ¢* dv +9 f vorrats Tag* Kkdvt+H.c. 


No attempt has been made to include interactions with 
1C, Ceolin and L. Taffara, Nuovo cimento 5, 435 (1957); D. 
Amati and B. Vitale, Nuovo cimento 6, 261 (1957); C. Ceolin and 
L. Taffara, Nuovo cimento 6, 425 (1957); C. Ceolin and L. Taffara, 
Padova-Venice Conference (1957). 
2 B. d’Espagnat and J. Prentki, Nuclear Phys. 1, 35 (1956). 


pions, in particular three- or four-boson interactions. 
The method used is the three dimensional Tamm- 
Dancoff approximation, similar to the method adopted 
by Dyson et al. to the scattering of pions by nucleons. 
This method is particularly convenient for K+-nucleon 
scattering calculations since the principle of associated 
production excludes graphs leading to nonrenormalizable 
effects [graphs (a) and (6) in Dyson’s paper ]. The only 
divergences are connected with self-energy processes 
arising in the kernel of the integral equation [ (a), (8), 
and (y) in Dyson’s paper]. These terms have been 
rejected with simultaneous change of all constants to 
renormalized ones, in agreement with Dyson’s idea of 
noncovariant renormalization. 

Confining ourselves to processes involving 3 particles 
(1 hyperon and 2 mesons or 2 nucleons) in intermediate 
states, we get in the center-of-mass system a 3-dimen- 
sional integral equation for the scattering amplitude 
{(p). The angular variables can then be separated ex- 
actly, a one-dimensional integral equation resulting. 


3F, i? Dyson et al., Phys. Rev. 95, 1644 (1954) 
4}, J. Dyson, Phys. Rev. 91. 421 (1953). 
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Fic. 1. Calculated S;, Py, and Py phase shifts for K+ on p, against the kinetic energy of K in the lab system. 


I—?=4; II 


Assuming the standing-wave boundary condition 
i(E ¢\p) 

f(p) =6(E— E(p)—2(p)) +P. —_— 
E—E(p)—Q(p) 


(where P denotes the fact that the Cauchy principal 
value is to be taken), we get the following integral 
equation for the nonsingular amplitude ¢(p): 


¢(p) = go(p)+ pf dgLE— E(q)—2(q) 7 
[A 1(G?/4ar) La( p,q) + A(G?/4) Lx( p,q) ]9(q) ; 


La(p,q) =LE(p)E(g)2(p)Q(q) 3 


x {Ley +m \[ (M—2m+E)N (6) } 


+LE(p)+E(q)+2(p)+2(q)+M—2m- EF] 
pq a 
xX Na(d) +———_{ (2m— M+ E) N,, (6) 
E(q)+m 
+LE(p)+ E(q)+2(p)+2(q)+2m—M—E] 
XN (d)}t; 
gol p) =Q( po) E( po) (pol) 
[A 1(G?/4r) Lap, po) + A2(G?/4r) Lz (p, po) 1; 


where m, E(p); wu, Q(p); M, &(p); IM, e(p) are the 


g?=12.5; III 


g= 13.5; IV—g=17. 

masses and relativistic energies of V, K, A, and &, re- 
spectively. E denotes the total energy of the system and 
E(po)+2(po)=E, b=E(p)+E(q)—E, d=2(p)+2(q) 
— EF. Ay=—1and A.=3 inthe T=0 state; A;=+1 and 
As=1 in'the T=1 state. B=0, 7=1; B=1, 7=0; 8=1, 
y=2, in the S;, P;, and P; states, respectively. 


No(b)= (2pq)* In{L$(p+-qg)+b]/LE(p—9)+6]} ; 
N(b) = — (2pq)71 (M2+ p+ ¢?—B)No(6) 
+ (2pq) [1 — 26, 8(p+-9)+ S(p—9) J; 
N2(b)= —3(4pq)7 (M?+ p?+¢—8*)N1(6) 
—2N9(b)+20[ 8(p+¢)+ &(p—9) }; 


L:(~,q) may be obtained from (p,q) by replacing M 
by 3 everywhere. 

The kernel of the integral equation is a singular one 
since it contains (a) the denominator M(q)=£(q) 
+(q)—£, and (b) logarithms in N functions. It should 
be noticed that the latter singularity appears for ener- 
gies E> M-+2y, which corresponds to the kinetic energy 
of K in laboratory system of about 1260 Mev. Thus, for 
energies up to 1260 Mev we have to deal with the 
singularity (a) only. Later, this singularity has been 
taken exactly into account. 

Further, it should be mentioned that the kernel is 
quadratically integrable in the neighborhood of infinity. 

The equation has been solved by seminumerical 
methods. If we represented the kernel of the equation 
in the form K (p,q) = L(p,q)/M (q), then L(p,q) would be 
approximated by a function Q(«,y)=a(x)a(y)W (x,y) 
where W (x,y) stands for a polynomial of degree 3 in both 
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variables and a@ assures that Q(x,y) behaves in the 
neighborhood of 0 and infinity as L(p,q); «=p/E(p), 
and y=q/E(q). ¢o(p) was approximated in a similar 
way. 

The phase shift 6 is connected to the scattering 
amplitude: 


¢(po) = — (1/7) tané. 


Up to now the equation has been solved for 8 energies 
in the T=1, S;, Py, and P; states. In this case we put 
M=M. The resulting phase shifts for any energy and 
state depend on the constant g’=(G°+6*)/4m. (See 
Fig. 1.) The latter was chosen to agree with experimental 
total cross section at about 350 Mev. It turned out that 
we get the best agreement with experiment for g?= 12.5. 
(See Fig. 2.) Notice that this value is much greater than 
the corresponding one adopted in previous papers. 

It might be interesting to mention that by calculating 
phase shifts in the Born approximation [taking into 
account ¢»(p) only | we have obtained at low energies 
good agreement with experiment with g’~4. 

For g?=12.5 the results are as follows: The S; and P; 
phase shifts are negative, whereas the P; one is positive 

thus the interaction is repulsive (S;,P4) or attractive 
(P;) respectively. In the low-energy region up to 200 
Mev, the S; state strongly predominates. The P; reso- 
nance for g?=12.5 occurs at about 750 Mev and its 
magnitude is about 40 mb. The position of the resonance 
strongly depends on the magnitude of the coupling 
constant. For energies above the resonance the values of 
the total cross section are slightly below the experi- 
mental data of Burrowes ef al.5 This fact can be ex- 
plained by contributions from higher orbital states. 

A more extensive paper on this subject, including 
results for the 7=0 state, will be published later. 

Note added in proof.—The foregoing results were ob- 
tained with the masses of A and Y both numerically 


5H. C. Burrowes et al., Phys. Rev. Letters 2, 119 (1959). 
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Fic. 2. Calculated total cross sections for K* on p. 


equal to the mass of A. Since in this approximation 
charge exchange scattering vanishes with G?=@? we 
have taken in our recent calculations t= 1.067M in 
agreement with experiment. With this 9? value as- 
sumed the S; (At,p) phase shifts are but slightly smaller 
than previously, whereas the P; ones lower considerably. 
The resonance runs to higher energies (about 1 Bev). 
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The Heitler-London method has been applied to the calculation of the energy of interaction of two 
nucleons, as given by the fixed-source model. Numerical results are also given for the normalization of the 
state vector and the number of mesons in the cloud, for the states which comprise the deuteron. Particular 
attention is given to the rate of convergence of the expansions and the influence of the excited states of the 
nucleons. The relation to the Tamm-Dancoff method is also discussed in detail. It is shown that in T=0 
states, the interaction does not appear to differ in any significant way from the one-meson exchange term. 
In T =1 states, on the other hand very large contributions are obtained from the higher order terms. These 
contributions have such a nature as to suggest that even at low energies it is improper to apply the fixed- 
source model, with the assumption that the meson cloud follows adiabatically the motion of the nucleons, 


to T=1 states. 


I. INTRODUCTION 


N this paper we present the results of some calcu- 

lations of the properties of two-nucleon states, as 
obtained from the static model. There have been many 
earlier calculations based on this model,'~® but the 
method used in this paper is somewhat different from 
those used by previous investigators, and the numerical 
results also differ in certain particulars from those 
previously reported, as we shall discuss below. 

The model used herein is a very crude one, and great 
care must be used in attempting to relate properties of 
real two-nucleon states to the predictions of this model. 
Nevertheless, since the model quite successfully repro- 
duces many of the observed properties of the meson 
cloud of a single nucleon, it may be hoped that the 
meson exchange effects predicted by the model will 
provide a useful first approximation to the actual 
effects of meson exchanges, especially when the nucleons 
are far apart. Many effects, which are most important 
at small distances, are left out of the model. These are 
meson-meson interactions and other nonlinear meson 
effects, the effects of the relative motion of the nucleons, 
and the influence of all virtual particles except the pion. 
These effects can be simulated, approximately, by 
making appropriate phenomenological modifications of 
the interaction at small distances; in this way, as many 
authors have pointed out, the model might be used to 


correlate data on the two-nucleon low 
6—11 


system at 


energies. 
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In some of the earlier calculations of the nucleon 
potential, it was assumed that the nucleons were point 
sources; in others, extended sources were assumed. At 
the distances at which one may have confidence in the 
predictions of the model, there is very little difference 
in the results. However, the view adopted here is that 
an appropriate cutoff should be used. We are primarily 
interested in exploring the mathematical properties of a 
particular model, and this can be done in a self-con- 
sistent way only if the same cutoff is used in all parts of 
the calculation. Furthermore, we may expect that if the 
parameters of the model are chosen to reproduce as 
closely as possible the observed properties of the meson 
cloud of a single physical nucleon, the additional 
phenomenological modifications which are introduced 
at small distances will be more significant. 


(a) Properties of One-Nucleon States 


Before we proceed with the discussion of two-nucleon 
, we shall examine some of the known properties 
of one-nucleon states. This is done in order to introduce 
the notation, and to obtain some numerical results 
which will be referred to later. We also wish to see how 
much the two-nucleon interaction is affected by a 
reasonable change in the parameters of the model 
(that is, a change allowed by the uncertainty in the 
properties of one-nucleon states). 

We wish to discuss the eigenstates of the Hamiltonian 


H=>~, Ka,*a,—W0(az*a,+a,*a,) 
+>; (a, +a_x*)[V oct Vex], (1) 


states 


where 
V x = az*[ fou, (2K)— 7 xi02° k exp(ik- x) Jaz. 


We use natural units (k=c=M,=1), and express by 
the corresponding capital the energy of a meson whose 
momentum is denoted by a given lower case letter, e.g., 


*de Swart, Signell, and Marshak, Nuovo cimento 6, 1189 
(1957). 

) J. J. de Swart and R. E. Marshak, Phys. Rev. 111, 272 (1958). 

0S. Otsuki, Progr. Theoret. Phys. (Kyoto) 20, 171 (1958). 

4 W. Watari, Progr. Theoret. Phys. (Kyoto) 20, 181 (1958). 
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K=(1+?)4. The source function 2 is normalized so 
that ».=1 when K=0. 

Some relations between the renormalization constants 
and the meson-nucleon scattering amplitudes have 
been derived by Cini and Fubini’*: 


1=Z.[1+ (4a3/9)+ (4a2/9)+ (a1/9)], 
pr! = Z{1 — (2a3/ 9)+ (a2/9)+ (a;/9) ], 
Z3= Zf1 + (a3/9) inns (2ao/ 9) te (a;/9) |, (2) 


i>) 


mai=3 f sin*6;(k) 1, "k-dK. 


1 


We shall assume that the parameters of the model are 
chosen so that the low-energy meson-nucleon scattering 
is approximately reproduced; y= /?/4r must then be 
about 0.08, and if the source function v, is supposed to 
differ very little from unity in the resonance region, one 
finds that a3~2.6 (if y=0.08). If one assumes that 
a2=4az3 (which is consistent with both the strong- and 
weak-coupling limits), one then obtains from Eq. (2) 
values for a;, Z2, and p; as shown in Table I. It may be 
noted that the value of a; so obtained is much larger 
than a3.18 

The isotopic vector part of the nucleon magnetic 
moment and the resonance energy of the meson- 
nucleon scattering’:!® depend on the quantity 7M, 
where M= f,%v,2k'K-‘4dk. If y=0.08, M should be 
about 3.5. The product yM is determined very roughly 
by these comparisons, but a suitable way to compare 
source functions with different shapes is to require that 
yM be invariable. For instance, M=3.5 corresponds to 
a sharp cutoff at Kmax=5.5; however, a more con- 
venient analytical form is given by 2=(A?—1)/ 
(A?+?), for which A=7. 

A measure of the average energy of the virtual mesons 
in the cloud is given by w= M-'/o%v,2k'K—*dk. The 
average number of mesons may be shown to be approxi- 
mately 


3yMw 
No=—— (1+ 


T 


4a? aw 
$f ), 
9(wtwo)? A(wtwe)? 9(w+w)? 


faw? 


TABLE I. Numerical data for one-nucleon states. 


f?/4e 0.08 
a3 2.6 
ay 5.4 
Ze 3.0 2.8 
py? 0.36 0.40 
M So 8 
A 


0.10 
2.24 
4.9 


7 
w 6.1 
No 3.0 





12M. Cini and S. Fubini, Nuovo cimento 3, 764 (1956). 

18 See also G. Salzman and F. Salzman, Phys. Rev. 108, 1619 
(1957). 

14H. Miyazawa, Phys. Rev. 101, 1564 (1956). 

15 G, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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where wo is the resonance energy, and w, and we are 
typical energies for scattering in the other states; 
w1~we~w. Values for some quantities of interest are 
given in Table I.'6 


(b) One-Meson Exchange Energy 


The states of two interacting nucleons may be 
classified according to their total isotopic spin, but there 
is a preferred direction in space (the axis joining the 
two nucleons) and we must distinguish between states 
with different components of angular momentum 
(m==+1 or 0) with respect to this axis. The states 
with m= +1 and a given isotopic spin J are degenerate 
—we shall refer to these as the parallel spin states (7). 
There are two distinct states with m=0; the one which 
is symmetric in the spins of the nucleons, corresponding 
to the remaining member of the triplet, we shall call 
the orthogonal state (0;); the other, antisymmetric 
m=O state, is the singlet state ($;). The Hamiltonian (1) 
therefore has in general six distinct discrete energy 
levels, although if the two nucleons are superposed, 
the energies of the @; and ©; states coincide, as do also 
the Po, Oo, and §; energies. The relation to the central 
and tensor potentials is discussed in the Appendix. 

It is well known that the one-meson exchange term 
of the interaction energy is obtained correctly from 
second order perturbation theory if the renormalized 
coupling constant is used: 


Vy -ty)02" ko, kv,.2K-? 
X exp[ik- (x—y) ]. 


—f7>X a (%; 


(3) 


As an introduction to the method which is found con- 
venient for treating the higher order terms, we shall 
examine separately the contribution to (3) of the 
mesons with m=0 with respect to the axis of the 
nucleons, and the contribution of the mesons with 
m= -+1. This is useful because the mesons with different 
azimuthal angular momenta give not only characteristic 
spin dependences, which can be related directly to the 
spin eigenfunctions, but different radial functions as 
well. Let 


4n>, 14°K~* exp[ik- (x—y) ] 

=>, f(k) exp(ik-r)=F(r), 
then 
— d,I* (r) (5a) 


de (R°)?/ (Rk) exp(ik- r) —Z(r), 


and 


Yo, ktk-f(k) exp(ik- 1) =—8,F (r)=—YV(r), (5b) 


where a, is the operator d?/dr’, and b,= —r~'d/dr. The 
signs were chosen so that both Y and Z would be posi- 
tive at large distances. Then Eq. (3) takes the form: 


Vi=yr2' tL tart nb, \F (r), (0) 


16 These numerical values differ from those of reference 14 and 
from those of Halpern, Sartori, Nishimura, and Spitzer, Ann. 
Phys. (N. Y.) 7, 154 (1959). 





Cc 


TABLE IT. The one-meson exchange energy. 


where 


and »=+(0,'0, +0; ;'). 


ho 0 0 
e OrGy 


It is sometimes convenient, in the main body of this 
paper, to treat the charges of the mesons and their 
angular momenta in a similar way; on such occasions 
we Shall write t,-t,=a77,.+8(r2*7, +72 7,*), where 
the “operators” a and 8 are +1 and —1, respectively. 
In Table II we show the eigenvalues of £, 7, and V, in 
the eigenstates @, O, and S. 

If the nucleon is taken as a point source (v,=1), then 
V(r)=(r*+9r-)e*, and Z(r)=(2r*+2r-7+437")Je~; 
note that Z is considerably larger than Y, especially at 
large distances. However, if the nucleon core has a 
finite extension, Z(r) changes sign at a distance about 
equal to the core radius, and Z(0)=—Y (0). 

The average momentum of the virtual mesons is 
very large, and hence the interaction energy is very 
sensitive to the nature of the source function. This is 
illustrated in Fig. 1. At separations as large as one 
meson Compton wavelength, corrections to the point- 
source potential which are as large as 20% are obtained ; 
at smaller (r~0.5), the 
enormous, and while the potentials obtained with the 
different extended sources differ among themselves by 
a small percentage of the point-source potential, the 


distances corrections are 


absolute magnitude of the differences is large. In in- 
tegrating the Schrédinger equation, short-wavelength 
fluctuations in the potential are smoothed over; never- 
theless, we must conclude that the potential obtained 
from the static model has at most a qualitative sig- 
nificance at small distances. Figure 1 shows not only 
that the energy is sensitive to poorly determined param- 
eters of the model, but, moreover, that the model 
predicts that virtual mesons with high momenta are 
very important, and we do not know how accurately 
the model reflects the actual properties of such mesons. 


II. THE HEITLER-LONDON APPROXIMATION 


(a) Definition and Normalization of 
the Basic State 


In a previous paper,'’ the author described a way of 
relating properties of two-nucleon states to properties 
of isolated nucleons. The method used a twofold expan- 
sion: an expansion of the state vector in a Heitler- 
London representation, and an expansion of the matrix 
elements between Heitler-London states in terms of the 


17 R. E. Cutkosky, Phys. Rev. 112, 1027 (1958). Hereafter this 
paper is referred to as I. A very similar approach was suggested by 
Novozhilov, references 18 and 20. 
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number of mesons common to the clouds of both 
nucleons. In this section we shall calculate some of the 
properties of the basic Heitler-London state ®,,, which 
is obtained by multiplying together two operators, each 
of which creates a single physical nucleon. An approxi- 
mation which corresponds to the usual Heitler-London 
method in the theory of molecular bonding is obtained 
by using the basic state ®,, as an approximation to the 
exact two-nucleon state V,,. This approximation gives 
an upper bound to the interaction energy. In the next 
section, we shall examine the more complicated Heitler- 
London states ®,,, and ®,y ,: (in which one or both of 
the nucleons is excited) and their role in the exact 
eigenstate. 

We shall examine in particular the @o and Qo states, 
as these occur in the triplet, even states (e.g., in the 
deuteron), which are the most well understood empiri- 
cally ; the comparison of our results with other potentials 
is consequently most interesting for these states. 

It was pointed out in I that there is a certain arbi- 
trariness in constructing a Heitler-London representa- 
tion, arising from the fact that the operators 5,* [see 
Eqs. (1,3) and (1,4) ] may be taken to be functions of an 
arbitrary set of canonical variables. For instance, ¥,* 
may depend on the ¢,, the a,*, or on the 2,—the first 
two cases were described in detail in I. In the present 
problem the expansions for the matrix elements con- 
verge much more rapidly when the a* operators are 
used than when the ¢ operators are used. When 7 








4 mM 4 
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Fic. 1. The function Z(r) obtained from different cutoff func- 
tions: (a) %=1 (point source); (b) 1%=(A?—1)(A?+é?)“, with 
A=7; (c) m= (A?—1)#(Q?—1)4(A2+4?)-+((2+-22)4, with A=14 
and 2=4.68 [this gives the same M as case (b)]; (d) % has the 
same form as in (b), but A=6. 
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operators are used, the normalization of the basic 
state is almost exactly unity and the expansion which 
gives this quantity converges extremely rapidly. How- 
ever, when an appropriate rearrangement of terms is 
made, the expectation values of operators in normalized 
states converge about equally rapidly in all cases. The 
best approximation to the exact state (in the sense of 
giving the lowest interaction energy) is obtained when 
the basic state is defined in terms of yg operators, and 
the poorest approximation is given by the operators, 
but the basic states obtained in all methods give auto- 
matically both the second and fourth order perturbation 
theory results (with the renormalized coupling con- 
stant). 

We shall use operators defined as functions of the a,* 
in the discussion which follows, partly because the 
convergence rates are suitable, and partly because the 
graphical description of the matrix elements corresponds 
closely to the Feynman graphs obtained in the Tamm- 
Dancoff method, as we shall discuss in some detail 
below. This makes the relation to previous calculations 
and some effects of nonadiabatic corrections most easily 
understood when this method is used.!8 

We may write the expansion (I, 11’) for the norm of 
®,, in the form 


(P,,,P,,) -_ 1 + 4 1 zy = : ® A ny 


n=0 
where A, represents the contribution of m exchanged 
mesons. There is a close relation between the norm and 
the average number of mesons in the state ®,,, as given 
by Eq. (I, 28). Let N.y= (Pzy,NP.,). From (I, 28) it 
follows that 


Ney=2(A+A 2y) Nobby tS ay’, (7) 


where No is the average number of mesons in the 
physical nucleon, 


wm 
INy= >, 2As, 


n=1 


and 62,’ is a relatively small correction given by 


oon 1 1 
bNw’= DL L + 3 = nay 


n=1 v=0 ki++-kn (yp!) (n—») ! 
X L(x] ai*- + -a,*(N—No)avyi+ + + an| x) 
X(y]an*+ + + dyy1*ay: + +a] y) 
+symmetrical term in (x,y) ]. (8) 
The average number of mesons in the state ®,, is then 


2Noté6N, where 6N=(6%+69’)/(1+A). 


18 This definition of the basic state is the same as that discussed 
by Iu. V. Novozhilov, J. Exptl. Theoret. Phys. U.S.S.R. 32, 1262 
(1957) (translation: Soviet Phys. JETP 5, 1030 (1958) ]; J. Exptl. 
Theoret. Phys. U.S.S.R. 33, 901 (1957) [translation: Soviet Phys. 
JETP 6, 692 (1958)]. 
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There is no need to calculate 6N very accurately, so in 
Eq. (8) we shall neglect the off-diagonal matrix ele- 
ments of 91— No (between physical states), and equate 
the diagonal elements to the number of incident 
mesons. 

We might expect that when the two nucleons coincide, 
a large contribution to the expansions would come from 
the 2Noth order terms (i.e., »~5 or 6). Our present 
method of evaluating the matrix elements in terms of 
expansions is therefore likely to be useful only at large 
distances. We wish to find out how the rate of con- 
vergence depends on the separation; the expansion for 
the norm is typical so we shall examine the first few 
terms of this expansion in some detail. 

The first term is 


A\=dx frer tox: ko, kv,2K- exp(ik-r). (9) 


Let K-'f(k)=g(k), and let }°; g(k) exp(ik-r)=G(r). 
We obtain for A; an expression which is similar to 
Eq. (6), with F(r) replaced by —G(r). In the lowest 
order approximation, 6N =A. We may note an illustra- 
tion of a general qualitative result, that an increase in 
the average number of mesons in the cloud is usually 
associated with an attraction between the two nucleons, 
and vice versa. 
The second term in the expansion for the norm is 


A= Din (3(%|[Ve(H+K)'Vi 
+VA(H+L)"ViJ|x)(K+L)? 
x (y| [Vik (+L) V t+ Vit (H+K) V9) 
+[symmetrical term in («,y) ] 
+(x|Ve(H-+K)— (hb +L) V *| x) 
X(y| Vi(H+ L(+ KV 49) ; 


we have used some well-known identities to eliminate 
the creation and annihilation operators. We evaluate 
(10) by the standard closure expansion method—a sum 
over a complete set of eigenstates is inserted between 
the V operators in each one-nucleon matrix element. 
It is convenient to distinguish three parts of A2: the 
“zero-meson” or perturbation-theory part, A2, is ob- 
tained when we keep only the zero-meson intermediate 
states in each sum; the resonant correction, A2‘*, 
arises when the contribution of the (3, $) resonant 
scattering states to one sum is included, and either the 
zero-meson states or resonant states are included in the 
other sum; the nonresonant correction, A2“V”, which 
consists of all remaining terms, depends on so many 
unknown quantities that we cannot evaluate it accu- 
rately, but we shall be able to show that it is relatively 
small. 

The examination of the spin dependence of the 
various parts of A is easiest if one treats separately the 
“uncrossed” terms, in which the V;, and V operators 
occur in the same order in each matrix element, and 
the “crossed” terms, in which they occur in the opposite 
order. The zero-meson uncrossed part of Az may easily 


(10) 
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be shown to have the form 


Avu(r)=lim,..Av(r,s), 
where 
Au(1,s)= (77/8) UU Gu (7,5), 
and where 


Go(s,s) = (49)2D ar 404202K-21-2(K + L)—? 


Xexp(ik-r+il-s). (11) 


The operator U4 depends on the angular momentum 
state of the nucleons: 


U4(0)=a,4,, 
U4(0)=a,a,+2(a,b,+b,a,) +46,b,. 


There is no need to write down U4(S), because it can 
be obtained from U4(@) by changing the signs of 8, 
and 8,. This rule holds throughout the calculation, so 
we only need to give results for ® and © states. The 
operator U;, which depends on the isotopic spin, is 
easily obtained by replacing the a’s and 8’s by a and 8, 
respectively. 

The crossed zero-meson part of A» is obtained in a 
similar way from 


A c(r,s) = (3y?/8)CrCaGc(r,5), 


where 

Go= (4n)*¥ ar 120;°K—1-4(4/3)[1—KL(K+L)-*] 
Xexp(ik-r+il-s), (12) 

and 


Ca(@)=a,a,+46,b,, 
Ca (0) = d,l,— 2 (a,b,4 bas ): 


Cy is again easily obtained from C4. 

To simplify the numerical calculations we approxi- 
mate the integrands in Eqs. (11) and (12) by a product: 
we replace (K+L)~? by 1/4KL. Then Gu(r,s)~Ge(r,5) 
~G(r)G(s). This introduces an error of perhaps 10% 
or 20%, which is small compared with other, more 
unavoidable errors, and to the effect of changing the 
parameters of the model slightly. In all the remaining 
calculations, we also approximate all six or nine dimen- 
sional Fourier integrals by appropriate sums of similar 
products. 

The contribution of the resonant intermediate states 
to the matrix element (0| V,f(H)V.*|0) is 


4X (4K L)~ 0,0, (k- 1— 4e- ko I) (6,.— 424-21), 
where 


X = (3/m) f sin’6 (p) v, *p 3 f( P)dP. 


Since the width of the resonance is small compared to 
the average energy of the virtual mesons which are 
exchanged between the two nucleons, we may use the 
isobar approximation, which consists of replacing P by 
an appropriate average. Then 


X=a svf (wo) ; 
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we choose wo so that 


ayy/wo (3/m) J sin®(p) vp *p*P-dP, 


which gives w= 2.1. This approximation is equivalent 
to replacing the scattering states by a discrete state of 
energy wo. 

In evaluating the Fourier transforms which are 
associated with Ae, we encounter the following 
integrals (with n=O, 1, or 2): 


G(r) =X g(k) exp(ik-1)K*/(K+-00)". 


[In calculating the corresponding contribution to V2 we 
also require F,(r)=>-, f(k) exp(ik-r)K"/(K+-w)". ] 
These integrals, and the related functions @,(r) 
=aG,(r), @n(r)=bG,(r), etc., have been evaluated 
numerically, using the cutoff function v,=48/ (49+ k?).” 

After making the approximations described above, 
we obtain for the contribution to A,“ of the crossed 





Fic. 2. Graphs (a) and 
(b) correspond to contribu- 
tions to As and V2), 
but graph (c) is associated 
with the one-meson Heitler- 
London state. The cross- 
hatched areas represent the 
(3, 3) scattering state. 





diagram, Fig. 2(a), the following expression : 
Ao®0 = fagy*RuR14[Go(r)Gi(s) +2G1(r)Gi(s) J, 

where 

Rya() = 4[2a,a,4 26,5, |, 

Ri4(©) = 3[2a,a,+-2(a,b,+6,a,) +66, |. 
The contribution of the uncrossed diagram, Fig. 2(b), 
which vanishes in T=0 states, is 

A 9? = Fagy*?RotR2aGo(r)Gi(s), 

where 

Roa(P)= 3[2a,a,+ 65,5, |, 

Roa(O) = 4[2a,-a,—2(a,-b,+5,a,) + 26,0, ]. 


Our numerical results also include the much smaller 
contribution to A» of the diagrams in which there is 


1” An IBM-650 electronic computor was used for these calcu- 
lations. The author is grateful to Dr. S. H. Vosko for writing the 
program and explaining the operation of the machine. 
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a resonant meson scattering at each nucleon, but we 
shall not write the formulas. 

An estimate of A2“"”) may be obtained by using the 
renormalization constants which were discussed in 
Sec. I. In Eq. (10) we replace the Hamiltonian H, where 
it appears explicitly, by zero—that is, in the closure 
expansions we assume the energies of the virtual states 
are small in comparison with the average energy w(r) 
of the mesons which are exchanged when the nucleons 
are separated by the distance r. This is very crude, 
especially at large distances, but we can partially com- 
pensate for the error at the end. With this approxima- 
tion, and using the explicit form of V;, we may evaluate 
Ag in terms of Z, and p;. We then subtract A. and 
the contribution of the resonant states (A2“ with wo 
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Fic. 3. The contribution of various terms to Ae for the Wo 
and po states. The solid lines show the exact contributions, the 
dashed lines the approximations obtained by neglecting the 
energies of the one-nucleon states, as described in the text 


set equal to zero). We are left with an approximation 
to A2*), In Fig. 3 it is shown that when wo is neg- 
lected, A2“*) is overestimated by a factor of about 2, for 
the distances of greatest interest. This is consistent 
with w(r) being slightly smaller than w. Considering the 
higher energy of the virtual states which give the non- 
resonant correction, it seems reasonable that the correct 
A,“%® might be about one-sixth that shown in Fig. 3; 
if this is correct, neglect of A2‘"”) is not serious. 

The calculation of the third order term A; re- 
quires the evaluation of matrix elements such as 
(x|Vifi(H)Vife(Z) V m| x), where fi(H) and f2(H) stand 
for certain energy denominators. We use a double- 
closure expansion, although the corrections to the per- 
turbation theory approximation are more important 
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Fic. 4. Some typical > —— 
graphs included in the cal- - p> 
culation of A;. t=wwrn—_— 
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than in the second order term. The contribution of the 
resonant-scattering states cannot be calculated without 
additional assumptions, because it depends on the 
matrix element (xp|V:|xg), which is related to meson 
production. We approximate this matrix element by 
5yq(x| Vi|x). A combination of effects—the energy de- 
nominators, and the spin and isotopic spin matrix 
elements—makes the resulting contribution to A;“”) of 
the terms which depend on this matrix element rela- 
tively small. Some typical diagrams which contribute 
to A; are shown in Fig. 4. 

In Fig. 5 we show the contributions of the one-, two-, 
and three-meson exchange terms to 1+ A. The modifi- 
cations of the norm are smaller for the @o state than 
for the Oo state, and also appear to converge more 
rapidly. The m=-+1 mesons are less important for the 
®o state, and the resonant-scattering corrections tend 
to cancel the zero order term, both in A» (as may be 
seen from Fig. 3) and in A3. It appears that this feature 
persists in the higher order terms. In general, we may 
conclude that the norm 1+A could be obtained to a 
reasonable degree of accuracy (say, 15%) from the 
first few terms in the expansion at distances r20.2 for 
the @o state, and r20.4 for the Oo state, although the 


accuracy to which we have actually obtained the terms 


is probably somewhat less than this in the present 
calculation. 


lic. 5. The one-, two-, and three-meson contributions to the 
norm of the basic state. The two-meson curve is not shown for 


the (Wo state in order to avoid overcrowding the graph. 
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(b) Interaction Energy and the Relation to 
the Tamm-Dancoff Method 


The expansion for the “potential” V,,= (#.,,H®.,) 
is very closely related to the interaction in the Tamm- 
Dancoff method, in which case the “potential” U,,(£) 
is an explicit function of the energy E of the state under 
consideration. Let us select from the terms in the 
Tamm-Dancoff expansion of U(E) the subset of 
“maximal” terms—those m-meson exchange terms 
which are represented by diagrams in which all n 
mesons are at some time simultaneously present in the 
tield. In these maximal m-meson terms, we set the 
energy E equal to zero in all the energy denominators 
except those for the states which contain all m ex- 
changed mesons. The resulting contribution to U(£) 
we call Umax(Z). It can be shown that V=Umax(0) 
(i.e., E is set equal to zero in all the energy denomi- 
nators) and A=—[(d/dE)Umex(E) |z<0. This may be 
shown by considering the interaction representation, 
and the corresponding Feynman graph interpretation 
of &,, and its matrix elements; the expression of matrix 
elements in terms of renormalized quantities was ob- 
tained by considering the Heisenberg representation. 
A relation between the renormalized expansions for A 
and V may be obtained as follows: In the one-nucleon 
matrix elements in (I, 11’), closure expansions over 
states m, and my, are inserted between the creation and 
destruction operators ; if the summand is then multiplied 
by E(n.)+E(n,)+>;K;, the expansion for V is 
obtained. 

It is not hard to verify the remarks above by explicit 
calculation for the two- and three-meson exchange 
terms; for instance, diagrams (a) and (b) in Fig. 2 
(which are to be interpreted as referring to renormalized 
quantities) give the same contribution to V as to U(0), 
while diagram (c), which is not a maximal diagram, 
is excluded from V. The contribution of diagram (c) to 
the interaction energy E is obtained when we include 
the one-meson Heitler-London state ®,,,, in the expan- 
sion of the eigenstate W,,. The contribution of the 
maximal three-meson diagram [Fig. 6(a) ] is similarly 
included in V (the vertical dotted line denotes the 
intermediate state in which all three mesons are 
present) while diagram 6(b), which is excluded from V, 
is likewise included in the contribution of the one- 
meson state ®,, x. 
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Fic. 6. Graph (a) is maxi- 
mal, (b) is nonmaximal. 
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Since the terms included in the expansion of V zy are 
just a subset of the terms which contribute to U.,, and 
in fact, are the terms in which the energy denominators 
are especially large, we may expect the expansion for 
V.y (and that for A,,) to converge considerably more 
rapidly than the expansion of the Tamm-Dancoff 
method. The terms which might cause the expansion 
for U(E) to converge slowly, or not at all, are separated 
off and treated by a different method. Furthermore, 
the complications which arise from the explicit energy 
dependence of U(E) are absent in the Heitler-London 
method, in particular, all nonadiabatic effects are 
associated with the contribution of the “excited” 
Heitler-London states, which, it may be anticipated, 
will make such effects easier to understand. 

The relation of the Heitler-London to the Tamm- 
Dancoff method gives the interesting result, that the 


~ Eo + Eo2 
Eo + Eo2 + Eos 











Fic. 7. The energy Eo, calculated from the basic Heitler-London 
states for the @o and Oo states (which comprise the triplet even 
states). The two-meson curve is not shown for the (po state. 


approximation 
V (E) =V max (0) “f- EL (d/dE) Vmax (E) Jo 


provides a variational approximation to the interaction 
energy E. We also note the importance of examining 
the E dependence of the Tamm-Dancoff energy de- 
nominators. 

It is clear from the remarks above that the calculation 
of Vz, is completely analogous to the calculation of A zy, 
so we do not need to discuss in detail either the method 
of calculation or the accuracy of the results. The 
expectation value of the energy in the state ®,, is 
E(r)=V2,/(1+Az,). When only a few terms of V 
or A are calculated, the various ways of representing 
the ratio might give somewhat different results, and we 
wish to choose the way which gives the most rapid 
convergence. Note that V,~—nw(r)A,, and in the 
present linear model, when m is large, An~CB"/n!, 
where C and B are functions of the spin and position 
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variables. If the A, and V, have the forms cited, it 
appears that the most simple way of attaining rapid 
convergence is to expand (1+A)~ and group in the 
expanded ratio all terms which contain the same 
number of exchanged mesons, as follows: 


Eo= Ent Eo2t Lost : +: ; 
Eu=Vi, 

Eoo=V2—AiVi, 

Eos= V3—A1(V2—A1V1)— Aa, 


(13) 


Successive approximations obtained from Eq. (13) 
are plotted in Figs. 7, 8, and 9. It can be seen that rather 
rapid convergence is obtained in 7=0 states, especially 
in the @o state. However, Eo2 and Eo; are obtained as 
the differences of large numbers, and therefore are not 
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Fic. 8. The solid lines denote the one- and two-meson con- 
tribution to the energy £o of the singlet states. The dashed lines 
indicate the one-meson contribution. 


given very reliably by the present calculation. Never- 
theless, we note that the one-meson potential is much 
more important than the corrections which are obtained 
in the Heitler-London approximation. The uncertainties 
in the potential which arise from the uncertainty in 
the model are apparently more important than the 
higher order corrections to Eo, especially in the @®po 
state. In T7=1 states, however, the convergence proper- 
ties seem to be quite different; we note that the two- 
meson contributions are strongly attractive, particularly 
in the @, state. It is likely that the three-meson terms 
are also important in 7=1 states, but, as we shall 
discuss, other effects, which are harder to calculate, 
appear to be so large in 7=1 states that it does not 
seem useful to carry further the calculation given above. 

The close relation between the change in the average 
number of mesons in the field, the energy Zo, and the 
corrections to the norm, which was discussed above, is 
also seen in a comparison of Fig. 10 with Figs. 5 and 7. 
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Fic. 9. Same as Fig. 8, for the @; and 0; states 
(which comprise the triplet odd states). 


Note that at the distances at which the expansions 
converge well, 5V is much smaller than 2No. 


III. ROLE OF THE EXCITED STATES 


In this section we shall examine the contribution of 
the excited configurations of the meson field to the 
state vector V,, and the energy £. In the Heitler- 
London representation these excited configurations are 
expressed in terms of operators which create nucleons 
in meson-scattering states.” 


0.4 








-0.8> 


Fic. 10. The amount 6N by which the average number of 
mesons in the (po and Op states differs from that of two isolated 
nucleons. The solid curves denote the value of 6N calculated from 
the basic Heitler-London state; the dashed curves denote the 
result of including the two-meson excited state. Note that use of 
the basic Heitler-London state does not imply that 5N=0. This is 
a consequence of the statistical correlations between the mesons 
in the individual clouds, which are properly included. Note also 
that 5N is small compared with 2No for r>0.3, and that the sign 
of 5N is related to the sign of /o as shown in Fig. 7. 


2” The definition of the excited Heitler-London states given in I 
and used in this section differs from that of Novozhilov, reference 
17, and also Iu. V. Novozhilov, J. Exptl. Theoret. Phys. U.S.S.R. 
35, 742 (1958) [translation: Soviet Phys. JETP 35(8), 515 
(1959) ]. Vestnik Leningrad. Univ., No. 16, Ser. Fiz. i Khim., 21 
(1958). 
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We approximate the exact state vector by 
Viy=xPyt>d, k x(k) Pry ke 


An equation for x(k) is found by minimizing the 
expectation value of the energy. It is convenient to 
use as base vectors for the one-meson states, states 
which are orthogonal to the basic state, and which are 
approximately normalized. Therefore we write 


x(k)=T¢(), 
xo=T'[go—e TA (; G(R) J, (15) 
where I'= (1+A)-4, and A (; k)= (#2,,P2y,x), as defined 
in I. We use a matrix notation in which I, A, and 
A(;k) are considered as 16X16 matrices. The coupled 
equations for the amplitudes are 


Edo _ Ewot>. k W (k)p (k), 
Eo(k) + ED 1 B(k,))o()) =W" (k)bo+ (Eo+ K)O(2) 
+L Wk DO. 


In Eq. (16), Eo is the expectation of the energy in the 
basic state, as calculated in the previous section. 
Furthermore, in terms of the quantities defined in I 
and above, 
W (k)=TLV(; k)— 0A (; &) IT, 
B(k,l) =T[A(k; D—A(kjT?A(;) II, 
W (k,)=TLV (Rk; D4+3(K+L)A(k; 2) 
+A (k;)T?EA (;1)—V(Rk;)T2A (5) 
—A(k;)T?V(;) ]P. 
From the general expansions given in I it can be 
shown that the one-meson exchange part of W'(k) is 
W1'(k)=Dop ((xk| Vp*|xXy| Vol 9) 
+(x| V *|x)yk| Vp] y))LP + (K+P)-*]. 
This may be expressed in terms of the scattering ampli- 
tude for a meson with momentum &, and is therefore 
quite independent of many of the details of the model, 
although it is sensitive to the cutoff function. Note 
that we may always write W'(k) as the sum of two 
terms, W'=W,'+W,', where W,' contains the meson 
scattering bra (xk| , and can be considered to be the 
part of W' which excites the nucleon at x into a one- 
meson scattering state. We may similarly write W (k,/) 
and B(k,l) as the sum of four terms. This suggests 
writing ¢(k) =¢.(k)+¢,(k), where 
(E— Eo— K)o.(k) + E(B.2+ Bz) (¢:+¢y) 
= W 'bo+ (WieztWey) (¢:+¢y). (19) 
In Eq. (19) the meson momentum has been absorbed 
into the matrix notation. We also have 


(E—E,)¢o=Wh:+ Wh, +W ih, +W bc 


The solution of Eq. (19) is very complicated in 
general. At large distances we expect that 


o2(k)~ —K-'W1z' (hk) do, 


(14) 


(16) 


(17) 


(18) 


(20) 


(21) 
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but the multiple scattering effect gives corrections of 
relative order r~'. Note that if we use Eq. (21), the 
last two terms of Eq. (20) give contributions to the 
energy E which have the form of a three-meson ex- 
change, and which we must therefore drop, since we are 
making no attempt to calculate the three-meson terms. 
However, the integration over the intermediate meson 
momentum involves the scattering cross section; if the 
cross section had a narrow resonance, this would give 
an exponential falloff at large distances which was 
almost as slow as the e~** decrease obtained from the 
first two terms, and it is desirable to prove that such 
terms are actually spurious and are cancelled by terms 
coming from corrections to Eq. (21). 

As a consequence of the multiple scattering effect, 
the states @,,, are very imperfectly orthogonal, and 
¢, and ¢, are only in a very loose sense interpretable as 
amplitudes for excitation of a given nucleon. For 
instance, a typical term in A (k;/) is 


> p (P—K+zin)“!(P— L¥in)-\(xk| V p|x)y| Vp*| 92), 


which at large distances involves derivatives with 
respect to r of the singular factor 


(L— K-+in)“'r“"(e2 ilr__ 9+ ir). 


Similar singularities occur in the higher order terms of 
W (k). If we use as an approximate solution of Eq. (19) 
the following equation: 


b2> —K-" (Wit +Wo2')bot+ KW 2yK Wy", 


we find, by using the Low scattering equation, that the 
contribution of the singular three-meson terms to the 
energy are cancelled and the remaining three-meson 
terms decrease with the exponential factor e~*”. By 
adding additional terms to Eq. (22), this procedure of 
cancelling the long-range multiple scattering effects can 
be carried further. 


(22) 
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Fic. 11. The additional attraction obtained from the excited 
Heitler-London state in which one meson is being scattered by a 
nucleon. Only the (3, $) resonant scattering was included in the 
calculation. 





INTERACTION 


The discussion above shows that the appropriate 
perturbation solution of Eq. (19) gives the following 
estimate of the contribution of one-meson states to the 
energy : 


§E\= (E— Eo) = — x K—[Wie(k) Wis! (Rk) 
+W1,(k)Wiy'(e) J. 


This is precisely the counterpart of diagram 2(c). In 
evaluating Eq. (23) we use the isobar-approximation 
described in Sec. II. The results are shown in Fig. 11. 
An estimate of the probability that one of the nucleons 
is excited into the resonant or “isobar”’ state is given by 
P,=—6E,/wo. Since we have used a perturbation 
method to calculate ¢.(k), Eq. (23) is not accurate 
unless P;<«1. From Fig. 12 it is seen that this restricts 
the validity of Eq. (23) to rather large distances, but 
we may certainly infer that the one-meson configuration 
must play an extremely important role in 7=1 states 
at small distances. 

In evaluating the contribution of two-meson states 
to the interaction energy, we neglect meson production 
in meson-nucleon collisions, so one meson must be 
scattered by each nucleon. The method applied above 
then gives 


§E2= — Dont Wilk) (K+L) Wi (kD), 


(23) 


(24) 
where 


W1' (kyl) = Qi (xk| Vp*| xX y1| Vly) 
<[(P+K)-!+ (P+L)-4J. 


The probability of finding both nucleons excited into 


sh 














Fic. 12. The curves labeled @;, ©, and §; give the probability 
P, of finding the one-meson excited state present in these eigen- 
states. The curves labeled @» and Oo give the probability P: that 
the two-meson configuration is present. The So curve (not shown) 
is similar to those for Mo and Op. 
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the resonant state is approximately P2= —dE2/2wo, 
which, for the ®o and Qo states, is also shown in Fig. 12. 
In T7=0 states, if we neglect the scattering in all but 
the resonant (3, $) state, we find P,;=0; by using the 
values of a; and az given in Sec. I we may estimate that 
in the @o state P; is about equal to the value of P2 
shown in Fig. 12, while in the Oo state P; is probably 
somewhat larger than P2. These values are of course 
very rough. In the T=1 states, the other scattering 
amplitudes give a negligible contribution to P; except 
in the ©, state. The contribution of the two meson 
states to the average number of mesons in the cloud is 
indicated by a dashed line in Fig. 10. 

At small distances, the perturbation theory method 
outlined above is not a convenient way to study the 
excited configurations. A more suitable approach is to 
use a variational method, with a simple trial function 
¢(k). The differences in the energies Zp obtained from 
the basic state become larger than wo at small distances, 
so in states in which a strong repulsion is obtained from 
the basic state, there is a tendency for ®,,,, or Pry,x1 to 
become a major component of the eigenstate; the 
variational method appears to be the only suitable way 
to treat such effects. 

An interesting insight into the role of the excited 
states is obtained from a comparison with the results of 
Zharkov”! and Matsumoto ef al.?? who used perturba- 
tion theory to treat a model in which the nucleon core 
has an excited state (the isobar). We have shown that 
for T=0 states it is indeed a good approximation to 
replace Eo by the second order perturbation theory 
result; furthermore, the contribution of the excited 
configurations given by Eq. (23) and Eq. (24) can be 
seen to agree exactly with the contribution of the 
isobar to the corresponding terms of Zharkov’s results, 
if one makes an appropriate identification of the 
coupling constants, and remembers that in the calcula- 
tions reported here an extended source was used, while 
in those of Zharkov a point source was used. Zharkov’s 
coupling constant for the isobar, g:, is related to the 
parameters used here by the relation g,?/g’?=a;/6. 
However, while Zharkov used approximately the same 
value for g? as we use for f?/4z, his value for g,? is twice 
as large as that which is obtained from the more funda- 
mental approach of this paper, and his numerical 
results therefore seriously overestimate the effect of 
the isobar. 


IV. DISCUSSION 


The method suggested in I, the expansion of the 
state vector in Heitler-London states, provides a 
straightforward, unambiguous way of deriving auto- 
matically renormalized expressions for the interaction 


21G. F. Zharkov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 1211 
(1958) [translation: Soviet Phys. JETP 34(7), 837 (1958) ]. 

2 Matsumoto, Hamada, and Sugawara, Progr. Theoret. Phys. 
(Kyoto) 10, 199 (1953); T. Matsumoto and M. Sugawara, Progr. 
Theoret. Phys. (Kyoto) 12, 553 (1954). 
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Fic. 13. The “radially adiabatic” potential V, calculated by 
the method discussed in the Appendix. The solid curves show Va 
as calculated from Eo(@o) and Eo(Qo) and for comparison the 
corresponding central potential V.. The dashed curve shows the 
result of including 5: in the calculation of Va. 


energy. The full utility of the method, however, lies in 
the fact that renormalized expressions for all matrix 
elements may be derived by similar techniques. In this 
paper we have only examined, as a by-product, the 
average number of mesons in the field (Fig. 10), 
although this quantity is of interest merely as an 
illustration of certain qualitative features of the struc- 
ture of two-nucleon states. A more extensive examina- 
tion of two-nucleon states, using a more realistic model, 
will be required before we may acquire confidence in our 
understanding of nuclear interactions. Our principal 
conclusion is that we may anticipate that the Heitler- 
London method will be useful for this purpose. 

We may, nevertheless, also draw from the numerical 
results several interesting conclusions, which are differ- 
ent for T=0 and J=1 states. In T=0 states the cor- 
rections to the one-meson potential are mostly small 
and masked by the uncertainties in the form of the 
one-meson potential at small distances. While an addi- 
tional attraction at small distances is obtained from 
the excited Heitler-London states (see Figs. 12 and 13), 
the use of the static approximation is quite suspect for 
these terms, and their contribution is not larger than 
other effects one might reasonably anticipate at the 
distances (r<0.6) at which they become important. 
We may therefore conclude that for 7=O0 states the 
only important qualitative features of the potential 
which may reasonably be inferred from the static model 
are just the features of the one-meson potential. 

The principal characteristics of the one-meson poten- 
tial in 7=0 states are a strong, attractive tensor poten- 
tial, and, in the So state, a very weak attraction at large 
distances and a strong repulsion at smaller distances. 
It has been shown**?! that the one-meson potential 
gives a reasonable description of the properties of the 
deuteron. The uncertainty in the pion potential at 
small distances gives just enough freedom to allow one 
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to fit the binding energy easily. Therefore, there is as 
yet no evidence for important nonpion effects in T=0 
states. It must be noted that the theoretical arguments 
underlying the Gartenhaus’ potential differ from those 
given in this paper in two important respects. In the 
Gartenhaus potential, all the scattering corrections 
were omitted, and, moreover, the terms which correct 
the expectation value of the energy for the improper 
normalization of the state vector [the terms involving 
the A, in Eq. (13) ] were omitted. Fortunately, these 
two corrections have opposite signs and so tend to 
cancel; furthermore, they are not as important as the 
T=0 one-meson potential. 

The higher order corrections to the 7=1 potentials 
appear to be very important (partly because the one- 
meson energy is only § as great as in the corresponding 
T=0 states). The perturbation theory part of Ep: is 
more attractive and does not cancel the attractive 
scattering corrections. In addition to’ Zo, there is an 
enormous attraction at small distances from the one- 
meson excited states (see Fig. 11), although our approxi- 
mative calculation probably overestimates this effect. 
It is clear from Figs. 8, 9, and 11, that strongly repulsive 
nonpion effects (or pion effects which have not been 
included) must enter at very small distances, otherwise, 
agreement with our empirical knowledge of these states 
would not be possible. 

It can be seen from Fig. 9 that the T=1 tensor 
potential is greatly reduced by the two-meson terms 
in Eo, and changes sign at r~0.4 (such a sign change 
also occurs in the Gartenhaus potential). If the energy 
6E, (Fig. 11) is added to Eo, the sign change occurs at 
r~0.7, and the tensor potential becomes strongly 
attractive at smaller distances. This contradicts one 
of the assumptions from which the existence of a 
strong spin-orbit potential was inferred;’ so to the 
extent that the static part of the interaction may be 
deduced from the adiabatic approximation, these results 
tend to weaken the empirical evidence for a spin-orbit 
interaction. 

The only published numerical results which are 
similar to those given here are those of Konuma, 
Miyazawa, and Otsuki.5 The KMO potential is just the 
sum of our Eo, 5E;, and 6E2, with a small additional 
contribution from the S-wave pion-nucleon interaction ; 
a point source was also used for the calculation so the 
results correspond to ours only for r>0.8. It has been 
shown that terms can be added to the static-model 
interaction Hamiltonian in such a way that the low- 
energy S-wave meson scattering is reproduced.* Our 
methods would then lead to the same S-wave contribu- 
tion as that in reference 5 (except for a reduction due to 
the finite source). Since there is no reason to believe 
that such a description of the S-wave interaction can 
give better than a very rough estimate of the correct 
S-wave effects, and since it has been shown in refer- 


% Drell, Friedman, and Zachariasen, Phys. Rev. 104, 236 
(1956). 
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ence 5 that the S-wave effects calculated in this way 
are very small, we have not attempted to include them. 

We have already remarked that the Heitler-London 
method, compared to an approach like that used in 
reference 5, has the advantage that a straightforward 
calculation of additional properties of two-nucleon 
states is easily made. In addition, the separation of 
the effects obtained from the basic Heitler-London 
state from those associated with the excited states is 
very useful. This separation makes it easier for us to 
judge the accuracy of the calculation and the validity 
of the adiabatic assumption. The expansion for the 
energy Eo apparently converges quite rapidly, but 
while we may be sure that the excited states given an 
additional attraction, the discussion in Sec. III shows 
that it is very hard to calculate this attraction accu- 
rately. 

Nonadiabatic effects are also particularly associated 
with the excited Heitler-London states, especially the 
one-meson states. As pointed out in Sec. IT, the con- 
tribution of these states corresponds to the graphs with 
relatively small energy denominators. The importance 
of nonadiabatic corrections to 6Z; can be estimated by 
the ratio €/wo, where e, the kinetic energy of the nucleons 
in the interaction region, is always quite big.“ The 
large attraction which was obtained from the one- 
meson excited states is therefore an indication that the 
static potential concept has limited utility in T=1 
states. Only by including explicitly the excited con- 
figurations of the meson field can nonadiabatic effects, 
especially such nonadiabatic phenomena as real meson 
production, be adequately treated. A natural general- 
ization of the usual semiphenomenological approach, 
as suggested by the Heitler-London method, would be 
to consider not a Schrédinger equation for a single 
wave function, but coupled equations for amplitudes 
go(r), ¢i(r,k), and ¢go(r,k), where go(r) would denote 
the amplitude for finding unexcited nucleons displaced 
by the amount 7, and ¢;(r,k) the amplitude for finding 
the ith nucleon scattering a meson. The numerical 
results obtained in Sec. III suggest that such an 
approach might lead to conclusions which differed 
considerably from those obtained by assuming that a 
static potential could correctly describe the true inter- 
action for r<1 in T=1 states. 
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*4 As a simple illustration, note that in the ‘So state of two 
protons, the intermediate isobar-nucleon system forms a °Dpo 
state, in which the centrifugal energy alone is greater than wo 
when 7 <0.65. 
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APPENDIX 


In the adiabatic approximation the interaction energy 
E,, is interpreted as the potential energy of a two-body 
Schrédinger equation. The conventional central and 
tensor potentials are obtained from the relations 


3V c=2E(0)+E(0), 
6V r= E(0)—E(0). 


However, the representation of the wave function by 
orbital angular momentum eigenstates is not necessary, 
and is not particularly convenient unless the centrifugal 
energy is large compared with 6V 7; in the deuteron, 
at distances where the interaction is strong, this is not 
the case. The introduction of radially adiabatic eigen- 
states makes the influence of the tensor force much 
more clear.?® 

We first note that the states with L=J are pure @ 
states, and that the *Po state of two protons is a pure 0; 
state. In the other cases, we begin with the usual 
coupled equations for amplitudes u(r) (L=J—1) and 


w(r) (L=J+1): 


1 J(J-1) 2(J—1) 
——0"' +$————u-+ V cu————_-Vru 
M Mr’ 2I+L 


6[J(J+1) }! 
——_—_———_V po= En, 
2I+1 
(J+1)(J+2) 2(J+2) 
Scetca iaaemcees cw—-———_V rw 
Mr? 2I+1 
6[J(J+1)}3 


2J+1 


(Al) 


7 pu= Ew, 


where the primes indicate differentiation with respect 
to r. We transform these coupled equations by writing 


u(r) = t(r) cosa—wW(r) sina, 


w(r)=wW(r) cosa+%(r) sina, (A2) 


where a is a function of r which is chosen to diagonalize, 
at a given separation of the two nucleons, the sum of 
the tensor and centrifugal potentials. Let 


ps=—3MrV 7/(2I+1); 


ps denotes the ratio of the splitting of the ® and 0 
states at a given distance r to the centrifugal splitting 
of the L=J+1 states at the same distance. Then 


tan2a y= 2pyJ*#(J+1)¥/ (py +2J+1). 


25 R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 
In this reference, the transformation given below was introduced 
in conjunction with the WKB approximation. We shall show that 
it may be formulated in a rigorous and generally useful way. The 
work “adiabatic” in the remainder of this Appendix refers to the 
spin-angular eigenfunctions, and should not be confused with the 
assumption that the meson field follows adiabatically the motion 
of the nucleons. 


(A3) 


(A4) 
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The coupled equations for @ and w are 


1 1 d d 
——a'+Vait (n+ a! )w= Ea, 
M M\ dr dr 


1 1 d d 
—— "+ Viw— (« + «’) u= Ew. (A6) 
M M\ dr dr 


If a spin-orbit interaction is added to (A1), an appro- 
priate modification of (A3) leads again to equations of 
the form of (A5) and (A6). 

A small term from the radial kinetic energy is in- 
cluded in the adiabatic potentials V, and V,. If py>0 
(as in the deuteron), V, and V; have the form 


V.=E(0)+ LJ (J—1)/Mr’ ]+A+a”/M, 
V,= E(0)+[(J+1)(J+2)/Mr?]—A+a”?/M, (A7) 
where 

A=[J—J*(J+1)! tana, |LZ(0)— E() ]/(2J+1). 
When there is a very weak, attractive tensor potential 
(py a 0+), 


J J+1 
A - LE 0)-- E(@) | 1-». +0(04")] 
+1 2J+1 


2J 


When py — ©, the 0 and @ states become eigenstates, 
tanay > J*(J+1)-4, and 


Vo~E(0)+(J2+J)/Mr, 
Vie~ E(0)+ (J2+J+2)/Mr?. 
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When ps— —©, the expressions (A8) for V, and V, 
are interchanged. 

In the deuteron (where J=1), p>1 when 0.3<r<1.2, 
and V, therefore differs greatly from V,, as is shown in 
Fig. 13. It should be noted that (A5) and (A6) can be 
derived from a variational principle; therefore if w is 
set equal to zero in (A5), the resulting equation for @ 
gives an upper bound to £. The coupling between the 
adiabatic eigenstates depends on the product of a’ and 
the radial velocity**®; when r>0.5, a’S0.2, so the 
coupling is sufficiently small in the outer part of the 
deuteron that perturbation theory can be used to 
calculate its effect in this region. At small distances, 
the coupling term in (A5) is larger, but its effect is 
masked by the uncertainty in Vg. The quadrupole 
moment depends on a, w, and w at large distances, and 
the contribution of w depends mainly on a and @ at 
large distances, because V, gives an extremely strong 
repulsion at small distances. This shows (in accordance 
with the conclusion of Iwadari ef al.*) that the quad- 
rupole moment of the deuteron depends primarily on 
the one-meson part of the interaction at large dis- 
tances, where the size of the source has a small effect. 

The error in the calculated V, for the T=0, J=1 
states depends primarily on the error in the calculation 
of E(@) since the @po state is the principal component 
of the radially adiabatic eigenstate. We have 


5V.=5E() cos?(@—a)+5E(0) sin*(a—a), 


where 
a&=tan-!(2-4). 


26 Thus when the radial velocity is assumed very small, as in 
the WKB approximation (reference 25), one has only Eq. (A5) to 
consider. 
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In order to trace out with more understanding the consequences of general relativity it is advantageous 
to have exact solutions of Einstein’s field equations which show more detail than the familiar solutions 
with their high symmetry. In the present investigation, based on the method of separation of variables, 
all solutions of the field equations for empty space have been found which (1) have the “linked pair” form 
86j =6,;A 22 (2,1) B,? (2,23), and which (2) are nondegenerate—so far as could be determined—in the 
sense that all the g;; cannot be reduced to functions of only two variables. Other solutions have been 
obtained from the solutions of the above form by interchange of variables. Explicit expressions are given 
for all twenty nondegenerate solutions, all apparently new. Of degenerate solutions, ten are presented, 
not all of them new. All thirty solutions are examined with respect to possible physical and geometrical 


interpretations. 





1, NEED FOR ADDITIONAL EXACT SOLUTIONS 


ECENT work increases the suspicion that general 

relativity has many unusual consequences not 
yet brought to light nor assimilated into the rest of 
physics. It is reasonable to believe that it will help in 
reading out these consequences to have a substantial 
increase in the number and variety of exact solutions of 
Einstein’s field equations which are available for 
analysis. This paper presents twenty solutions that 
depend upon three variables, all apparently unknown 
previously. They are offered as raw material for future 
studies about the nature of singularities, about the 
topology of space-time, and about the kind of events 
that can happen in a universe of pure ‘‘geometro- 
dynamics.” 

The most familiar of exact solutions of Einstein’s 
field equations known today are (1) the Schwarzschild 
solution for a point mass'; (2) the Reissner-Nordstrom 
solution for the combination of a point mass and a point 
charge’; (3) the solutions of Friedmann (pure dust), and 
Tolman (pure radiation), and Gamow (mixture) for the 
dynamics of a universe uniformly curved in space'; 
(4) the cylindrically symmetric gravitational waves of 
Einstein and Rosen’; (5) the plane gravitational waves 
of Bondi‘; (6) the pure source-free time-symmetric and 
axially symmetric gravitational waves which, as Brill 
has proven, have positive definite mass and which— 
endowed with sufficient strength—curl up the metric 
into a closed space’; (7) multiply connected spaces 


* Based on a thesis submitted to Princeton University in partial 
fulfillment of the Ph.D. requirements, May, 1959. 

t Work assisted in part by the Office of Scientific Research, 
Air Research and Development Command. 

t Presently at Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

1See for example L. Landau and E. Lifshitz, The Classical 
Theory of Fields (Addison-Wesley Press, Inc., Cambridge, 1951). 

2 See for example, H. Weyl, Space, Time, and Matter (Dover 
Publications, New York, 1922), p. 261. 

3 See for example J. Weber and J. A. Wheeler, Revs. Modern 
Phys. 29, 509 (1957). 

*H. Bondi, Nature 179, 1072 (1957); Reports on Progress in 
Physics (The Physical Society, London, 1959), Vol. 22. 

§ Dieter Brill, Ann. Phys. (N.Y.) (to be published). 


endowed with many ‘“‘wormholes” in which source-free 
electric lines of force are trapped to produce classical 
electric charges—solutions for which Misner and 
Wheeler® have given exact expressions at a moment of 
time symmetry; and (8) Bertotti’s exact solution’ for a 
space permeated with a uniform or covariantly constant 
electromagnetic field. 

Reasons for wanting additional exact solutions of 
Einstein’s field equations are readily apparent from a 
look at four sample areas of inquiry having to do with 
(1) the question whether singularities are always bound 
to appear, (2) departures of gravitational fields from 
spherical symmetry, (3) interactions of gravitational 
waves, and (4) snap-over from one topology to another. 

(1) Is there any general answer as to the fate of a 
solution of Einstein’s field equations as time evolves? 
Only for a finite proper time is the familiar spherically 
symmetric Schwarzschild solution free of singularity.’ 
Only for a finite time is an isotropic homogeneous closed 
universe free of singularity, regardless whether the mass 
arises from a uniform distribution of dust (Fredmann), 
or radiation (Tolman), or any mixture of the two 
(Gamow). Is this finiteness of the time a property of 
these special models, or is it a feature to be expected 
quite generally? Additional special solutions will give 
more background for considering this question. It does 
not help in securing a general answer, although it is 
most interesting, to learn the general theorem? that no 
set of time-like geodesic curves can be continued without 
intersection or other singularity for all time orthogonal 
to an initial space-like surface unless that surface is flat. 
What one wants is information about the intrinsic 
geometry of the 4-space, not about a particular coor- 
dinate system. 

(2) One knows that the electric potential near a point 


6C. W. Misner and J. A. Wheeler, Ann. Phys. (N.Y.) 2, 590 
(1957). 

7B. Bertotti (to be published). 

8 M. Kruskal (to be published). 

9A. Raychaudhuri, Phys. Rev. 98, 1123 (1955); 106, 172 (L) 
(1957). A. Komar, Phys. Rev. 104, 544 (1956). 
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charge can be expanded in the form 


V=e/r+>. Crm¥%™ (0,¢)r'. 
l,m 


What are the analogous departures from the Schwarz- 
schild solution? Can one find exact solutions for certain 
sample cases of a Schwarzschild metric as modified by 
a nonsymmetrical environment? How do these modi- 
fications affect the orbital motion of a planet or an 
idealized test particle? 

(3) How do gravitational waves interact with each 
other and with Schwarzschild centers of mass? Can one 
find exact solutions” that describe special cases of either 
type of interaction? 

(4) When gravitational waves implode into a limited 
region of space and create exceedingly strong local 
curvatures, or when strong fluctuations in the metric 
develop from other causes, can the topology snap over 
from one connectivity to another? What can one do to 
find out what types of snap-over are possible? How 
does the metric vary in the immediate neighborhood 
of the critical point? This question recalls the problem 
in hydrodynamics" to analyze fluid flow as the neck 
between two masses of liquid breaks during fission. The 
topology of the droplet changes with time in the ex- 
ample, yet the continuum equations of hydrodynamics 
suffice to analyze what goes on right up to and right 
after the moment of fission. 


2. SIMILARITY SOLUTIONS AND LINKED 
PAIR SOLUTIONS 


This investigation began with the hope to investigate 
the analogous fission process in geometrodynamics, near 
the point of fission. The equations in both cases are of 
course nonlinear. Therefore Wheeler suggested that 
solutions of the field equations of general relativity 
could be sought by the similarity methods familiar in 
hydrodynamics. Consider, for example, a shock wave 
that strikes the corner of an object and is reflected from 
it (Fig. 1); then it is found that, close to the corner, 
the ratio of the radius r of the reflected wave to the 
time ¢ since impact is a constant.” Thus, r//=k, or 
r—ki=0. That the similarity principle behind this 
experimental result and others can be used to solve the 
nonlinear equations of hydrodynamics has long been 
known." A partial differential equation invariant under 
a similarity transformation admits solutions that are 
also invariant under the transformation. For example, 


1 Bondi and Robinson give an exact solution which they 
interpret as describing the interaction of two plane gravitational 
waves. See also reference 3. 

1 See E. Power and J. A. Wheeler, Revs. Modern Phys. 29, 480 
(1957), for a table of analogies between general relativity and 
hydrodynamics. 

2 This result has been found experimentally in this laboratory: 
W. Bleakney and A. H. Taub, Revs. Modern Phys. 21, 584 (1949). 

148 For a summary see for example G. Birkhoff, Hydrodynamics: 
A Study in Logic, Fact, and Similitude (Dover Publications, New 
York, 1955), especially Chap. IV. 
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the nonlinear equation 
(0u/ 01)’ = 0?u/ dr? 


is unchanged by the similarity transformation r’=ar, 
t’=a%t, u’=a*)/24, Thus the two variables v 


v=u/7%2)2 and x=r/t 


are also unchanged by this transformation. It follows 
that the trial solution given by 


v= F(x) 


is also invariant under the transformation. Substituting 
this trial solution u into the partial differential equation, 
one reduces it to an ordinary differential equation for a 
function of a single variable. 

Guided by this example, we considered metrics that 
depend only upon selected combinations of certain 
coordinates, thus 


8i5=Ais(f(r,2)/g(0)) Bis), (1) 
gis=Aij(r/a(t), 2/b(t))B;;(0). (2) 


It should be mentioned, however, that the ratios of the 
functions of the coordinates appearing here are not 
necessarily invariants in the sense discussed above. 
When these proposed similarity expressions for the 
metric were substituted into the equations of general 
relativity, it was found that the equations to be solved 
were too difficult to work with, and thus it was found 
desirable to search for a simpler form. The search 
proceeded as in the following outline. 

(1) As was assumed implicitly above, the demand 
was made that all the metric coefficients g;; should be 
independent of the coordinate 2°. If we require, in 
addition, that the metric be invariant under the trans- 
formation 2?=—.?’, then it follows that (2) the metric 
can be diagonalized. We note first that the coefficients 
gi; of the differential terms dx‘dx* (142) vanish; this is 
an immediate result of the condition stated in the 
previous sentences. We then make a coordinate trans- 
formation of three coordinates 2°, x!, «°: 


= S(x",x",x"), a= g (29, a0' 20"), e=h (20'9,a0/1,20'8), 


and 


We impose on the three functions /, g, and / the three 
conditions that each of the remaining nondiagonal 
metric coefficients go1, gos, and giz should vanish. This 
completes the argument. 


Fic. 1. Shock wave reflected from a corner. 





FIELD EQUATIONS OF 

If forms (1) and (2) are assumed to be diagonal, then 
it is still found that the field equations are too com- 
plicated to work with easily. Accordingly, an alternative 
requirement was made. (3) It was demanded that the 
metric should have the possibility to represent a wave 
traveling in the x! direction or in the 2° direction or 
both, in this sense, that the g;; should have the “linked 
pairs” form 


(3) 


Here e95=—1, e:=¢€2=¢€3;=1. Of course, it is not said, 
nor is it true, that every solution of this form represents 
a wave. It is true, however, that form (3) may admit 
similarity effects; a special case of (3) is a metric of the 


form 
f(x) g(x*) 
a(x) b(x°) 


Another special case of (1)—(3) is a solution of the 
field equations in which one of the variables 2°, x', or «3 
does not appear. Such solutions are here called de- 
generate. Degenerate solutions were discarded (1) 
because solutions in two variables have been quite 
thoroughly treated in the literature," and (2) because a 
great saving in work resulted. However, special work 
was required to identify solutions, ostensibly dependent 
on three variables, which actually reduced to functions 
of two variables; several of these were found. All ten 
degenerate solutions are solutions which at first looked 
as if they were functions of three variables. The twenty 
nondegenerate solutions do not, apparently, reduce to 
functions of two variables. 


8is= 6; ;e:A ? (2°20) B? (x°,x3) . 


3. THE FIELD EQUATIONS FOR A 
DIAGONAL METRIC 


The Riemann curvature tensor R;;,; and the con- 
tracted or Ricci curvature tensor R,,—which is to be 
zero in regions where space is empty—both take par- 
ticularly simple forms when the metric is diagonal and 
is expressed as an exponential: 

£in=5ne:€%*, (5) 


where ¢9>=—1, e¢:=€2=e;=1. The reciprocal of the 
metric tensor is 


g* = e667. (6) 
The Christoffel symbols 
TD ‘gg=3g'" (gmk, t+ &mi, k— Lk, m) (7) 
reduce ww the form 
DP pr = Seifert Oirfin—Serereie*" fy, i, (8) 
where the comma denotes ordinary (not covariant) dif- 


M4 For example: H. Weyl, Ann. Physik 54, 117 (1917); A. Ein- 
stein and N. Rosen, J. Franklin Inst. 223, 43 (1937). 
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ferentiation. All components of the Riemann curvature 
tensor 
R im=T em Tet mT a em—T nem (9) 
vanish except those of the following form: 
Rin =R i= —R in= — Re n=—e ee SOR ny, 
ot eee Fi Ri, 
=firtesthisft.i—fi,ifie— Sr, iks 
(il, lAk, k¥i) 


(10a) 


and 
R y= —R n= CeO -OR YY 
ee ee a ee 
—fiw—- Lo eiemeYi™ f; mftm, (tl). (10b) 


mHi,l 


The contracted curvature tensor 
Ru= RI; 5x 


has diagonal components 


Ris=D Seshis—fr,e—freteeierem 


Ai 


X(fifia-fir—fiu-fia LD fma)j, (12a) 


m#i,l 


and off-diagonal ({#k) components 


Riu= DL (furheitSielrimfriftam fri), 


LAi,} 


(i¥k). 
(12b) 


4. APPLICATION OF TECHNIQUE OF SEPARATION 
OF VARIABLES TO OBTAIN LINKED- 
PAIR SOLUTIONS 


We now specialize to a metric of the linked-pair form 


(13) 


8ij=5;;¢:A 2(a,2) Be (x9,24), 


and find that of the 10 independent components of Rix, 
three (Roe, Ry, and R32) vanish automatically. The 
demand of Einstein’s field equations that all ten com- 
ponents shall vanish in empty space therefore gives us 
seven partial differential equations, each of the form 


ye F (x°,x)G ;( 49 x3) —(). 


i=l 


(14) 


Here the F; and G; are built out of the A; and B; and 
their derivatives. By the method of separation of vari- 
ables we have split up these equations into simpler 
differential equations. The split-up process itself is 
algebraic. Thus, we suppress the variable x°=T and 
call x'=r, a*=¢ and arrive at the typical equation 


(15) 


> F,(r)G;(z) =0. 
i=l 
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In the general treatment of Eq. (15), we consider 


two possibilities : 


I. F;=0.—This automatically reduces Eq. (15) from 
an equation of m terms to an equation of n—1 terms. 

II. Fi:~0.—We divide by F;, and differentiate with 
respect to r. Again, Eq. (15) is reduced to n—1 terms. 
If we continue this procedure, we obtain 2” mutually 
exclusive cases of separation of Eq. (15). These cases 
provide a complete separation of variables for Eq. (15). 
(If one were applying the method of separation of 
variables to a problem of lesser generality, such that 
one or more of the F; or G; were known in advance to 
be constant, then further simplifications could be 
achieved by differentiating with respect to the missing 
variable.) 


Using this method of analysis, we can show, for 
example, that Eq. (15) for the case n=3, 


Fy (r)G,(z) + F 2(r)Go(z) + F 3(r)G3(z) =0, 


possesses the following eight mutually exclusive solu- 


(16) 


tions: 
1. F\=F,=F;=0. 
. F\=F,=G;=0; F;~0. 
3. Fi=G2=G;=0; F2¥0. 
4. PF, 0; F3= kFo: Ge 
. G:=G2=G;=0; F,<0. 
.G.=0; Fs=kFi; Gi=—kG3; F140; 
hifi; F3=hel’i; Gi=—kiG2— kG; 
F 40; 
G3=kG2; 
F\40; 


—kG;; Fs2X*0; G30. 


G;40. 


Go~0. 


= k,F\- kok; Gi= kiGo; 


F;#CF, (any constant C). (17) 
Each of these possible algebraic solutions represents in 
actuality a set of differential equations yet to be solved. 
Moreover, the variable x° has to be restored to the 
equations. If some of the F; and G; depend upon 2”, 
‘constants” of separation may 


then some or all of the 
also depend upon x”. 

In principle, this split-up could be carried out for all 
seven equations R;,=0. In practice, it was sufficient to 
break down in this way only the equation Ri;=0. The 
information so obtained about the A; and B,; was then 
substituted into the other six equations to define more 
fully the allowable dependence of the A; (and B;) upon 
x and x! (and 2° and 2%). 

Each case was analyzed in terms of the special 
techniques appropriate to that case. As an example we 
cite one type of equation which occurred often in the 
analysis: 


Cx?°+ G, (y)a+Ge { y )= Fy (x [Fs (xX y+ F,; (x ) jf. ( 18) 


We require that neither expression should equal zero. 
Here C, k, the F;, and the G; are all to be determined. 
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k and C are constants. If k=0, we see quickly that G; 
and G2 are constants. If k¥0, we take the (1/k)th 
power of both sides and differentiate twice with respect 
to y. Equating the coefficients of the powers of x to 
zero, we get a set of differential equations which can be 
solved easily. Six mutually exclusive solutions are 
found. 

In the present work every appropriate simplification 
was made. For example, when a function [F(x‘) ? 
appeared as a multiplicative factor in g;;, a change of 
variables, «**=«'*(x%;), was made to eliminate this 
factor: 

dx* =F (x')dx'. 


Furthermore, degenerate solutions—those which were 
functions of only two of the three variables x°, x', and 
a*—were all discarded, with the exception of a few 
which appear later in the paper. All metrics for which 
R'j,,.=0, being flat, were at once discarded. 

Finally, some solutions were obtained from others 
by complex coordinate transformations.'® For example, 
the transformation x»— ixe, x2— x, 1— il changes 
the solutions later designated as III-7 and III-8 into 
III-9 and ITI-10. 

It should be mentioned that the function sinhé (6 a 
function of the coordinates), wherever it appears, can 
be replaced by cosh@ or e’; these functions cannot be 
obtained from sinhé by simple transformations. 

Notation is as follows: all e’s signify +1. €; and és, 
where appearing, can independently take the values 
+1. / and } are always constants and may have either 
sign. The e; are given by e9=—1, e:=e2=e;=1. The 
«' are written with subscripts (x,) to facilitate writing. 
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Fic. 2. Classification of the twenty nondegenerate three- 
variable solutions of Einstein’s field equations. A check in response 
to a question means yes; a blank, no. (7) refers to the number of 
the solution in its particular category of classification. (a2) Wave- 
like appearance? (b) Time (xo)-dependent? (c) 7 for which the 
metric is invariant under +; —> —x;. (d) Number of functions of 
the single variable in a typical gi (classification II only). (e) 
Contains functions of unknown analytical form. (f) Does a sine 
appear? (g) Does a hyperbolic sine appear? (4) Total number of 
solutions obtainable from this one by considering all possible 
changes in the signs of the e’s and by substituting other functions 
for sinh@é. The number does not include variations due to changes 
in coordinates. G, throughout this figure should read G;. 


18 Following the suggestion of Dr. Hans Buchdahl. 
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5. CLASSIFICATION OF SOLUTIONS 


There are twenty separable nondegenerate solutions 
of the form g;;=e6;;A?(x0,%1)B?(%0,x3) or derived 
therefrom by an interchange of coordinates (Fig. 2). 
Ten degenerate solutions are included. Each solution 
receives two classificatory labels [for example, I-A-1 
and Gi(x0; #1; %3) ]. 


I. Typical metric component is a product of three 
factors, each factor being a function of a single coor- 
dinate or of a linear combination of coordinates. 

A. The factors are functions of single coordinates. 
Two solutions are included; the notation is 


G;(x0; %1; 43), 1=1, 2. 


B. One of the factors is a function of a single coor- 
dinate (x3); at least one of the others is a function of 
Xo+%1. Four solutions are included; the notation is 
G;(xot %13 %3), i=1 to 4. 

II. Typical metric component is a product of two 
factors, one of which is a function of one variable and 
the other of which is a function of two variables, quad- 
ratic in at least one. 

A. One is a function of x3; one is a function quadratic 
in xo or x; or both. Seven solutions are included; the 
notation is G,{q(%0,%1) ; 3], i=1 to 7. 

B. One is a function of xo; one is a function quadratic 
in x; or x3 or both. Three solutions are included; the 
notation is G,[q(%1,«3) ; xo], i=1 to 3. 

C. One is a function of x3; one is a function quadratic 
in 2, or x3 or both. Four solutions are included; the 
notation is G[q(x1,%2) ; v3], i=1 to 4. 

III. Degenerate solutions. 


Ten are included; the notation is D;, i=1 to 10. 
List of Solutions 
I-A-1 3G, (x0; %1; x3).§ 


dst=>° e,a7A°™BiC*idx ? ; 


i=0 





I-B-3; G3(xo%1; %3). 


GENERAL RELATIVITY 


A=%,/1; B=x/l; C=sin(x;/l). 


~ 
~ 
— 


| 


~ 
= 
-. 

> rolce nol bolco 


2 S~ 3 
c 


= 


I —A- -2 ; Go(x0; X15 x3). 
d= e242" BmCidx 2 ; 


C=sinh(x;/l). 
3 


dol tol bol | 


| 


_ 


[ B 1 ; G, (xox) ; %3). 
3 
ds? Ti € Ami BeriCidy,?- 
(xotx,)/l; C 
1 Z 


n; 4 (1+v2e) 4(1+v2e) —4v2¢ 
m; 3(1—vV2e) 4(1—v2e) 4v2e 
. 3 —_— 8 


sinh(2x;/l). 


I-B-2 ; Go(xp 41; x3). 


n; 4(1+v2e) 
m,; 4(1—v2e) 
l; —) 


3 
d?=>° ¢,a27A2*BmC*idx? ; 


i=0 


A= (x9—%))/1; 
0 1 


java) Aves) 
$+ €2.—V2e1(3+2e2) $+e.—4v2e, 





1 


B=x)/l; C 


2 3 


= 5V2e; 
— éo+ AV2e€, 


4 (2+-v2e;) 
3+ €2—V2e1(3+2¢2) 


1 4V2€,(1+ 2) 1 (1—€2)+§vV2e1(—3+€2) 0 
d 1 


(1 —€9)+4V2€)(3€2—1) 


§ Note added in proof.—Dr. F. A. E. Pirani has recently informed me that solutions I-A-1 and I-A-2 may be reduced from functions of 
three variables to functions of two variables. This may be accomplished by, for example, the transformations 


A-1, 


X3 » ME 
x3*=x,cos—, x1*=x,sin— inl 


l l 


and 


° x3 Ms. 
x3*= xo sinh I? xo* = x9 cosh in I-~A-2. 


l 





1290 B. 


I-B-4; G4(xo%1; 43). 
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3 
d?=>- €,a ZA BemiCAlidy 2; 
i=0 


A= (x9—21)/I; 


i 0 1 


B=u,/l; C=2;/l. 


2 3 





n; 3 (1+-v2e1) 3 (1+-v2e1) 

m; $+e2.—}v2e1 $+ €2—V2e1($+ 22) 

I; 4v2e,(i+e2) 1 
A 


a; 1 


II-A-1 ; Gilg(xo,x1) ; xs]. 


3 (1—e2)+$v2e1(—3+e2) 
1 


—4v2e, 4(2+v2e1) 
—eet}v2e, 3+ €2—VW2e1 ($+ 2e2) 
0 


4 (1—€2)+$V2€1(3e2.— 1) 


3 
ds*=)> e,a7A?"'C*dx? ; 
> 


i=—d 


A= (x0?/P)+ (x,/D) ; 


i r 1 


C=x;/l. 
2 3 





nm, 4(14V26e) -4(14+-V26) 
l; 1 
a 1 


II-A-2; Gef[q(x0,%1) ; xs ]. 


— v2 3(2+-v2e) 


(1/7)(1+2v2e) (1/7)(2—3v2e) 0 
rN 


1 (1/7) (3—v2e) 


3 
d=D ea2AChD UE mdx 2; 


i=0 


A => (x,/l) = (xo?/16P) > 


1 0 1 


C= (x3/l)—e41; 


D= (x3/D) +e; E= (€2x3/l)+4v2e;. 
2 3 





n; $(1+-v2e) 
ki 4(2—V2e) 
I; 3(4+4+3v2e) 
™m; —3—ve 
a; 1 nN 


II-A-3; G3Lq (X0,%1) ; x3]. 


3 
d= ea2A°™CD Ede 2; 


0 
A= (xo/1)+(x2/16P); C=(x3/l)—a4; 
D = (x3/l) +e, E = (€2X3 ‘l) + 3v2¢e3. 
t 0 1 2 3 


3(1+Vv2e) 
iv2e 

3(2+v2e) 

—1—vie 





$(1+v2e) $(1+v2e) — we 
4(2+v2e) 4(44+3v2e) —3(1+V2e) 
ive 4(2—v2e) 3(1—v2e) 4(1—v2e) 
—1-—vVle —3-—vie v2e —4-—vie 
1 1 2v2 


In solutions IT-A-4, II-A-5, II-B-2, and II-C-3, 
u is a solution of the equation 


du u?—1 x+1 
=o 
dx 4x x—1 


In solutions II-A-6, II-A-7, II-B-3, and II-C-4, 


4(2+-v2¢e) 
$(1+-v2¢) 


— ve 3 (2+v2e) 
3(1—v2e) 4(1—v2e) 
—3(1+v2e) $(1+v2e) 
V2 —4—ve 

1 2v2 





v is a solution of the equation 


dv /v-1 20 «43 
£2] 
dx 4x x-1 3 


The definition of x will be given in each case. 


II-A-4; Gilg (0,21) ; x3]. 
3 
ds?=¥ ¢,A2iC*i PP mig 2; 
=O 


A = (€:4?/162?) + (x12/16P)-+A ; 


udx 

c= ex f =); D= 6x; 
% 

} 0 1 


x=x3/1; 


u?—1\3 
E= (—) 7 
x—1 


1 2 3 





—3V2e 3(2+v2e) 
1+v2e) —-2 3(1+v2e) 
1 0 — | 


4 


nm; 3(1+v2e) 3(1+v2e) 
ki 34(1+v2e) 3( 


4 
mM; 0 0 
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II-A-5 ; Gsl.q(x0,41) ; x3 |. II-B-1 ; Gilg («1,%3) ; Xo |. 
3 3 
d2=D ¢AMCKDUEMdy 2; d= €,a2A2C PPE Imigy 2 
i=0 i=0 ‘ 
A=- (a0?/169?) — (€1412/16P) +A; x=X3/I; A= (x3/D) i (x;°/160") ; C= (ao/L) = 615 
p= (ao/D) +e ; E= (€o%9/1)+ 3v2e3. 


udx w—1\} 
c-en( f=); D=4x; E~( .. 
a~1 i 0 1 2 
} 0 


x 
1 2 3 n; 4(2+v2e) 4(1+v2e) —iv2e 
3 1 an 
H1+v2e) 4(1+V2) —We 4 (2+V20) ee ee ee 
1 V2 1 1 v3 i $(1 v2e) 3(2 v2) (1 v2e) 
a+ €) 4 4 (1-+v2¢) m, —4—-Vle —3—vie v2 
4 0 —4 a; 22 1 1 


i{ 
II-B-2 ; Gofg(x1,%3) ; xo ]. 





4 


r) 





4 4 
0 0 
II-A-6 ; Gol. ¢(x0,%1) ; x3 ]. 
3 . . 2ni(2ks J2li F2mMiJy 2. 
dst=> eAIMCHDL Em dy 2 ds = eA CAM PA Pimidy 2. 
i=0 
udx 
A= (€:%3°/16P) — (41?/169) +) ; c-ew( f — *) ; 


x 


A = (v3x1/3/) = (a0?/ 1 2/°) ; t= X3, /] ; 


vdx v—1\} ue—1\3 Xo 
c-en( f=), D=-—x; p=( ) ; D= 6%; r=( -) ; 4y=—, 
x x—1 x—-1 l 
L 0 1 


3 1 0 1 3 





3(2+v3e) 3 (1+-v3e) 3 (3-+-V3e) ; 3(24+v2e) 3(14+v2e) —3 $(1+v2e) 
4(3+2v3e) 2(3+2v3e) 3 4(3+2v3e) ; 2(1+v2e) 4(14+V2e) 4 +(1+v2e) 
—iv3e —2(3+v3e) —3(6+v3e) -3 j —1 
0 0 1 mM; 1 0 0 


II-A-7 ; Gilg (x0,«1) ; x3 J. II-B-3 ; Gs[/g(x1,%3) ; xo]. 


3 
ds? =S) e,A2iC2 [PU Fmidy 2; 
i=0 


3 
d2=D eAMCHDUE dx 2; 
i=0 
A = (V3x0/31) + (x2/12P); x=23/1; A = (V3x3/31)—(42/12P);  x=x0/l; 
v—1 


vdx v’—1\3 vdx , 
c=ex f =); D=x; E= (—) , c=en( f =); D=x; E= (—) PF 
2] x <=] 
l L 0 


x 
1 2 3 


“ 


0 1 2 3 a 











4(1+v3e) 43(2+vV3e) —4v3e 4(3+V3e) nm; 4(3+V3e) 4(2+V3e) —AvV3e 4(1+V3e) 

1(34+2v3e) 3(3+2v3e) —3 3(34+2v3e) ki 2(3+2v3e) 3(34+2vV3e) —43 3(34+2v3e) 

—1(34v3e) —vV3e lv3e —2(64+V3e) J, —3(64+V3e0) —2dv3e 1V3e —3(34+V3e) 
0 0 () 1 mM; 1 0 (0) 0 


II-C-1 > Gilg (x1,%2) ) xs |. 
3 
ds'=>> e,aP7A?*"C*idx? ; 
i=0 
A=(x/l)—(x2/P); C=2,/l. 


0 1 2 3 
ny —iv2e 4(1+v2e) 3 (1+Vv2e) 3 (2+v2e) 
1; (1/7)(2—3v2e) (1/7) (14+2v2e) 1 0 

1 d 1 (1/7) (3—v2e) 


i 





a; 





1 
Nj 
k; 
l; 
mM; 


a; 
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2; Golg(x1,%2) ; xs J. vdx v’—1\! 
c=en( f=); D=—x; p=( ) ‘ 
x z—1 


de=> ea PZAC*i Pi femidy 2 ; 
i= ° 1 9 82 





ii te lec gm Rg ine A1+V3e) A(24V3e)  4(3-4V3e) 


D=(x3/l)+a; E=(€:x3/l1)+}v2e2. t(3+2v3e) $(3+2V3e)  3(3-+2N3e) 
1 —3(34+v3e) — We —$(6+V3e) 
0 1 : 3 
mM; 0 0 0 1 


We (14¢-V2e) F(1+V20) 4(2-+V26) a 

4(1—v2e) Av2eY 4 (2—vV2e) 4(1—v2e) iia 

—H(I+V2e) $2+V2e) $44+3V26) H(14+V20) ds?= — (19/1) dacg?+ (U/a0)daee?+ (ao?/P) (dx?-+-dx2). 
vie —1—vV2e —3-vW2e —4—V2e IL-2; De. 


1 d 1 2v2 
dst= — Pet dudw+PNeede+ Petar, 
III-3; D3. 


II-C-3 ; Gs[g (21,2) ; x3 ]. 


3 
de=>— e;A*"( hi DT Pli Feemidy 2 - 3 
im0 d=) ¢,A°"*Bidx ?; 


A = (x;7/16F) — (€:x2°/16P)+A; x=2%;/1; i=0 


te es A=x,/l; B=sin(x;/l). 
Cc exp( f = ): D=ex; E ( ) ; 
x x—1 


1 0 1 2 3 


n; —4V2e 4(14+v2e) $(14+V2e) 3(24+V2e) 
ki = —} 2(i+v2de) 4(14+V2e) 3(14+V2e) 
0 1 a _3 3 
: 0 0 0. yy ds=>° €;A2*Bemidy 2; 
: i=0 


II-C+4 ; Galq (1,22) ; x3]. A= Xo/l; B= sinh (x3/1). 
0 2 


d2=F3 €,A2niC ki [li F2midy 2. 





— 


i=0 
nw — 


A = (V32x1/31) + (42?/12P); x=23/1; - 


III-5; Ds. 


P= > ea ZA?™Cidx ? ; 


=0 
(xo*=xo+x1); C=2x3/l. 
1 2 3 





h(1+V2e) | }(14-V2e1) —Wle —-4(24+-Vie1) 
(1/7) [3+-€2+v2e1(1—2e2) } (1/7) [3—€2+v2e1(1+2e:) ] (1/7) (1—2v2e1) 0 
1 1 1 


III-6; Ds. 


ds?*=> €,a,7A?"i(x— €2)?*i(x+ €2)**ix?™idx? ; 
i=0 


A=x*/l,  (xo*=x0+4V3"1);  x=%3/l. 


1 0 1 2 3 





n; 4¥(24V3e)  $(14V3e) Be 4 (3-+4+-VBe) 
ki = 3(1+V3e) i 1(1—v3e) —} 


4 4 
l; 1(3+v3e) 4(34+2v3e) —1(1+v3e) 3(1+2v3e) 


m, —}(2+v3e) 
r 


4(2+-v3e) 3v3e —4(44+v3e) 
a; 1 


1 v3 
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III-7; Dy. 


1 2x0 
ds'=— | dx+sinte( Ja 
( 1-— x3", fs l 


dx;? X93" 
+ | a 
(i—x2/Pyed PB 


ITI-8; Dg. 
1 2x0 
ds? =—_—___—_ [ -at+-sine(- Jas 
(1 + x3"/P)? l 


dx 3 
oS 
(1+4;°/2)? 
III-9; Dy. 


X37 1 2x2 
ds? = ——d x)? ++— --— snne(- = Jas 
P (1+4.2/P) i 


dx? 
+dxZ+ a] 
(1 +23?/P)?5 


III-10; Dio. 


x3" 1 2x: 
ds? = ——dxr+— — [sine ac 
P (1— X3"/ a l 
dx;* 


+-dxe-+—— | 
(1—2;2/P)2 


7. ANALYSIS OF THE METRICS 


There are several techniques which can be used to 
aid in analysis of metrics. Six will be briefly mentioned 
here. 


(1) Singularities, Topology, and Other Gross 
Features of the Metric 


The most obvious features of any metric are its 
singularities; they may be the most important features, 
as well. They have been interpreted by researchers as 
the locations of mass points or distributions, wave 
fronts, and a host of other physico-geometrical objects. 
Singularities can sometimes be mere quirks of the coor- 
dinate system of the metric, and it is often difficult to 
tell whether a singularity is of this type or is an indica- 
tion of real physical meaning. The reader is, no doubt, 
familiar with the old controversy over the meaning of 
the Schwarzschild singularity, for example. 

Some of the techniques used in treatment of the 
Schwarzschild singularity may be of use in investigating 
other singularities. The reader is referred to Finkel- 
stein,!® Kruskal,’ Einstein and Rosen,'” and Lindquist,!® 

16D). Finkelstein, Phys. Rev. 110, 965 (1958). 


17 A, Einstein and N. Rosen, Phys. Rev. 48, 73 (1935). 
18 R, W. Lindquist (unpublished). 
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all of whom have investigated the Schwarzschild singu- 
larity in one or another special way. 

One method of investigating singularities in an 
invariant manner has been proposed by Wheeler and 
Brill.“.> Another such possible method would consist of 
inspecting the invariants of the metric; singularities 
appearing in the invariants would presumably be “real.” 


(2) Groups of Motions Admitted by the 
Metric; Other Symmetries 


Groups of motions are of especial interest in general 
relativity, because they represent basic symmetries 
which are unaltered by coordinate transformations. 
This fact is illustrated by the requirement placed on a 
metric g;; if the space of the g;; is to admit a group: 
the fundamental form ds?=g;,dx'dx’? must remain 
functionally invariant under all infinitesimal trans- 
formations of the group.” This requirement can be 
expressed mathematically through the Killing equa- 
tions,” 


(19) 


where the é; are the infinitesimal generators of the 
group. An excellent application of using Eqs. (19) to 
restrict the g;; to a simple form is given in a paper by 
Taub.”! 

On the other hand, we may investigate the converse 
problem: Given a metric g;;, which groups of motions 
does it admit (if any)? In this case, in general, we must 
solve Eqs. (19) for the generators £;. The question of 
integrability of Eqs. (19) is discussed in Eisenhart.” 

A simple, though incomplete, method of searching 
for groups admitted by a metric is to inspect the metric 
for independence of some variable. If the g;; are inde- 
pendent of «*, then the space admits the one-parameter 
group having generators &*=69*. This group merely 
corresponds to the invariance of the metric under the 
translation «’*=x'+a. The solutions G,(%0; %1; x3), 
G (x01; %3), Gilg (x0,%1) ; v3], and G{.q(x1,%3) ; xo] are 
all invariant under the transformation x”*=2?+a, and 
the solutions G,{qg(x1,%2);%3] are invariant under 
x=%°+a. A slight variation of this type of behavior 
is provided by D;, which is invariant under the trans- 
| 


€ 5551 §), :=9, 


formation «”=2°+a, x!'=2'—a. 

Kundt” has done a great deal of work on groups of 
motions in general relativity and has classified several 
solutions of the equations according to the groups of 
motiens which they admit. It was thought desirable that 
the solutions of this paper should be similarly classified ; 
however, Eqs. (19), when written out, are sufficiently 
complicated not to have been solved up to now. 


19 J. A. Wheeler, Australian J. Phys. (to be published). 

2”. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, 1949). 

21 A. H. Taub, Ann. Math. 53, 472 (1951). 

2 W. Kundt, Ph.D. thesis, University of Hamburg, 1958 (un- 
published). 
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(3) The Curvature Tensor; Canonical 
Forms and Invariants 


One especially fruitful method of investigating any 
physical system is to look at the invariants of the 
system. Closely associated with the invariants are the 
canonical forms, which represent mutually exclusive 
classes of the possible states of the system. The in- 
variants and canonical forms of the Riemann tensor in 
the theory of general relativity have been well discussed 
by Komar,” Kundt,” Petrov,* and Pirani.”® Pirani, in 
particular, has used the canonical forms to help outline 
a criterion for the existence of gravitational radiation. 
The metrics in this paper are all of canonical Type I; 
according to Pirani’s criterion, this means that none of 
the metrics represent gravitational radiation. However, 
Pirani has recently informed me** that he feels the 
criterion to be too strong, and that he is studying possi- 
bilities of relaxing it. Hence, we must wait for these 
results before forming conclusions about the existence 
of radiation in these metrics. 


(4) Can the Metric be Imbedded in Euclidean 
or Other Flat Space? 


Imbedding of a metric, or a part of it, is actually only 
a mathematical convenience, useful for visualization. 
Because flat spaces have no particular significance in 
general relativity, imbedding has no physical meaning 
and is actually foreign to the spirit of the theory. It is 
mentioned here only as a possible tool for use in de- 
scribing a given metric. 

However, one finds that imbedding is difficult to use, 
even as a tool, because of the complexity of the equa- 
tions. If the fundamental form of the lower dimensional 
space is 


ds*= gi;dx‘dx’, 1,7=1-+--n 


and if the fundamental form of the imbedding space is 


ds*=>> Ca(dy*)?, a=1---m;m>n 


where Ca==+1, then the following equations must be 
satisfied” : 


Oy* dy* 
LC. meng SOL 
Ox'* Ox? 


(20) 


These equations are much too difficult to solve in 
general. Several general theorems on imbedding exist, 
but do not aid the present problem. Nothing has been 
done on the problem at the present time. 


3A. Komar, Ph.D. thesis, Princeton University, 1956 (un- 
published); Proc. Natl. Acad. Sci. U.S. 41, 758 (1955); Phys. Rev. 
111, 1182 (1958). 

* A, Z. Petrov, Sci. Note Kazan State Univ. 114, 55 (1954). 

25 F. A. E. Pirani, Phys. Rev. 105, 1089 (1957). 

26 F, A. E. Pirani (private communication). 
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(5) The Geodesic Equations of Motion 


Much of the physics inherent in any solution of the 
field equations lies in the equations of motion of a par- 
ticle and the geodesics of the space under consideration. 
These equations are, as is well known,! 


d’xt — dx* dx! 
—+P-——=0 


ds? ds ds 


(21) 


Much information about the space can be gleaned from 
a study of the geodesics. For example, a closed or quasi- 
closed geodesic, as exists for the Schwarzschild metric, 
may indicate a center of force. The concept of complete- 
ness—a geodesic is designated as complete if it can be 
extended indefinitely—can provide information about 
the boundaries of the space. It should be possible to 
investigate these features directly from Eqs. (21), 
although the author is not prepared to do so at the 
present. 

Solution of Eqs. (21) for complicated metrics is 
usually quite difficult. Some enlightenment can be 
gained, however, from first integrals of motion. One of 
these always exists and is given by 


dx' dxi 
—=1 


g (22) 


mes i 
ds ds 
Other integrals of the motion exist if there are sym- 
metries in the g;;. We can see this by inspecting the 
Euler equations for the system’: 

OL d OL 


——— —____=), 


dx' ds 0(dx*/ds) 7 


( 


If dg,;/dx*=0, then 0L/dx*=0, and dL/0(dx*/ds) is a 
constant or first integral of the motion. If we evaluate 
this and use the result that L=1 from Eqs. (22) and 
(24), we find the following: 

If dg;;/0k*=0, then 


gx (dx‘/ds) =constant. 


(23) 


where 
dx* dxi\ 4 
(24) 


ij . 
ds ds 


(25) 
If the metric is diagonal, we get 
dx*/ds=/ gir. 


Equation (26) can be used to discuss types of singu- 
larities. It shows that, for g.z=0, dx*/ds=, i.e., 
ds=0. Thus the points at the singularity in the x* 
direction can perhaps be identified. For giz=, 
dx*/ds=0, and x*=constant. This implies that there 
is no communication—travel is forbidden—along the 


(26) 


27C, Mdller, The Theory of Relativity (Oxford University Press, 
London, 1955), p. 229. 
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singularity in the «* direction. Note that, of course, 
these remarks only apply to a metric independent of x*. 

Most solutions in this paper are independent of 2°; 
the others are independent of 2°. Thus, we have two 
integrals of the motion available for each solution. 
These are of most immediate interest in the singularity 
treatment just outlined. 

Another method of employing Eqs. (21) consists of 
comparing them with the Newtonian equations of 
motion for a known mass distribution. If the two sets of 
equations are approximately equivalent, then the 
metric probably represents the gravitational field of 
the mass distribution. One example of this method is 
found in the geodesic equations for the Schwarzschild 
metric, which closely approximate the Newtonian equa- 
tions of motion for a central gravitational field.' An- 
other very good example is found in a paper by Wilson’; 
by such a comparison as described above, he shows that 
the metric he has represents the gravitational field of 
an infinite line mass. Unfortunately, this method seems 
to be useful in only a small number of cases. 


(6) Topology and Structure of Space-Like Surfaces 
at Moments of Time Symmetry 


Interest in such three-dimensional spacelike surfaces 
stems from the fact that they may be used as initial- 
value data in the problem of constructing a four- 
dimensional solution of the field equations. The topology 
and structure of such surfaces will then determine the 
topology and structure of the four-dimensional space. 
The initial value problem for general relativity has been 
studied extensively by Lichnerowicz” and Foures® and 
has been discussed by Misner and Wheeler.® Christakis* 
has discussed the initial value problem for the metrics 
of this paper. 

Five of the solutions in this paper are time-symmetric 
with respect to the plane 2°=0. They are all indicated 
on the flow chart. 

We will now proceed to a discussion of the individual 
solutions. Due to several circumstances, this discussion 
will be rather brief. It is hoped that future study of 
these metrics can produce more information about their 


physical interpretation. 


Solutions I-A-1, I-A-2 


It is not clear whether the coordinates in I~A~1 are 
cylindrical or spherical. I-A-2 is the analog of I-A-1, 
but with sinh(a?//) instead of sin(«3//). The solutions 


are quite similar for small 23/7. 


28 W. Wilson, Phil. Mag. 40, 703 (1920). 

29 A. Lichnerowicz, Problémes Globaux en Méchanique Relativiste 
(Hermann et Cie, Paris, 1939); J. Math. Pures Appl. 23, 37 
(1944); Helv. Phys. Acta, Suppl. IV, 176 (1956). 

% Y, Foures-Bruhat, Acta Math. 88, 141 (1952); J. Rational 
Mech. Anal. 4, 951 (1956). 

314, Christakis, Senior thesis, Princeton University, 1959 
(unpublished). 
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Solutions I-B-1, I-B-2 


As these solutions stand, they look remarkably like 
superimposed waves traveling in oppposite directions. 
They might even be standing waves, except for a slight 
asymmetry in the exponents. However, this behavior 
may only be a feature of the coordinate system; the 
substitution u=29—%), v=2o+%1, destroys the wave- 
like appearance, and it is not known which form is most 
“physically real.” If the exponential form is used in 
I-B-1, instead of the hyperbolic sine, the function C 
can be simplified considerably by a change of variable. 


Solutions I-B-3, I-B-4 


These solutions also have plane-wave appearances. 
The presence of x; by itself in I-B-4 might give rise to 
possibilities of the attenuation needed in cylindrical 
waves. 


Solutions II-A-1 to II-A-7 


These seven solutions are conveniently discussed 
together. The other notation for them is G{/q(%o,*1) ; xs], 
indicating the quadratic character of x and/or 2. 
Those solutions quadratic in a» seem to indicate some 
sort of wave reflecting from the plane 2,;=0 at the time 
xo=0; those symmetrical in x; show waves going in both 
directions from the plane x,=0. 

Solutions II-A-4 to II-A-7 contain functions of x; 
of unknown analytic form, and consequently, the xs 
singularities are not easily discussed. Solutions II—-A-—2 
to II-A-4, on the other hand, have three obvious x; 
singularities. However, in order that the metric remain 
real, we must require that C, D, and E should always 
be positive. This requirement has the effect of always 
having x;//>1, so that the only effective singularity is 
at %3/l= 1. 


Solutions II-B-1 to II-B-3 
As is indicated by the alternative notation 
G Lg (1,23) } xo, 


these solutions are quadratic in 2; and/or x3. If these 
are rectangular coordinates, as seems most likely, then 
the singularities of these solutions are elliptic, parabolic, 
or hyperbolic cylinders. It is not known what physical 
significance such surfaces have. The 2» singularities are 
the same as the x; singularities in the set 


GLq(x0,1) ; x3]. 
Solutions II-C-1 to II-C-4 


These solutions, G{q(x1,%2); x3], combine the sin- 
gular cylinders of the set II-B with the x; singularities 
of II-A. The solutions are purely static and are thus 
time-symmetric. 

Solution III-1 hardly needs discussion, because it has 
such a simple form. III-2 is only a function of two 
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variables but is nondiagonal. If we put u= (ao+.%,)//, 
w= (xo—x,)/l, we return to the diagonal form, which 
now is a function of three variables. Furthermore this 
form has a plane-wave appearance. 


Solutions III-3 to III-6 


These solutions are all degenerate, but have many 
similarities to some of the nondegenerate solutions. No 
new comments are necessary, except considering III-5 
and III-6; in the 29+; form, these solutions indicate 
plane wave traveling in one direction. It is not certain, 
of course, which form of the metric is most physical. 


Solutions I1I-7 to III-10 


These solutions are most conveniently discussed as 
a body. It should be noted from earlier discussions that 
these are only related through complex coordinate trans- 
formations; in other words, each of these represents a 
different physical situation. 

Solutions III-10 will have a more familiar look if we 
define 


T= X0, 


r=2m/(1—x;*/16m?’), 


m= 41, 
O= x2/2m, 
p= x,/2m. 


Substitution of these quantities into III-10 yields the 
Schwarzschild solution. A similar transformation of 


III-9 yields the metric 


2m dr” 
ds?= -( —— 1 ar r’(d#+sinh*6d ¢*) +—— : 
r 2m/r—1 
(5-8) 


Because of the sinh@ in g44, this metric is not spherically 


symmetric. Instead, it seems to represent a pseudo- 
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sphere. Eisenhart® presents a very nice discussion of 
imbedding the metric d#?+-g,,d¢" in 3-space, where ggg 
is either sinh@, cosh*0, or e”. Any of these functions, as 
pointed out in Sec. 4, is acceptable for use in (5-8). For 
small 6, metric (5-8) is approximately spherically sym- 
metric; it may be possible to piece such a metric to- 
gether with the Schwarzschild metric. 

Solutions III-7 and III-8 are somewhat different 
from solutions III~9 and III-10 because of the different 
arrangement of the x; and the g;;. It seems quite obvious 
from geo that we should define «3;=r, x2=/0, where r 
and @ are cylindrical coordinates. III-7 has a pronounced 
singularity at the cylinder r=1. 


8. SUMMARY AND ACKNOWLEDGMENTS 


The technique of separation of variables is a powerful 
tool in obtaining solutions of the equations of general 
relativity. It can be used to find all solutions of a given 
class, or it can be used in many cases to check whether 
a certain type of solution exists. 

The solutions given in this paper are presented as raw 
material for further research in general relativity. It is 
hoped that their analysis will lead to further insights. 

Any reader who desires a more detailed treatment of 
the equations in this paper should consult the original 
thesis of the same title (Princeton University, 1959, 
unpublished). Microfilm copies may be obtained from 
University Microfilms, Ann Arbor, Michigan. 

I would like to thank especially John A. Wheeler, 
under whose supervision this work was carried forward. 
To him goes the credit for the initial ideas and for many 
useful suggestions during the time the work was in 
progress. I appreciate also the help given by Professor 
Valentine Bargmann, Dr. Charles Misner, Dr. Wolfgang 
Kundt, Dr. Hans Buchdahl, Dr. Felix Pirani, Dr. R. N. 
Euwema, and Mr. R. W. Lindquist. 


#2. P. Eisenhart, An Introduction to Differential Geometry 
(Princeton University Press, Princeton, 1947), pp. 277-286. 
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A new evaluation of the dispersion relations for mesonic phenomena is proposed. The method, which 
utilizes the comparison function procedure, makes explicit use of crossing symmetry and allows for an exact 
treatment of nuclear recoils. For the case of meson-nucleon scattering at low energies, an expansion of a first 
order solution is made in inverse powers of the nucleon mass and agreement with the results of a previous 
evaluation is obtained. The extension of the method to other processes is briefly discussed. 





I. INTRODUCTION 


N evaluation of the dispersion relations for pion- 
nucleon scattering and meson photoproduction at 
moderately low energies has been given by Chew, 
Goldberger, Low, and Nambu.':? These authors were 
motivated and guided by the P-wave fixed source 
theory® and accordingly made use of an expansion in 
inverse powers of the nucleon mass. More specifically, 
a partial-wave decomposition of the dispersion relations 
was made. The resulting infinite set of coupled equa- 
tions was made tractable by keeping the first two terms 
of the inverse nuclear mass expansion and by use of the 
fact that the (3,3) state alone yields the most important 
contribution to the dispersion integrals. In the case of 
meson photoproduction, for example, the resulting inte- 
gral equations were then approximately solved, and the 
results have been shown to be in good agreement (maxi- 
mum deviations <15% for energies below the reso- 
nance) with experiment. 

The present study was undertaken to see if it would 
be possible to further improve this agreement by at- 
tempting a new evaluation which did not make the 
nucleon velocity expansion. In other words, the results 
of reference 1 leave open the question whether any of the 
residual disagreement with experiment is due to the 
nucleon mass expansion, the neglect of the small phase 
shifts or possibly some, as yet obscure, high-energy 
behavior. The basic premise to be tested by the present 
work is that it is only the first of these which is im- 
portant. In addition, we make all of the same basic as- 
sumptions of reference 1 with regard to the high-energy 


* Supported in part by the Air Force Office of Scientific Re- 
search. 

+ This work was begun while both authors were at Stanford 
University, Stanford, California. 

t National Science Foundation Post-doctoral Fellow. 

1 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 
(1957). Hereafter referred to as CGLN. 

2 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). 

3G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) ; and 
Phys. Rev. 101, 1579 (1956). 

4Uretsky, Kenny, Knapp, and Perez-Mendez, Phys. Rev. 
Letters 1, 12 (1958). F. L. Goldwasser, Proceedings of the Seventh 
Annual Conference on High-Energy Nuclear Physics, 1957 (Inter- 
science Publishers, Inc., New York, 1957). 


behavior of the matrix elements and with regard to the 
dominance of the (3,3) phase shift. Furthermore, in 
lowest order, we make the stronger assumption that the 
(3,3) state exhausts the dispersion integrals at low 
energies. The latter approximation for the case of meson 
photoproduction means that the results derived in this 
way can be expected @ priori to be valid only in the 
immediate neighborhood of the resonance. The extent 
to which the present formulas hold outside of this 
energy region will require further detailed evaluations. 
However, the agreement obtained between the results of 
CGLN and the static limit of our formulas would seem 
already to argue for their validity at threshold also. 

In outline, the procedure which is proposed for 
evaluating the dispersion relations is as follows. For any 
given process, we take one of the components of the 
amplitude which describes this reaction, and through 
some means split this term into two parts. One of these 
parts is a known comparison function which is selected 
in such a way that the second term has in some ap- 
proximation a known (experimentally or otherwise) 
phase. Then by a slight extension of the methods of 
Omnes,® the modulus of this unknown function is ob- 
tained by solving the complete dispersion equations, 
thus yielding eventually the entire amplitude. The 
method proposed contains sufficient generality to enable 
one to make convenient use of partial experimental in- 
formation as well as enabling one to improve, in prin- 
ciple, any given solution by repeated iteration. Even at 
fairly relativistic energies the method is very simple 
from the viewpoint of mathematical simplicity and, 
further, all final results are most easily and conveniently 
written in covariant form. On the other hand, the reduc- 
tion of the formulas to a form suitable for quantitative 
comparison to experiment is still fairly complicated in 
that numerical integrations are required. 

In Sec. II we solve the dispersion equations in the 
sense discussed above, and indicate the important role 
played by the crossing symmetry in removing most 
ambiguities from the solution. Also contained in this 


5R. Omnes, Nuovo cimento 8, 316 (1958). See also, N. I. 
Muskhelishvili, Singular Integral Equations (P. Noordhoff, 
Groningen, 1953). 
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section is a discussion of uniqueness of the solution as 
well as a brief indication of possible procedures for the 
required splitting up of the amplitude. The results thus 
obtained are applied in Sec. III to the problem of pion- 
nucleon scattering. Following CGLN,;’ it is possible to 
determine all phases in terms of 633, and to obtain an 
“identity” in 633 whose consistency measures the validity 
of the method. With a particular choice for the splitting 
up of the amplitude, agreement with those authors is 
obtained in the limit as the nucleon mass becomes large. 
No further progress on the location of the (3,3) reso- 
nance is obtained by this method. The extension of this 
approximation method to general processes, in which 
final-state interaction effects are important, is straight- 
forward, and is briefly examined in Sec. IV with specific 
reference to photo- or meso-disintegration of the 
deuteron. And finally, we make some concluding 
remarks. 


II. SOLUTION OF THE DISPERSION RELATIONS 


The dispersion relations for pion-nucleon scattering,’ 
photoproduction of mesons,’ and electroproduction of 
mesons® are all very similar in structure and the equa- 
tion for a typical invariant function which makes up the 
scattering amplitude may be written in the form 


1 oe 
A(x,vp) = B(x,vp)+—- f dy[ImA (y,vz) | 
T “70 


1 1 
x| —de | (1) 
y—x—te ytx+2vp 





Here the (+) sign refers to evenness and oddness under 
crossing ; that is, we have 


A(—2, vp)=tA (x—2vp, Vp). (2) 


The known inhomogeneous term B(x,vg) is the Born 
approximation with similar behavior under crossing as 
A; vp is essentially the momentum transfer which is a 
fixed constant in the dispersion relations; x is an in- 
variant which is connected to the energy in the center- 
of-mass system W by a relation of the form 


x= (W?—M?)/2M, 


and ‘9 is some fixed positive lower limit which is simply 
related to the masses. Once the A’s are known, the 
scattering amplitude for the given process is obtained 
from these by multiplying by appropriate invariants in- 
volving the Dirac y matrices. The solution of Eq. (1) 
ultimately yields, in this way, the entire matrix element. 

Suppose for the moment that the function A of Eq. 
(1) had a certain known phase’ 6(x). Then, following 
Omnes,' we define a function F(z) of the complex vari- 
6 Fubini, Nambu, and Wataghin, Phys. Rev. 111, 329 (1958). 
7 Although in all applications which have so far been contem- 


plated, 6 always turns out to be independent of momentum trans- 
fer, this restriction is not in any way essential. 
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able z by the relation 


1 2 
or(s)=— f dy ImA (y,vz) 
2ni J x9 





1 1 
x fe | (3) 
y—-2 yt2+2vp 


where now A(z) is given by® 


s@=- f ayaoy[—+ (4) 
— yoy rere se 





We observe directly from Eq. (4) that as 2 approaches 
the real axis from above (+) or from below (—), we 
may write for «> xo 


Ax. (x,y) =p(x,vp)+15(x), (5) 


where 


P 1 
ptesrs)=— f ay 9) — —.-| 6) 
mr J 2x9 y—x ytut2vp 


The symbol “P” stands for principal value integral. By 
making use of Eqs. (1), (3), (4), (5), we find the 
relations 


iF, (x,vp)ert P= | A (x,vB) | yn B(x,vs), (7) 
and 
e’LF,.(x,vp)e®— F_(x,vp)e~* |= | A (x,vg)| sind. 


(8) 


Finally, eliminating the unknown function | A| between 
these two equations, we obtain the result 
F,.(x,vp)—F_(x,vg)=e7°*""» sind (x) B(x,vz), 


(9) 


from which it is clear that except for the addition of a 
function which is continuous across the cuts along the 
real axis, F(z) is given by 


1 ts) 
F)=— [dy BG,»s) 
2n1 z0 





1 g 
xsins(ghe-rro| + 


, |. ao 
y—2 yte+2ve 


The function g is so far arbitrary except to the extent 
that the integral containing it be finite. If one were to 
substitute Eq. (10) into the preceding formulas to 
obtain A, it becomes evident that only by choice g=+1 
will satisfy the crossing symmetry as expressed by Eq. 
(2) and thus this function is determined. It is note- 
worthy that, even though in practice the crossing term 
is often “small” under the dispersion integrals, one still 


8 It goes without saying, of course, that we assume the existence 
of all the integrals which we write down. Thus, for example, in 
Eq. (4), 5(y) must approach zero as y increases. However, for this 
particular case, this restriction will be removed in later discussions. 
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needs the crossing symmetry to remove this trouble- 
some ambiguity. Thus, the solution to Eq. (1) under the 
assumption that the phase of A is known can be found 
from Eqs. (10), (3), and (1) to be 


ert is C 
A (x,vp) = B(x,vp)+ f e~( sind (y) B(y,vz) 


T x0 





J» (11) 


1 
aa 
y—x—tie ytat2ve 


which may be written in the equivalent form 
A (x,vp) = B(x,vp)e* coséd 


e? 


+ 6 ) 
+ pf dy e~*¥) sind (y) B(y,vz) 
us z0 


1 1 
fin ig 
y—-x ytut2vp 


It must be borne in mind that to the solution (11) we 
may still add the term fe*+", where f is completely 
arbitrary except that it has no branch cuts anywhere in 
the complex plane. Since it is easily seen that this added 
term is a solution of the homogeneous form of Eq. (1) 
(i.e., with B=0) it can only be selected by some sort of a 
boundary condition. For the present cases of interest, 
we should like to argue that f is a polynomial which in 
the case of pion-nucleon scattering and meson photo- 
production vanishes identically. This follows from the 
fact that by writing down the unsubtracted form of the 
dispersion relations Eq. (1), we have made a definite 
assumption with regard to the behavior of A at infinity. 
Since with f=0, the solution (11) has all the correct 
poles and branch cuts which it must have according to 
Eq. (1), and since f must be continuous across the cuts 
along the real axis, f can at worst be a polynomial. If in 
addition we assume that A approaches zero at infinity 
then this polynomical must clearly vanish. The solution 
given by Eq. (11) corresponds to this case.? If A does 
not approach zero sufficiently rapidly at infinity, then of 
course f will assume a different form which will be 
dictated by the conditions of the given situation. In any 
event, for the present cases of interest, we make the 
choice, f=0, and take (11) to be the appropriate solu- 
tion of Eq. (1). 

One last point concerning the solution as given by 
Eq. (11) is that there still is the possibility of adding 
arbitrary integral multiples of 7 in arbitrary energy 


® This assumption neglects r—m scattering effects which may be 
very important and would necessitate a subtraction in the dis- 
persion relations. This is neglected here because we are primarily 
interested in P-wave rescattering effects which are relatively 
insensitive to this subtraction. 
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intervals to 6.!° As will be directly shown, this ambiguity 
is due to the possibility of adding solutions of the 
homogeneous equation to the given solution. Such 
ambiguities, which are very similar to those considered 
by Castillejo, Dalitz, and Dyson," may be thought of 
as contributions from bound states whose connection 
with the phase shift in this way is very suggestive of 
Levinson’s theorem’? in potential scattering. Suppose 
now that in the solution given by Eq. (11) we make the 
replacement 


(12) 


where 1, m2, +++ are even integers or zero, and the 
collection a, b, «++ is an arbitrary monotonic increasing 
set of points. Since this replacement leaves the original 
Eq. (1) invariant, a similar invariance should be ob- 
tained in the solution given by Eq. (11). However, be- 
cause of the e? factors in that solution, this invariance 
seems to be missing. We will now show that a trans- 
formation of the form given by Eq. (12) corresponds to 
the addition of solutions of the homogeneous form of 
Eq. (1) to Eq. (11) and thus these appendages may be 
deleted by making a suitable choice for the function f in 
the manner discussed in the preceding paragraph. To 
see this in detail, we note that the replacement Eq. (12) 
influences the solution given by Eq. (11) by multiplying 
the second term in this equation by the factor 


| ~/2— g/2 


| ofS f/3] 
| mi| x/2— p/2| m2 


|x/2—q!? 


J2_ M2 
aay a 
! 
| 


x 


$2 ne I 2| nil ay’2— _/2|n 
» hae of eek idl Aa 


aes — (13) 
yp”? 


+e, 
9 
2 


| y"*—a"? 
where the primed symbols are defined by y’=y+ vz, 
b’=b+ vz, etc., and where, of course, y is still the dummy 
variable of integration. Consider now the identities 


y2—q!? 1 


oe 


1 sy'/a’ 
_ ( : ), (14a) 
x’+a’\ -1 


10 We are grateful to Professor Dalitz and Professor Nambu for 
pointing out this possibility to us as well as for some clarifying 
conversations with regard to this point. 

1 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). See 
also R. Haag, Nuovo cimento 5, 203 (1956). 

22N. Levinson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 25, No. 9 (1949). 
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1 1 —1 
7 -. +—( ) 
yy’ — x’ +2’ y'+a’ x’ /a’ 


1 1 
— ( ), (14b) 
y’—a’\x'/a’ 


which are appropriate to the case for m;—n2,= 2. These 
identities make clear, that this particularly simple ver- 
sion of the transformation (12) only adds solutions of 
the homogeneous equation to the one given by Eq. (11). 
And as in the discussion above, we may remove these 
spurious appendages by choosing a function f which will 
cancel them out. Thus the result obtained from Eq. 
(14a) must be subtracted off because it introduces new 
and unphysical singularities into the physical region. 
Similarly, the addition of (14b) is ruled out because of 
the assumed behavior for A at infinity. Furthermore, it 
is clear that if we multiply Eq. (14a) or Eq. (14b) by 
additional factors of the form 


[(y’2—b’*)/(x’2—b'2) 4, 


which corresponds to more complicated versions of the 
transformation (12) than we have just considered, then 
we generate only new solutions of the homogeneous 
equation. These can again be eliminated in the manner 
just discussed. We see, therefore, that this last ambiguity 
in the solution to Eq. (1) is removed by the observation 
that the transformation given by Eq. (12) merely ap- 
pends solutions of the homogeneous equation. There- 
fore, Eq. (11) as it stands is the solution to Eq. (1) 
provided the behavior of A at infinity is correct as 
assumed. For any other energy dependence at infinity, 
solutions of the homogeneous equation must be added. 

Now in order to apply the result given by Eq. (11) to 
the cases of interest in pion physics, some modifications 
are obviously required since in practice the phase of A 
is usually not independently known. Thus, in order to 
make practical use of the present result, it is necessary 
to rewrite Eq. (1) in such a way that this phase condi- 
tion may be approximately satisfied. Suppose, therefore, 
that we have obtained a comparison function C(x,v,) 
which is determined by the requirement that in a certain 
energy interval the function D(x,vg) which in turn is 
defined by 


D(x,vp)= A (x,vp)—C(x,vp), (15) 


has to a good approximation a known phase. For ex- 
ample, in the case of meson photoproduction at moder- 
ately low energies, C might be the contribution to the 
amplitudes from all the states with small phase shifts, in 
which case the phase of D would be simply 633. As will 
become evident shortly, the functional properties of C, 
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such as poles and branch cuts, are relatively immaterial 
except in that certain integrals which involve C are 
convergent and a certain domain of analyticity in the 
variable vz exists. Because of the freedom so afforded, in 
general C may be chosen in various convenient ways. 
One such way might be to take a part of the Born ap- 
proximation; a second might be to take partial results 
directly from experiment. And finally, the most inter- 
esting possibility, of course, is to select C from the 
results of a previous calculation. Indeed, once some 
approximate solution is available, one may iterate by 
taking the new C to be that part of the previous solution 
which will yield an improved knowledge of the phase 
of D. 

More explicitly, let 6 be the known phase which is to 
be associated with a given choice for C. By use of 
obvious additions and subtractions on Eq. (1), and by 
use of Eq. (15) one may derive a dispersion relation for 
D in the form 


1 ea) 
D(x,vp) = B'(x,vp)+- f dy[ImD(y,vz) | 
T “2x0 


1 
x|——+—_| (16) 
y—x—tie ytxt2vp 


where B’ is given by 


1 «© 
B'(xyn)=B(ayrn)—Clayrn) += f dy[ImC(y,vz) | 
T “20 


1 1 
x| ————_—_+—— —| (17) 
y—x—te ytxt+2vp 

One notes directly that B’ is purely real and further, 
since the integral in Eq. (17) is assumed to exist, that 
the function B’+C has the identical crossing symmetry 
and analyticity properties as are enjoyed by A. Now 
since Eq. (16) for D is of the same form as Eq. (1), and 
since by our choice for C, the phase of D is known, we 
may use the result given by Eq. (11) together with Eq. 
(15) to write the solution of Eq. (1) in the form 


1 oo 
A (x,vp) = B(x,vzg)+—- { dy[ImC(y,vz) | 
T “20 


1 1 
x| — + 
y—-x—te y+xt2vp 


ert ib 0 
+— f dy B’(y)e~*™ sind (y) 
T 


1 
fds 


y—x—te 





| (18) 
yt+a+2vp 


18 Tn this connection we think, of course, of the obvious analytic 
continuations of these functions which are here defined along a 
part of the real axis. 
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We emphasize again that the ambiguities relating to the 
crossing terms and those relating to the solutions of the 
homogeneous equations have been removed by means of 
the known crossing symmetry and the assumed be- 
havior at infinity of the function A. An alternate and 
sometimes more convenient form for Eq. (18) may be 
obtained by regrouping the delta function parts of the 
integrals with the inhomogeneous term, with the result 


A (x,vp) =C(x,vp) 
+cosé e*[ B(x,vg)+1(x,vg) — ReC (x,vz) | 
ert id 4) 


=f pf dy e~°(u-"B) sind (y) 
x0 


Tv 


X[B(y,ve) +1 (y,ve)—ReC(y,va) ] 


+——_|, ( 
yt+x+ 2p 


where /(x,vz) is given by 


? 


si 1 1 
Han) =— f dy ImC(y,0), + -| 
r Sx y—x ytxt2vp 


It is of some interest to examine the solution of Eq. 
(18) in terms of its dependence on the momentum 
transfer vz as well as the energy. This leads to a general 
restriction on possible comparison functions C(x,vz). 
Evidently, the solution given by Eq. (18) has a branch 
cut along the negative vz axis by virtue of the crossing 
terms. In the case of meson-nucleon scattering this 
corresponds to one of the branch lines which has been 
discussed by Mandelstam." It is clear that the needed 
properties of the solution Eq. (18) can be obtained by 
requiring that the functions ImC(x,vg) and B’(x,vg) 
have suitable analyticity properties in vg. In the case of 
meson-nucleon scattering, for example, the choice of a 
polynomial for C is certainly adequate. More specifically, 
if C is chosen to be the Born term minus a finite number 
of partial wave projection of this term,’ then the proper 
analyticity is also maintained. Thus, the requirement of 
consistency with the Mandelstam representation some- 
what restricts the choice for C. 

Lastly we note one final simplifying approximation 
which may be made in Eq. (19) at a possible resonance 
energy x,. Since the integrand in Eq. (19) is then the 
product of exp{p(x1,vs2)—p(y,ve)} and a function which 
is sharply peaked at this resonance, we may expand the 
former in a power series 


eP( tr.¥B)—p(y,¥B) — 1+a(y—x,)+ ree, 

44S, Mandelstam, Phys. Rev. 112, 1344 (1958). 

15 Although the extension of the amplitude to unphysical values 
of the momentum transfer by means of a Legendre polynomial 
expansion is open to question, for sufficiently small momentum 
transfers considerations due to H. Lehmann, Nuovo cimento 10, 
579 (1958), would seem to cast suspicion on the validity of this 
procedure. 
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in which only the first term will make an appreciable 
contribution to the integral. Thus, the somewhat an- 
noying e? factors may be dropped at a sharp resonance 
with a consequent simplification of Eq. (19). 

Therefore, we see that subject to the limitations dis- 
cussed above, the solution of Eq. (1) may be obtained 
provided only that one can find a comparison function C 
as defined by Eq. (15) such that D has a known phase. 
The solution is then given by the two equivalent forms 
Eqs. (18) and (19). 


III. APPLICATION TO MESON-NUCLEON 
SCATTERING 


In order to study the proposed method in more detail, 
let us now consider a specific application to the case of 
meson-nucleon scattering at low energies. The necessary 
selection of a suitable function C* can be simply made in 
this energy region because of the well-known (3,3) 
resonance, which, around its maximum, dominates all 
other states. Thus, in lowest order (in the sense of the 
iterative scheme discussed above) we shall assume that 
all states except this resonant one, are correctly given by 
the Born approximation. In other words, since the Born 
approximation is purely real, we are assuming that only 
the (3,3) state makes an appreciable contribution to the 
dispersion integrals—an approximation which is cer- 
tainly reliable near the resonance. This means that if 
we make the choice 


C2 (x,x?) = Bt (x,x?) ~ B33 b (a,x? ys (20) 


where B+ here is the relevant part of the Born approxi- 
mation and B;;* is that part of the (3,3) projection of 
the Born approximation which is to be associated with 
the given B*, then the phase of D*(x,x?) as defined by 
Eq. (15) is given by 633. We note that the function C* as 
defined in Eq. (20) is purely real for sufficiently small 
momentum transfer and thus the solution given by 
Eqs. (18) and (19) will be conveniently simplified. 

Before writing down the detailed solution, let us, for 
the sake of completeness review briefly some of the 
kinematics. We shall follow the notation and arguments 
of reference 1 as closely as possible. Let pi, p2, q1, g2 be 
the initial and final momenta of the nucleons and 
mesons respectively and define the three independent 
four-vectors P, Q, and « by the relations 


P=} (pit po), 
O=3(9:+92), 
x= } (qi— 42). 


(21) 


Out of these three vectors, one can construct only two 
independent invariants which may be taken to be x? and 
x which is defined by the relation 


x= —(1/M)P-O+ (1/M)x?. 


In the center-of-mass system, x? is one-half the three 
momentum transfer to the nucleon and x is connected to 





1302 R. BLANKENBECLER 
the total energy W in this frame by the relation 
x= (W*?—M?—1)/2M and is also the incident meson 
energy in the laboratory frame. The T matrix for meson- 
nucleon scattering may be written in the form 


T=—A+iy-QB, 


where A and B are matrices in isotopic spin space and 
are functions of the two invariants x and x?. The as- 
sumption of charge independence reduces this com- 
plexity and allows only four independent functions 
which may be defined by 


A ap Atbapt+A-4[ 78,70], 


and similarly for Bag, where a and £ are the initial and 
final charge states of the pion. Finally, in terms of the 
functions A+(x,«*) and B*(x,x?), the scattering ampli- 
tude f* in the center-of-mass system may be written 


ft= fit+ (o-quo-qu/q*) fot, (23) 


where g is the magnitude of the meson momentum in the 
c.m, system and where 


E+M 
fit= [A*+(W—M)B*], 
2W 
and 
E-M 
fit=—L- A*+ (W+M)B*), 


and where lastly Z is the total nucleon energy in this 
system, 

The dispersion relations, for fixed x’, of the amplitudes 
A+ and B+, on the assumption that no subtractions are 
required, may be written in terms of the variable x and 
are 


1 rs) 
A+(x,x?) =- f dy[ImA+(y,x?) ] 
w1 


1 
it 
y—x—te 


| (25a) 
yt+x—2x?/M 


and 





. 1 1 
B+(x,x?) = -=( ) 
2M eh1/2M x—1/2M—2k?/M 


1 is) 
din f dy[ImB+(y,x?) ] 
we; 





1 1 
x| + | (25b) 
y—x—ie ytx—2k?/M 


Here g~4 and is the unrationalized pseudoscalar 
coupling constant. In terms of the variables x and «?, the 
crossing symmetry is expressed by the relations 


A+(—x, x)= +A+(x+ 20°/M, w*), 
(26) 


and 


B*(—x, 2) =FB*(x+-2e/M, 02). 
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Now in accordance with the choice for C+, Eq. (20), 
we must project out b the (3,3) part of the Born 
approximation which is given by the product of iy-Q 
and the inhomogeneous term in Eq. (25b). The isotopic 
spin projecting is easily done and in the center-of-mass 
frame the result may be written in the form 





g 1 saa W+M o@- =~) 
=— 
2M costt+aLE-M E+M g? 
where @ is the angle of scattering of the meson and 
1/a=q?/(Ew,—}4) is essentially the product of the 
nucleon and meson velocities. The meson energy in the 
center-of-mass system is wg. The Py angular momentum 
state is easily projected from this formula, and we obtain 

the result 


1W+M 
2 E+M 





g? ~w-M 

= ~ 7|(6ar-4.-0- 40-49, 
2Mq’t E—M 

where a and ¥ are given by 


a a+1 a 


a=1-—-In - : 
3 E*w,? 





e-1 


4 4 


a+1 
y=3a+}(1—3a?) In ~ é 
15 Ew, 


a—1 


By use of Eqs. (23) and (24), we obtain 


2 27 
A33+(x,x?) = — ( A f (x) 
—§/ 2W 
[3 ceil ( ay 
E+M 


and 
2 \ g?J (x) 
bunt) =—( : y° 
—1/ ww 


3 2K? 1 
alto) aad 
E+M g E-—M 


where J depends only on the energy and is given by 


W —-| 
E-—M 


W-M 
E—M 


1W+M 
tn 


2E+M. 





J (x)= 


Finally, by use of Eqs. (18) and (20) we obtain as the 
solution with the correct crossing symmetry and the 
assumed behavior at infinity, 
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ert i633 a 
A+(x,k?)= f dy e~°) sinds3(y)a33*(y) 
1 


Tv 





1 1 
Gite ake 
y—x—ie ytx—2x?/M 


and 





g° 1 1 (28) 
BE(x42)=— =| = 
2MLx+1/2M x—1/2M—2x2/M 


ert ibaa 


+ f dy e~°( sinds3(y)b33*(y) 
1 


us 





1 1 
4 peng 
y—x—ie ytx—2x?/M 


where, of course, @33* and b33* are given by Eq. (27). 
Thus, once 433 has been obtained, say from experiment, 
one need only carry out the single integrals in Eq. (28) 
to obtain the total scattering amplitude in this ap- 
proximation. We note at this point that since 63; may be 
presumed to approach 7 for large energies, it seems 
necessary to perform a subtraction in p to make its 
integral convergent. It is convenient to perform one 
subtraction at x=x?/M because this retains explicitly 
the crossing symmetry and does not add an arbitrary 
constant to the solution. However, one subtraction is 
actually automatic, since the integrals in question occur 
in the combination p(«)—p(y). 

It is perhaps worth emphasizing again, that the solu- 
tion given by Eq. (28) is but an approximate one based 
on a selection of C* as given by Eqs. (20) and (27). The 
obvious choice to make in order to obtain an improved 
solution is to take for the new C+ the difference between 
the solution given by Eq. (28) and its (3,3) projection. 
One might then be hopeful that the phase of the new D* 
as defined by Eq. (15) will be closer to 533 than before. 
Then by repeated use of Eq. (18) the improved solution 
would be obtained. 

For the present, let us content ourselves by comparing 
the results given by Eq. (28) to experiment by actually 
comparing them to the analogous results of reference 1. 
In order to do this, it is first of all necessary to make a 
partial wave expansion of Eq. (28). This procedure 
turns out to be fairly complex because of the x? de- 
pendence in the crossing term of p that corresponds, 
roughly speaking, to the effects of the (3,3) state on the 
rescattering of other states. We should now like to argue 
that at low energies, to a good approximation, one may 
neglect this particular x? dependence and thus obtain 
simplifications in the partial wave decomposition. As we 
have already argued above, in the neighborhood of the 
resonance, the two e? factors in Eq. (28) tend to cancel 
each other and thus the x? dependence in these expo- 
nentials is probably not too important. In passing, we 
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note that in the crossed term under the integrals in 
Eq. (28) the x? dependence may be partially neglected at 
moderately small momentum transfers because of the 
1/M factor and because of the expectation that, in 
general, the singular denominator in the uncrossed 
term makes the large contribution to the integral. 

Thus, assuming this neglect of the x? dependence, 
which is generated solely by the crossing symmetry in 
p, to be justified, the task of projecting the various 
angular momentum states from Eq. (28) is simple. We 
note that @33*(x,x?) and b33*(x,x) are linear functions of 
x’ and thus the integrals can only make an appreciable 
contribution to states of /=3 and J=}4. Further, as 
shown in reference 1 the phases of the two Dj states are 
both <1° up to the resonance energy and thus we need 
to consider only the rescattering corrections to the 
remaining S and P; and P, states. Following CGLN, 
we obtain, using their normalization, the results 


fst=fitO)+2¢/i*' (0), 
fry*= fo*(0)-tPfi*’ (0), 
fryt=—éPfi* (0), 


where fs is the amplitude of the S states, etc., and where 
fi*(x,x?) and fo*(x,x?) are given in terms of A+ and B+ 
by Eq. (24), and finally, where the primes stand for 
differentiation with respect to x*. Using the methods 
of reference 1, the amplitudes of the other states as well 
as the corrections to Eq. (29) due to these states may be 
obtained. For the present purpose, however, Eq. (29) 
will suffice. 

The obtaining of explicit formulas for fs, fry and fry 
in the two isotopic spin states, is now a simple matter. 
One computes fi*(x,x?) and fo*(«,x?) directly from 
Eqs. (24) and (28) and substitutes these into Eq. (29) 
to obtain the desired result. Fortunately, there is no 
need to present the resultant, fairly complicated formu- 
las here explicitly since they may be directly obtained 
from the corresponding results of reference 1. Thus for 
the S states one takes Eqs. (3.19) while for the P states 
one takes Eqs. (3.29) and (3.32) of reference 1 and 
makes there the substitution, 


(29) 


————_¢ i63a("L) 


2W’ 


Im f33*(vz’) eS ( 


4 ee 
1 
3 


(30) 


Xsind33(vp/ err ern), 


This procedure will reproduce the present results. 

For later applications to meson photoproduction and 
for the sake of completeness, let us write down the 
greatly simplified version of these formulas which is 
obtained for P waves by making the expansion in 
inverse powers of the nucleon mass. Defining the vari- 
able w==W-—M and keeping only zeroth and first order 
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in 1/M, there results for the P waves 


4 ff? er() + 1533(w) ® dw’ 
fa= +$ fq? f _— sind 33(w’ )e~(~”) 
3 


® T w 


1 Wye Aae | 
x| oe +- + ag | 
w'—w-te M 9a'+w 
8 fg? 3f%q? 
EN Willi 
3 w M 


64g’ f? * du’ sind;3(w’) 
4 —ert nf 
1 


fu= iad 


w wtw 


— p(w’ 
nila p(w’) 
€ ’ 


27 « 


3 
fis » fu= thu 
4M 


f*q’. 


The very striking similarity of the results given by Eq. 
(31) to the corresponding formulas of reference 1 [Eq. 
(4.1) ] is not too surprising if one considers that Eq. (31) 
may be obtained by use of the limiting form of the 
substitution Eq. (30). Using the type of arguments 
presented in the previous section where the solutions of 
the dispersion relations were obtained, it is immediately 
clear that fs3 as given in Eq. (31) is a solution of the 
corresponding f3; equation of CGLN. In making this 
argument, we take the f33 equation of CGLN, divide it 
by gq’, and then assuming that we know the phase of 
fs3/@’, a possible “solution” of this equation is given by 
our Eq. (31) if crossing is treated approximately. In this 
sense, the first equation agrees completely with the 
corresponding results of CGLN. The last set of equa- 
tions in (31) is identical to the corresponding results of 
CGLN and thus also requires no further discussion. 
Lastly, the fi, equation can easily be shown to coincide 
with the results of CGLN at very low energies. Upon 
letting the e* factors cancel each other, and upon 
neglecting 533 in the exponential at low energies, we may 
use the effective range expansion for f;3; under the 
integral in the fi; equation, and thusly reproduce the 
corresponding result. We see, therefore, that the choice 
for C* as given by Eq. (20) essentially yields the results 
of CGLN in the 1/M limit and, thus, it enjoys the 
corresponding agreement with experiment. 

Finally, let us emphasize again that the purpose of 
solving meson-nucleon scattering in the present context 
is only with the viewpoint of illustrating the general 
method and of deriving results to be used in a discussion 
of pion photoproduction. The fairly remarkable agree- 
ment with the results of reference 1 is, of course, no 
accident in that the basic assumption of the dominance 
of the (3,3) state under all dispersion integrals is made 
there also. Indeed, from many points of view, the 
formulas of reference 1 are preferable since these, for 
example, involve dispersion integrals containing Im /33 
rather than siné3; and the former is much more con- 
venient because of the sharper peak at resonance. On 
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the other hand, our formulation of the solution is 
stated in a more general way and allows one to find an 
improved solution starting from any approximate one. 
Furthermore, we expect the present method to be 
applicable to other processes in which some phase will 
be a given piece of data rather than something which 
must be codetermined with the rest of the solution as in 
pion-nucleon scattering. 


IV. CONCLUDING REMARKS 


The main result of the present study may be sum- 
marized by noting that Eq. (18) is the solution to the 
dispersion relation given by Eq. (1) subject, of course, 
to our obtaining a suitable comparison function C. The 
generality possible in the choice of this comparison 
function makes it convenient to make use of partial 
experimental information and also to improve any given 
solution by iteration. Although the method is not 
basically restricted to any particular energy region, in 
the case of pion-nucleon scattering at low energies, the 
obvious zeroth order comparison function yields es- 
sential agreement with the results of CGLN. Further- 
more, even though the present discussion has been 
consistently slanted towards simple processes which 
directly involve mesons, it is evident that the proposed 
method for solving the dispersion relation has wider 
generality. In particular, the extension of the present 
ideas to general processes involving strong interactions 
in the final state is fairly straightforward provided, of 
course, that one may write down a suitable form of the 
dispersion relation. 

As an example of such processes let us consider briefly 
photo- or meso-disintegration of deuterium.’ The dis- 
persion relation at constant momentum transfer y may 
be written in terms of the total center-of-mass energy x 
and is of the form 


1 
A (xp) =V(a»)+- J dy[ImA (y,»)}——, 
us 


y—-%X%—1e 


where the unphysical and negative energy contributions 
have been absorbed into the inhomogeneous term. We 
assume that V(x,v) is known at least approximately. 
Now at very low energies, assuming that only one 
partial wave Jo is appreciably different from its Born 
approximation, we choose our jowest order comparison 
function C by the relation C= V— Vip where Vip is the 
projection of V on the /oth partial wave. The resulting 
equation is easily solved by use of the methods described 
above. An improved solution may now be obtained by 
taking the new comparison function 


C=A-Ab, 


where A is the solution just obtained and A ty is its Joth 


16 Similar work on photodisintegration has been independently 
carried out in more detail by Bunji Sakita, Bull. Am. Phys. Soc, 
Ser. II, 4, 267 (1959). 
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projection. Assuming that this choice for C will make 
another partial wave dominate, we proceed as before. 
Continuing in this way, and assuming further that each 
V, is a slowly varying function of x, we find an ap- 
proximate solution” in the form 


A (ry)=2 V i(x) 


1 1 
X Pi(cos#) exp|~ four¢-—|. (32) 
7 


y—%—te 


In writing down this solution, we have applied the 
boundary condition that each partial wave must have 
the scattering phase 6; as demanded by unitarity, and 
further in the limit as this phase approaches zero, the 


17 We are grateful to Professor Nambu for first suggesting this 
solution to us. 
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amplitude reduces to the Born approximation. The 
possibility of making a subtraction in the exponential 
is, of course, always understood. In this approximation, 
we see that each partial wave has the correct phase 
according to unitarity and its modulus differs from the 
Born approximation only by the easily computed ex- 
ponential factor. For the cases in which V; is not a 
slowly varying function of the energy, the more general 
Omnes solution must be used. In any event, Eq. (32) 
would seem to offer a simple and convenient estimate of 
final state interaction effects. 

In summary, the approach used here seems to allow 
a convenient evaluation of final state interaction effects 
in a variety of processes. The results for pion-nucleon 
scattering derived in Sec. III will be applied in a later 
paper to the problem of photoproduction of pions from 
nucleons. 
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The dispersion relations for meson photoproduction at moderately low energies are examined by means 
of the comparison function method which was proposed in an earlier paper. Assuming that only the (3,3) 
state is appreciably modified by rescattering effects, an approximate solution is obtained. Nucleon recoil 
and crossing symmetry are treated exactly. The static limit of this solution yields substantial agreement 
with the results of Chew, Goldberger, Low, and Nambu. It is hoped that an evaluation including effects of 
nucleon recoil will improve the agreement in the resonance region. 


1, INTRODUCTION 


FAIRLY exhaustive discussion of the photo- 

production of * mesons from nucleons in the 
low-energy range has been carried out by Chew, 
Goldberger, Low, and Nambu.' This work is based on 
the technique of dispersion relations, whose validity 
for this process was recently established from the 
general axioms of field theory by Oehme and Taylor.’ 
The evaluation of the dispersion relations was effected 
by using the relation between meson photoproduction 
and pion-nucleon scattering demanded by unitarity,’ 


* Supported in part by the Air Force Office of Scientific Re 
search, and a grant by the National Science Foundation. 

t This work was begun while both authors were at Stanford 
University, Stanford, California. 

t National Science Foundation Post-doctoral Fellow. 

1 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). (Hereafter to be denoted by CGLN.) Dispersion relations 
for S and P waves to order 1/M have also been derived by L. D. 
Solov’ev, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 801 (1957) 
(translation: Soviet Phys. JETP 6, 617 (1958) ]. 

2R. Oehme and J. G. Taylor, Phys. Rev. 113, 371 (1959). 

3K. M. Watson, Phys. Rev. 95, 228 (1954). 


and also by making an expansion in inverse powers of 
the nucleon mass. The latter procedure makes it con- 
veniently possible to compare these results to those of 
the static model. However, this expansion necessarily 
restricts the results to energies near and below the 
scattering resonance, where nucleon recoil effects are 
relatively unimportant. 

In the present study the comparison function method 
which was proposed in a previous paper’ is used together 
with unitarity to obtain explicit approximate solutions 
to the photoproduction dispersion relations. The 
essential approximation made in applying this method 
to the present case is the assumption that the (3,3) 
scattering phase shift is the only one which is important 
under the dispersion integrals. However, since the 
crossing symmetry is treated exactly, the final result 
does contain some rescattering corrections of the (3,3) 
state to all partial waves. Multi-meson production is 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 

5 R. Blankenbecler and S. Gartenhaus, preceding paper [ Phys. 
Rev. 116, 1297 (1959) ] (hereafter to be denoted by I). 
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also neglected, in that the phase shifts are assumed real. 
Once these approximations have been made, it is 
possible to obtain an exact solution of the dispersion 
relations in terms of the (3,3) phase shift. This solution 
includes the effects of crossing symmetry and nucleon 
recoil. However, by the very nature of the approxi- 
mations made, this solution can be expected to be valid 
only in the resonance region where the (3,3) phase shift 
dominates, and also perhaps, near threshold, because 
of the Kroll-Ruderman theorem.* It should be noted 
that, in principle, these approximate solutions can be 
improved by an iteration procedure such as described 
in I. Only the first-order solution will be discussed in 
this paper. 

A comparison of this solution with the work of CGLN 
is facilitated by expanding in inverse powers of the 
nucleon mass. The results so obtained agree substan- 
tially with the corresponding ones of CGLN. One may 
thus be hopeful that a numerical evaluation of this 
solution which contains the entire effect of nucleon 
recoil will improve the agreement with experiment in 
the resonance region. 

In Sec. 2 after a brief review of kinematics, we write 
down an approximate solution to the dispersion rela- 
tions. Section 3 is devoted to a comparison with the 
results of CGLN by taking the static limit of this 
solution. Finally, in Sec. 4 the final form of the photo- 
production amplitude is displayed, together with some 
concluding remarks. 


2. KINEMATICS AND DISPERSION RELATIONS 


The notation in this paper will be patterned as 
closely as possible to that of CGLN. In the interest of 
completeness, a short review of some kinematical 
details will be presented first. 

Let p1, p2 denote the momenta of the initial and final 
nucleon, and let & and g be those of the photon and 
meson, respectively. (We take 4=c=1 throughout.) 
The conservation of four-momentum means that only 
three of these four vectors are independent, and these 
may be P, the average of the initial and final nucleon 
momenta, k, and g. The mass shell restrictions leave 
only two independent scalars, which are conveniently 
chosen to be 

v=—P-k/M=—P-q/M, (2.1) 
and 
vp=q°k/2M. 


Other invariants involving Dirac y matrices can, of 
course, also be formed. However, the requirements of 
Lorentz and gauge invariance further restrict this 
choice so that, finally, the complete matrix element for 


photoproduction may be written in the form 
H=AM,+BMp+CMc+DMp, (2.2) 


where A, B, C, D are functions of v, vg and are matrices 


6 N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
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in isotopic spin space. The invariants M4---Mp are 
given by 
M s=itysy-ey'k, 
Mp=2iys(P-eq-k—P-kq:e), 
Mc= sv: eq:-k—y-kq-e), 
Mp=2y5(y-eP-k—y-kP-«—iMy:ey-k). 


(2.3) 


Finally, the assumption of charge independence 
allows each of the invariant scalar amplitudes to have 
only that isotopic spin dependence expressable in the 
form 


A (v,vB,7) =AW (v,vp)dg3+A@ (v,vp)3 78,73] 
+A ” (v,vB) TB, 


with similar relations for B, C, and D. The isotopic 
label of the pion is given by 8. 

In order to carry out the program of evaluation 
described in I, it is first of all necessary to obtain a 
suitable comparison function C [see discussion pre- 
ceding Eq. (15) in I]. Using arguments similar to those 
made in I for the evaluation of the pion-nucleon scat- 
tering amplitude near resonance, we shall obtain a first 
order solution by choosing C to be the Born approxi- 
mation of the photoproduction amplitude minus its 
(3,3) part. Thus it is necessary to project out of the 
Born approximation for H, this particular isotopic spin 
and angular momentum state. One method for doing 
this is to introduce the covariant generalization of the 
(3,3) projection operator, which has been described by 
Fubini, Nambu, and Wataghin.’? Another approach, 
which is of course completely equivalent, is to reduce 
H to two-component Pauli spinors in the center-of-mass 
system, perform the projections, and then reconstruct 
the invariant H33. The projections have been made 
using both methods and we shall describe the latter 
method in some detail. 

Let W be the total center-of-mass energy, and define 
the amplitude § by the relation 


(2|§|1)= (M/W) aH, 


where the matrix element on the left is taken between 
Pauli spinors, while the one on the right is between 
four-component Dirac spinors. In terms of %, the 
differential cross section in the barycentric system is 
given by 


(2.4) 


(2.5) 


do/dQ= | (2|%| 1) |2g/k. (2.6) 


If we choose a gauge in which the time component of € 

vanishes in the center-of-mass system, then §§ may be 

decomposed into the form 

§=io-ehito-qo: (kX e)§2/gktio:kq: e¥3/gk 
t+io-qq:e4/9°, (2.7) 

where the §; are functions of v, vg and the isotopic 

spin. The expansion of the §; into electric and magnetic 


7 Fubini, Nambu, and Wataghin, Phys. Rev. 111, 329 (1958). 
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multipoles has been carried out in CGLN. For present 
purposes, our interest lies in the relation between the 
%. and the functions A, B, C, D. These relations can be 
obtained in a straightforward way and the results are 
2WA=(W+M)Fi—(W-M)F;2 
+8M?Wvp(C—D)/(W?—M?), 
2WB=F3—F,, 
2W (C—D)= (W+M)F 3+ (W—-M)F,, 
2WD=F,+F.+2M vel F3/(W-—M) 
+Fi/(W+M)], 


where 


(W—M)[(E,:4+-M)(E.+M) }F = 2W&i, 
(W—M)(E,+M)'gF.= 2W (E.+M)'§, 

(W—M)[(E:+M)(E2+M)]}'9F3=2W%s, (2.9) 
(W—M)(E,+M)'@2F = 2W (E+ M) Bi. 


Now still following CGLN, it is convenient to discuss 
the amplitude for photoproduction by splitting it into 
terms generated by the charge and the total magnetic 
moment u. If the Born terms which can possibly con- 
tribute to the (3,3) state for the functions F,---F'4 are 
written as a row matrix, then for the isotopic } state 
we find 
4u,fM 
F, n= ————-(cos6+1/V) 
kg 


1M, —M,1,1], (2.10) 


and 


ef 
F,p=—(cosd+1/V)- 
kg 


ef i ae 2M —2M 
+— (cow--) [o, 0, - —| (2.11) 
kg v W f Mw W —M 


W-M W+M 
{o no | 
W 4M’ W—- M 


where »=3}(up—un) is the total vector part of the 
magnetic moment, f*~0.08, e=1/137, g:k=qk cos#, 
V=q/Ez is the final nucleon velocity, and v=q/w, is 
the meson velocity. 

By use of the preceding formulas, the projection of 
the (3,3) part of the Born approximation for H is 
straightforward. Using Eqs. (2.7), (2.9), (2.10), and 
(2.11), we may form the isotopic (3) Born approxi- 
mation to the photoproduction amplitude §2(q,k,W) 
and directly obtain its (3,3) part by the projection 


a" (q,k,W) 


dq 
(3q-q’—o-qo-q’)§2(q',k,W). 
lalla’ 


Now by use of Eq. (2.9) we may obtain the (3,3) parts 
of F,, Fs, thus enabling us to get the (3,3) parts of the 
Born approximation for A, B, C, D, via (2.8). The 
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results in terms of which the solution for the dispersion 
relations will be written down are rather lengthy and 
are presented in Appendix A. Armed with these pro- 
jections, we are ready to consider the solutions to the 

mapping” problem posed by the dispersion relations 
and the unitarity condition. 

The dispersion relations are assumed to be 


1 0 
H;(v,vp) = B;(v,vz) +- f dy'[ImH,;(v’,vz) | 
nr, 


1 Pi 
x| + | (2.12) 
y'—pv—ie v'+yp 


2M+vp, 


where 


Vo= 1+1 


1 1 
B)-R,( + ). 
Vp—v ve+tv 


and where At.°, Bt. C-, 
while the remainder are odd. 


R(A+°)= —}ef, 

R(B*)=ef/4M vp, 
R(C*)=R(D*)= fue—ef/4M, 
R(C)=R(D*)= fu.—ef/4M, 


where us= 3(upt+uy). 

It is now convenient to change variables from yv to 
x=v—vg. The comparison function is chosen to be 
B— B*, so that under our assumption of the dominance 
of the (3,3) state, the function H;— (B;— B;*) has the 
phase of the (3,3) scattering amplitude. Then, as shown 
in I, the solutions to the dispersion relations take the 
form 


(2.13) 


D*° are even functions of v 
The residues are 


e'5(z) 


B;(x,vz)+ 


T 
a 


xf dx’ sind’b;(x" yp )eA 7") 
14+1/2M 


r 1 1 
x| = = 


, 
x’—ax—te x’ +x+2p3 


H,(x,vp) = 


(2.15) 


where 6 is the (3,3) scattering phase shift, 0; is the (3,3) 
projection of B; and is given explicitly in Appendix A, 
and where A is defined by the relation 


A( x’ 0B) = p(x,vB = p(x’ vp - 


Finally, p may be written in the form 


1 a) 
p(x,vz)=- pf dx! 5(x") 
Tv 14+1/2M 


1 1 
x| | | (2.16a) 
x’ —x x’ t+a+2vp 
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or alternately by subtracting a constant, which doesn’t 
affect A, 


(x+vpz)* 5(x’) 
T 141/2M (a’+ vp)? 


1 
—], (2.16b) 


+ a 
x’+2+2v, 


where P means principal value. The dependence 
of 6 on its argument is such that at threshold, 
6(1+1/2M)=0. One subtraction has been performed 
in the second expression for p, even though A is finite 
without it. 

Since the Born terms for the isotopic zero amplitudes 
have no (3,3) projection, the second term of (2.12) is 
identically zero in this case. In the present approxi- 
mation these amplitudes are then given by the isotopic 
zero part of the Born approximation. We therefore 
restrict our attention to the plus and minus amplitudes. 

It is clear that the imaginary contribution of the 
integral in (2.15) simply adds to the (3,3) part of the 
Born approximation, a term which gives it the correct 
phase as demanded by unitarity. These inhomogeneous 
parts combine to yield the form ib,e" cosé which vanish 
at resonance. Thus the principal value integral contains 
all the effects of the (3,3) state at resonance. 

The crossed term in p tends to be small, so that its 
dependence on vg will be neglected. A simple form for 
6, which agrees satisfactorily with experiment up to 
and slightly beyond resonance’ is 


6= (1/2)Z), pet 
=n(1+1/2(Z)!-1/Z], Z>1 
Z=#/k?, 


(2.17) 


where k, is the pion momentum corresponding to the 
position of the resonance. The resultant p is found to be 


ry 


p(Z)—p(0)=Z+—— In|1—Z| 
Z 


1 l1+/Z 
+ (1—Z?) In|— 4 
2/Z 1--/Z 


.18) 


An interesting property of the function p is that it 
has a resonance-type behavior as does sind. A graph of 
this function is presented in Fig. 1. 

Evidently, a numerical evaluation of these solutions 
is required. Further, in order to clarify the physical 
interpretation and significance of these results, a com- 
parison with CGLN is clearly in order. 


8H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics, 1956 (Interscience 
Publishers, Inc., New York, 1956). 


BLANKENBECLER 


3. THE STATIC LIMIT 


First, as has already been mentioned, that part of 
the photoproduction amplitude which is proportional 
to 7s, contains no (3,3) part. Thus, the four isotopic 
zero amplitudes are given directly by their Born 
approximation. The rescattering corrections to the 
S-wave part of these amplitudes have been evaluated 
in terms of the isotopic 4 S-wave scattering phase shift 
and found to be negligible, as one would expect. The 
static limit may be directly taken, and the results are 
identical to the corresponding ones of CGLN. However, 
since this part of the photoproduction amplitude is 
relatively unimportant at low energies, the improve- 
ment obtained by keeping all nuclear recoils is not 
expected to be significant. 

The static limits of the plus and minus isotopic 
amplitudes may be obtained by finding the static limits 
of the appropriate Born approximation and of the 8,, 
which are presented in Appendix A, and substituting 
these into the limiting form of Eq. (2.15). The latter is 
conveniently obtained in terms of the variable w 
defined by w=W—M. For the immediate purpose, it 
suffices to keep zeroth and first order terms in 1/M in 
the inhomogeneous terms and the delta function parts 
of the solution (2.15), and only lowest order in the 
principle value integrals. Substituting these static 
solutions A+, ---D+ into the inverse of the linear 
relations (2.8) and using Eq. (2.9) the amplitudes 
iyi*, «++ (4+ may be constructed. The S-wave part of 
iit is sufficiently different from the results of CGLN 
that it merits further discussion. Following the method 


30 











- xX- 
Fic. 1. The functions p(x) and e?‘*). 
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outlined above, this amplitude is found to be 


2 fv © di’ sind (w’) 
—2asfurt-—— (203) +h f f eA(w,0") 
M 1 ww’ 


X [Smt 3o'F u (wo!) —w' (14+-20/0')Fo(w’)], 
where Fg and Fy are the quadrupole and magnetic 
dipole functions as defined in CGLN. By use of the 
results of I, the part of this expression consisting of the 
inhomogeneous term and the magnetic moment part 
of the integral may be expressed linearly in terms of the 
isotopic plus S-wave pion nucleon scattering amplitude 
f.*. Some of the remaining terms under the integral 
may be reexpressed in terms of F,(w’), which might 
also be compared with similar terms in reference 1. 
Thus, these terms seem to have the same structure as 
those in CGLN, but exact agreement cannot be ex- 
pected since both treatments neglect some S-wave 
rescattering effects. In any event, since the present 
results are expected to be valid only near resonance, 
where these S-wave effects are small, these slight 
differences are not important. A similar result holds for 
the corresponding minus isotopic state. 

On the other hand, the P wave part of 1+ turns 
out to be more interesting. Upon grouping the magnetic 
moment contributions under the integral with the 
corresponding Born terms, and comparing with results 
of I, Eq. (31), one finds the combinations of P-wave 
scattering amplitudes, /At+, ---A~~, introduced by 
CGLN. Similar comparisons may be made for all the 
other §;. Finally, neglecting small terms, including the 
S-waves rescattering just discussed, the result may be 
written 


(ef) §t=i0- eq- kl —Nit -— Fie (fo —$ fu) ] 
+io: kq: e[ ht —-_ Zie8 (fg V+ bfu)] 
+q- (kX e)[Autt+ (4/9)ie® fy] 


+io-qq:e/2Mw, (3.1) 


and 
= _r. 2io-(k—q)q-e 
(v/epi-= (14- -) [iene -- | 
M (k—q)?+1 
+io- eq: kL—Al-—+ fie® (fg — 3 fr) +C] 
+io-kq: e[Ah- —+-3ie® (fo +4 fu™) | 
+q: (KX e)[Ai- +— (2/9) ie* fu J 
—io-qq:e/2Mw. (3.2) 
Here, the functions fg, 1* and C are defined by 
iP 


fe, uw =Fo, M sin6b—— 
T 


4) 
f des! eX") sind (ws!) Fo, 1 (w") 
1 
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4 a da’ 
’ : . a , , 
C=——e'é — sind’e4 /F 9(w’), 


3m w”? 


A=p,/ f?. 


Thus, except for the rescattering corrections to Fe, u, 
effects which are small corrections on already small 
terms, and the S-wave differences, this solution is 
identical to the result of CGLN. Then one may have 
confidence that the solution to the dispersion relations 
proposed in this paper will agree with experiment for 
energies near and below the resonance. Since these 
solutions treat nuclear recoil exactly, and are tailored 
to be valid in the resonance region, one may hope that 
they will improve the agreement with experiment in 
this energy range. However, in order to be able to use 
the above method for handling the magnetic moment 
terms in the case that nucleon recoil is included, we 
must keep all the 1/M terms in the pion-nucleon 
scattering solution. This could be assured by adding 
and subtracting to the magnetic moment terms the 
appropriate solution of the scattering problem and 
obtaining in this way the recoil corrections. This pro- 
cedure is carried out in the next section. 


4. FINAL RESULTS 


In this section the magnetic moment contributions 
to H will be considered first. The solutions to the 
photomeson magnetic moment dispersion relations will 
be rewritten with the aid of the results of I concerning 
pion-nucleon scattering. The fact that the magnetic 
moment terms are proportional to the P-wave scattering 
amplitudes in the static limit will be made explicit. 

In order to achieve the correct combinations of 
amplitudes kt, etc., in the static limit, consider the 
combinations 


6W 


q-k 
a —fiss 


: stleccthaiss + 
W-—M @(k2+M) 


Fi =X 


(2 38+ ), 
f fi (4.1) 


Fi, = -—— ee oe 4 >, 


ntoeniiey ie 
g(W—M) (E.+M) 
F,,‘» =0, 
where the fj, are the P-wave pion-nucleon scattering 
amplitudes of the indicated crossing symmetry with 


total angular momentum j/2. In terms of the usual 
eigenamplitudes of scattering, they are 


3 fas = 2 fast fis, 
3 fss' — fast fis, 
3 fie = firt2 far, 
3fi = fu- fa, 
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and are explicitly displayed in Appendix B. The reason 
for choosing these combinations will be clear shortly. 
The solutions to the scattering equations are of the form 


fit (x)= b,,6 (x) + 6% 7 (x) <4! +) (4.3) 


where j;,* is a rather complicated integral, and may 
be obtained by projecting the appropriate partial waves 
from (28), and using Eq. (24) in I. If these are multi- 
plied by the correct kinematic factors as defined by 
(4.1), they become 


Fi. (x,vp) = By (x,vp) +e" J 5 (x,vp). 


Now define a matrix R(x,vg) which transforms the 
F’s to the A---D, and whose elements are given 
explicitly by (2.8). The solutions to the magnetic 
moment equations, 


HT 5,(x,vp) = Bj, (x,vp) +e 54 (x,vp), 


(4.4) 


can be written in matrix form as 
H,(x,vp)= R(x,vp)F ,(x,vp)= RF pte” l,(x,vz). 
Solving for the F functions, we have 
F ,(x,vp) =F .p(x,vp) +e®© RO (x,vp) I ,(x,vp). 


If Eq. (4.4) is added and subtracted from this equation, 
the result may be arranged in the form 


F,(x,vp) =F ,(x,vp)+ [Fup (x,vp) = B,(x,vz) | 


+e RO (x,vp)1,(x,vn)—J(x,vp) ]. (4.5) 


This is the final form for the magnetic moment equa- 
tions. In the static limit it can be shown that the term 
proportional to exp(ié) vanishes. The coefficients in 
Eq. (4.1) were chosen so that this cancellation is 
accomplished. The static limit of the first term in Eq. 
(4.5) yields the h+~ combinations of P-wave scattering 
amplitudes introduced by CGLN. In this limit the 
second term contains all partial waves present in Fy, 
except P waves. In a quantitative evaluation of these 
solutions, it may be of sufficient accuracy to expand J, 
and J in a power series and retain the first nonvanishing 
term. It will be of order 1/M. This expansion for the 
scattering solutions is given explicitly in I. 

By use of Eq. (2.15) the charge photomeson solutions 
can be written in the same matrix form, namely 


F.(x,vp)=F .3(x,vg)+e®R(x,vp)1 e(x,vp). (4.6) 


The final results of this paper are contained in (4.5-4.6) 
and their defining equations. These solutions add 
nothing to the qualitative remarks made by CGLN 
concerning meson photoproduction. It is hoped that 
their numerical evaluation will improve the quanti- 
tative understanding of the resonance region. 


APPENDIX A 


The result of carrying out the angular integration 
implied by Eqs. (2.10), (2.11), and (2.12) may be 
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expressed in terms of the functions 


1 1+ 
dipetan: in — 
2v 1—v 


1 1-2 sito ; 
A(e)=-——. n( Jar —¥, 


v 1—v 15 


The final results for the f;, which are defined as the 
(3,3) projections of the F,z, are 


1 
—fiy= —12M*a(V) cosd/kgE2 
bof 


4Mq cos6(E2+3M) 3 
AeASING, Sy) 
kE2(E2+M) ‘ 


—a(V) 


.. | M(E.+M) 
fos= ——| g/E: + ——_ 
gE» 


28 f 2 ; 
, (A.2) 
(Fo+4M) 


B( ”)} 


1 4M 
kq(E2+M) 


J +—a(v) 
bof 2 


1 

— f4,=0. 

bof 

1 (W+M) qcosé 3 
tara 
ef  (W—M) k(E2+M) 


2V 
2Mq cos6 3 
le a 
(W—M)k(E:+M) 2v 


(W—M)(E2+M) 


(W+M)2kq 
<[8(V)—28(0)M/(W—M)], 
W4M q 


ry peckeain 
(W—M) (E:+M) 


1/3 (W-—M) 


—}- —___f 


kg\2 (W+M) 


3 3M 
x[1-—a)]-— —B (0) 
| (W+M) 


: fs. 
ef 


2M q 3 
oes er) 
(W—M) (F.+M) 2v 
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To regain the projections of the plus or minus isotopic 
amplitudes, one defines the quantities 


{M=Ff,, 


prema es (A.4) 


These functions when substituted into Eq. (2.8) will 
yield the projections of the invariant amplitudes A, B, 
C, D, which are called b; in the solution of the dispersion 
relations given by (2.15). 


APPENDIX B 


The procedure to be followed here in presenting the 
P-wave scattering amplitudes is to project the Born 
terms to all orders in (1/M), and to project the re- 
scattering integral terms via the approximate derivative 
method used in CGLN. The dependence of p on the 
momentum transfer is neglected. This should introduce 
a small error. Use will be made of the solutions found 
in I, Eq. (28). 

The Born projections are conveniently expressed in 
terms of the functions a and y introduced in I, Eq. (26). 
The results are: 


(f3s*) Born = FGL(E+M)(W—M)a 


—1(E—M)(W+M)y], 
(fis*) Born = #6 (E+) W-—M)a 


a+1 
+4(E—M)(W+M) in ie 


a—1 


where 
G=M*f?/W@, a= (Ew —p/2)/¢’, 


and w, is the meson energy; £ is the nucleon energy and 
should be identified with £2: in the photoproduction 
problem. 

It is also convenient to define the function 


Ba ai 
2E wy 


shesol 
— (B.2) 
E-M- 
which was introduced in I. 
The results of the projections of the rescattering 
corrections are: 
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2wW 
eee — Ff _ (fae* ) Born | 


E+M q 
3 1 6(W’/+W) 
efor 
st y—-Z\ q?(E'+M) 
1 ( ——) 2/M 
+— seintiedintasiahes 
y+Z q?(E’+M) 
‘ 3(W’—W+2M) 


mi 
(y+Z)? 


— ~(1—2¢°/q”) 
F'+M 


W sta | 4q?/M? 
E'-M (y+Z) 
3(W'—W+2M) W'+W—2M 
x( : +- +); (B.3) 
(E'+M) E'—-M 


2W 


- yo — fas* = (fist 


= (1 «fo cara 


W'+W 1 
x (1—42/q") +— -) 
E'-M J y+Z 


ta fas : ) — 


3(W'—W) 
E'+M 


(——— 


W’—W-2 M 
+ Jan 
—M 


(W ‘+W +2M) W'—W-—2M 
x(= =i sie ) (B.4) 


q¢?/M 
(y+Z)? 


E'4+M ‘Pa 


where 


2M? f°J(y) 
K= 


— - sind (y)ete(4)—e), (B.5) 
W 


and the primed (unprimed) variables are functions of 
y(Z). 
Finally, one may relate Z, the relevant variable in 


pion-nucleon scattering, to x, the dispersion variable 
in photoproduction, by 


Z=x-—1/2M, (B.6) 


which will insure the correct threshold behavior. 





PHYSICAL REVIEW VOLUME 


tS, 


NUMBER 5 DECEMBER 1, 1959 


Pionic Decay Modes of Light A Hypernuclei* 
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Decay probabilities are calculated for pionic modes of decay of the A hypernuclei A <5. An effect of the 
Pauli principle omitted in previous calculations for the two-body x~ and 7° modes is now included. An esti- 
mate for the total decay probability of all x~ (or x®) modes based on the completeness relation is checked 
by comparison with calculations based on detailed models of the decay process for two particular systems. 
As a result, the present data on ,H* decay are now consistent with either (a) spin J=0 for any value p/s 
less than 1.5, or (b) spin J=1 for any value p/s greater than 1.2, a much weaker conclusion than that reached 
previously. In either case, if the AT =} rule is roughly correct for A decay, the two-body mode 7°+a will 
be prominent among ,He‘ decay modes. The °/z~ ratio will then be large (~1.5) for ,He* decay and small 
(~}) for ,4H* decay, compared with the value ~} for ,jHe® and 4H? decay. 





1. INTRODUCTION 


N a recent paper,’ it has been pointed out that the 

branching ratio for the various decay modes of a 
hypernucleus will generally depend on both the spin 
of the hypernucleus and the nature of the A-decay 
interaction. Calculations were made of the total decay 
probabilities for all m~ and for all 2° modes of 4H‘, 
sHe* and ,H* hypernuclei, in terms of the following 
nonrelativistic approximation to the A-decay inter- 


action,” 


2 p 
H'= fao sp(x) -i( Jove 
Qa 


XW p(x)d'x+H.c. 
+ EX x) [sopo( x) —_ 1( Po ga)@- Vobo(x) | 
XVa(x)d'x+H.c., 


(1.1) 


as well as of the partial rates for the two-body m and 
x modes. Comparison with the experimental data* on 
,H* decay led to the conclusion that the high relative 
frequency [greater than 60(+10)% of all x~ modes of 
,H* decay, at that time] observed for the two-body 


mode 
,H*! > 2-+ He! (1.2) 


could not be accounted for unless the ,4H* hypernucleus 
had zero spin and the ratio p/s of the interaction (1.1) 
for the A— p+ decay were less than unity. Leon‘ 


* This work has been carried out under the auspices of the U. S. 
Atomic Energy Commission at the University of Chicago. 

1R. H. Dalitz, Phys. Rev. 112, 605 (1958). 

2A more satisfactory approximation, invariant under Galilean 
transformations, could be obtained from (1.1) by modifying 
Wa (x)@-Wo(x)y,(x) by the addition of the term 

— (dep/ At) {a (x)o- (7 /2m)yp, (x) — Ly /2mapa (x) ]-oY(x)}, 
with a similar modification for the term depending on ¢o(x). 
However, after an appropriate redefinition of the coefficient p, 
the results of the present paper would remain substantially 
unchanged. 

’ Ammar, Levi-Setti, Limentani, Schlein, Slater, and Steinberg, 
Nuovo cimento (to be published). 

4M. Leon, Phys. Rev. 113, 1604 (1959). We note also the recent 
calculations of L. E. Picasso and S. Rosati [Nuovo cimento 11, 
711 (1959) ] who have used a less accurate ,4H*® wave function and 


subsequently made a similar calculation for ,H* decay 
using a rather detailed ,H* wave function and arrived 
at similar conclusions from the less complete data 
available on ,H® decay. 

On the other hand, these estimates for the branching 
ratios of two-body modes for ,H* and ,H* decay were 
not as large as the best values given by the present 
experimental data* for any value of p/s or of the 
hypernuclear spins, although this could well have been 
the result of statistical fluctuations in the data. Because 
of this discrepancy, and the far-reaching consequences 
of the conclusions!* which had been reached, these 
estimates have been carefully re-examined in the present 
work. Estimates of the total rate for m~ (or 2°) decay 
modes of the light hypernuclei are made in Sec. 3, both 
on the basis of the completeness relations and using 
particular models (with and without inclusion of the 
nuclear interactions in the final state), and where 
comparison is possible, the various estimates are found 
to show substantial agreement. However, in the course 
of the work, several errors were found in the previous 
results, and these are discussed and corrected here. 

The estimates now obtained for the ,H* and ,H* 
two-body branching ratios are substantially larger than 
those given before! and allow agreement with the experi- 
mental values for either value (S+ 3) of the hyper- 
nuclear spin (S being the spin of the nuclear core), 
provided a corresponding choice is made for the ratio 
p/s. For the lower spin values (S—}), the data require 
for agreement that p/s<1.5; for the higher spin values 
(S+3), a ratio p/s>1.2 is required. The evidence on 
the nonmesonic decay rates for light hypernuclei 
suggests® that the former of these situations holds true, 
but the basis of this argument is not as certain as one 
would like. At the present stage, our results only set 
up a relationship between the spin dependence of A- 
nucleon forces and the nature of the A-decay interaction, 
which is required to account for the high frequency 
observed for two-body modes in the decay of light 


who have neglected nuclear forces and the Pauli principle in the 
final three-body states. 


5 R. H. Dalitz, Revs. Modern Phys. 31, 823 (1959). 
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hypernuclei. Further knowledge of either of these 
physical factors would allow conclusions to be drawn 
concerning the other. 

The Pauli principle is found to have a strong effect 
on the partial lifetimes for the x~ (or 7°) modes of these 
hypernuclei. These partial lifetimes depend quite con- 
siderably on the value of p/s and on the spin of the 
hypernucleus, and may vary quite markedly with the 
hypernuclear species. The variation of the °/m~ ratio 
is found to be especially strong since the r° mode is 
generally suppressed when the m~ modes are enhanced, 
and vice versa. For ,H* and ,He’, it appears that the 
measurement of the total lifetime may now be feasible, 
by observation of the spatial distribution of the decay 
of the hypernuclei produced in the reactions 


sHe!-+tr-, (1.3a) 
H+, (1.3b) 


Examples of the former reaction have recently been 
reported by Block ef al.6 Observations of the decay 
processes of the hypernuclei produced in these reactions 
will then allow also the determination of their partial 
lifetimes for the m~ modes, and of their nonmesonic 
decay rates. Knowledge of the nonmesonic decay rates 
for 4H‘ and ,He', as well as for ,4He®, would throw a 
great deal of light on the spin dependence of the 
A+p— n+p and A+n— n-+n interactions. 

2. MATRIX ELEMENTS FOR THE HYPERNUCLEAR 

PIONIC DECAY MODES 


K-+He — 


For definiteness, we shall speak specifically of a 
modes in the present section. The corresponding ex- 
pressions for 7° modes may be obtained from the ex- 
pressions given here by replacing (s,p) by (50,0) and 
by interchanging proton and neutron coordinates. We 
consider generally the decay of a hypernucleus of V 
neutrons and P protons, with wave functions 
$(A;1,2---P;1,---N), to the nuclear _ states 
®,(1, 2, ---, P+1;1,2,---N) with the emission of a 
negative pion into the state ¢q(x) of outgoing mo- 
mentum q. The wave functions @ and ®, are anti- 
symmetric with respect to the proton labels and the 
neutron labels separately, and are normalized to unity 
for integration over all particle coordinates over all 
space. From the interaction Hamiltonian (1.1), the 
matrix element M,,(q) for decay leading to the nuclear 
state ®, is given by 

| 


Ma(a)= (Ca: 1,---P;1,-+-N)| 


x [UsleEsee(a)- i(p/qa)o-¥ ¢q(x) | 


<bp(x)dtel®,(1, 2 +++PHis 1, NY), (2.1) 


~ 6 Block, Brucker, Hughes, Kikuchi, Meltzer, Anderson, Pevsner, 
Harth, Leitner, and Cohn, Phys. Rev. Letters 3, 291 (1959). 
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where ¥,(x) annihilates a proton at the coordinate x 
and a(x) creates a A particle at this point. The evalu- 
ation of this matrix element may be carried out using 
the following relations given by Fock’: 
Wp(x)®,(1, 2---P+1;1, --:N) 
= (P+1)—.@, (,1,2--+P; 1,-+-N) 
—, (1,4,2-+-P31,-++N)++> 
+(—1)?,(1,2---P,x; 1,°- 
= (P+1)'#,(x,1,2---P;1,---N), 


Wa(x)@(A; 1,-+-P31,---+N 


‘N)] 


: N), 


and leads to the result 
M,(q)= (P+) f o*(x,1,2 -+»P;1,-+-N) 


x [syq(x) sin i(p/qa)e: V ¢,(x) ] 


X#,(x,1,°°-P;1,--+N)d*xd?x---. (2.3) 
The presence of the factor (P+1)! represents a con- 
sequence of the Pauli principle for the protons of the 
final system, and leads to an enhancement of the rate 
for two-body decay. This factor was inadvertently 
overlooked in the earlier calculations.'4 

In obtaining expression (2.3), it has been tacitly 
assumed that the final state of pion and nucleons may 
be represented by the product of a pion wave function 
and a nuclear wave function. The pion wave function 
¢q(%) may generally be chosen to allow for the dis- 
tortion of the outgoing pion wave by the mean (optical 
model) potential resulting from the pion scattering 
and absorption by the nucleons. For the light systems 
to be considered here, it is reasonable to neglect these 
distortions and to represent ¢q(«) by a plane wave of 
momentum q. 

In the calculation of the two-body decay rates for 
the light hypernuclei, the wave functions for the final 
nuclei H*, He®, and He* may be adequately approxi- 
mated by a product of spin and space wave functions. 
Similarly, the wave functions for the hypernuclei A <5 
may be represented by the product of a space wave 
function describing the motion of the A particle relative 
to the nuclear core, a space wave function describing 
the core nucleus, and an over-all spin wave function. 
As discussed previously,' with these approximations 
the partial lifetime for a two-body decay mode separates 
into the following factors, a sticking probability F*(q), 
a spin factor 8, the additional factor (P+1) of ex- 
pression (2.3), and some phase-space factors. Explicitly, 
the partial decay rate is given by 


R= (P+1)8F*(q)2q/(1+-./M,), 


where w, is the total pion energy and M, is the mass of 
the recoil nucleus. 


(2.4) 


Secker and G. Lieb- 


TV. Fock, Z. Physik 75, 622 (1932); R. 
fried, Phys. Rev. 69, 34 (1946). 
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For sH* and ,He* decay, the function F(q) has 
already been calculated'* assuming Gaussian forms 
exp(— a4 >.’ ri) for the space wave functions of the 
nuclear systems A=3 and 4. For ,H*—> 2-+Het’, the 
decay rate relative to that for w~ decay of the free A 
particle then has the values 


1.415? 
s°+ p* 


2/9\*%1t+os/M, fp 
3Xqa7 14+0,/M, s*+ fp’ 
according as J=0 or 1 for ground state ,H*. The final 
values given correspond to g/ga=1.3 and F*(q)=0.46, 
the latter being appropriate to Bs=1.8 Mev for ,H*. 
For J=0, the rate of two-body decay alone already 
exceeds the rate of free A decay through the s channel. 
For the process ,Het— 7°+He', after making the 
appropriate changes in (2.3), the decay rate takes the 
value 1.48 s¢°/(s*+-p*), or 1.04 po?/(s?+p”), relative to 
the m~ rate for free A decay, according as J=0 or 1. 
Here the values go/qa=1.45 and F*(go)=0.45 have 
been used. 

The two-body modes of ,H* decay are 


g 1t+ws/M, s? 
F?(q) 


(a) J=0: 2 “(9 

ga 1+w,/M,3?+ 7 
(2.5) 

0.76p° 


(b) J=1: nats. 
+p 


He’+7-, (2.6a) 
4H! ‘ 

H?+-7°. (2.6b) 
The decay rate for the mode (2.6a) is given by the 
appropriate expression 


(a) J=}4: 

2F?(q)[4°+asp"(q/qa)? ]2q/(1+w,/Ms3), 
(b) J=3: 
3F*(q)$p"(q/qa)?2q/(1+0,/Ms); 


that for the mode (2.6b) by the corresponding ex- 
pression obtained by insertion of so, po, and go. With 
B,=0.25 Mev for ,H*, Leon‘ has obtained the value 
F*(q)=0.37, using a 4H*® wave function® which includes 
correlations between A particle and nucleons and an 
exponential wave function expl—a(ri2+re3+131) ] for 
He’. 

It is of interest to remark here that the prediction of 
the AT=}3 rule for A decay® is s/so= p/po= —V2. This 
prediction is not in conflict with the ratio (s*+ >’), 
(se?'+pe°)=1.8140.2 obtained experimentally for free 
A decay.” This rule predicts a r~/z® ratio of 2 for the 


* R. H. Dalitz and B. W. Downs, Phys. Rev. 111, 967 (1958). 

*B. W. Downs and R. H. Dalitz, Phys. Rev. 114, 593 (1959). 

© This ratio is a combination of the value recently reported by 
Crawford, Cresti, Douglass, Good, Kalbfleisch, Stevenson, and 
Ticho [Phys. Rev. Letters 2, 266 (1959) ] and the values of other 
groups quoted by Glaser, Good, and Morrison, Proceedings of the 
1958 Annual International Conference on High-Energy Physics at 
CERN, edited by B. Ferretti (CERN Scientific Information 
Service, Geneva, 1958), p. 270. 
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aH® modes (2.6). A verification of this prediction for 
aH? decay would provide evidence supporting this rule 
for the s and p channels of A decay separately. 
For the hypernuclei of the nucleon 1 shell, the 
corresponding discussion for two-body modes such as 
aHe’ > x—+Li’, 
aLi? > x-+Be’, 


aLi8 > x—+Be§, 


(2.7) 


is more complicated and will not be discussed in detail 
here. In these cases, the proton resulting from the A 
decay is captured into the p shell. As a result, the 
s-channel A-decay interaction leads necessarily to the 
emission of a p-wave pion in these two-body modes, 
and an initial hypernuclear state of spin J can only 
reach final nuclear states of spin J+1, J or J—1 
(J=0-— 0 being completely forbidden) in the approxi- 
mation considered here. Similarly the p-channel A-decay 
interaction allows the emission of both s-wave and 
d-wave pions, so that final states of spin J—2, J—1, --- 
J+2 can be reached" (here only J=0—1 and 
J=1-— 0 are completely excluded). 


3. TOTAL RATES FOR x AND x° MODES 
OF HYPERNUCLEAR DECAY 


In this section several estimates will be made of the 
total rates for the pion modes of hypernuclear decay, in 
order to assess their reliability by comparisons between 
them. Within the approximations of this paper, the 
total rate for m~ decay of a hypernucleus of wave 
function ¢ is given by the expression 


2r 
R(x-)= 


¢ 
yo i( ert ree +E,—Qxt Bs ) 
2M, 


27+1 


XO) Mn(q) |? Inq?dq/mw,, (3.1) 
where M,(q) denotes the matrix element (2.3) for 
decay to a final nuclear state of wave function ®,, the 
sum m is taken over all states of (P+1) protons and 
N neutrons (M, being the mass of the final nuclear 
system), and £, denotes the energy of the nucleons in 
their barycentric system, relative to the total energy 
of a free proton and the ground state of the nucleus 
(N,P). First, an estimate will be obtained for (3.1) by 
the use of completeness relations; then evaluations of 
(3.1) will be made for some specific hypernuclides with 
the use of particular models. 


The conflicting statement made concerning ,Li® decay on 
p. 980 of reference 8 is incorrect. In the decay ,Li* > x +Be', 
the transitions 2+ 2, 1-0, or 1—> 2 to the ground state and 
first excited state of Be® are allowed through the s-channel 
A-decay interaction, and the transitions J=0 — 0,0 — 2,20, 
and 2—2 (as well as 2— 4 to the second excited state) are 
allowed through the ‘p-channel interaction. In the six examples 
observed for this decay mode, none leads to ground state Be’; 
the c.m. a-a energies observed for these events are widely dis- 
persed and show no marked correlation with the known energy 
levels of Be’. 
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(a) Use of the Completeness Relation 


The empirical spectra? of m momenta from the 
decay of light hypernuclei show a strong peaking near 
the upper end of the continuous spectrum. In physical 
terms, this feature reflects (i) the low binding energy 
By of the A particle, which means that rather low 
momenta predominate in the A-momentum distribution 
within these hypernuclei and (ii) the fact that the a 
meson suffers little scattering in its escape from the 
system. It suggests that, in the matrix elements M, of 
the expression (3.1), the replacement of g by a suitable 
mean value @ should be quite a good approximation. 
The term £,, may then be replaced by the corresponding 
mean FE in the energy conservation relation and, if the 
summation 7 is then extended over all states, whether 
or not energetically the completeness 
relation 


> &,(1,2,:+- 2p; a,8,-+-nn) 


xX®,,*( 12". . np’ : a’,p’,- . nn’) 


accessible, 


1 
wa [Xr €(P)P pd11/%Sa9/7 *- 
N\(P+1)! v 
X6(r—11/)6(ro— ro’): ‘ -] 


XLS €(P)Pnbaarbp8'7* * 


e 


‘6(fa—Ta’)++ ], (3.2) 


may be used for the evaluation of the total rate (3.1) 
in closed form. In the relation (3.2), the summations 
are to be taken over all permutations Pp and @y, 
respectively, of the (P+1) proton labels (1,2,-+-m,) 
and the NV neutron labels (a,8,---nwy), the coefficients 
e(®) being the signatures of the corresponding per- 
mutations ®. These approximations and the use of 
relation (3.2) reduce expression (3.1) to the form given 
previously, 


R(x-)= [e+(2) 


n(q) rsty 
——__—_ Tr] Put ( -) fF Pa)| 
2J+1 3 Nga 


X29/(1+4,/M,), (3.3) 
in which the trace is to be taken over the spin states 
of the initial hypernucleus, the suffix 1 referring to any 
proton of this hypernucleus. In deriving (3.3), use was 
made of the antisymmetry of the hypernuclear wave 
function @ with respect to both proton and neutron 
labels. The function n(y) denotes the overlap integral 


n(q)= fora 1,2,---P;a,8,--+N) 


Xexp[iq: (ra—ri) o(1; A,2,-++P; a,8,--- NV) 


K Pxad?xy-++PBxpd'xg:++dxy. (3.4) 


LEGRT’-a 
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For 4H‘ and 4He‘, the product wave function 


$(A; 1; a8)=D expl—}as(niatris?tras’) | 

Xu(|ra— 3 (titrat+ts) |) 
considered previously!’ may be used for the evaluation 
of n(q). With «(R) normalized to unity for integration 
over all space, and with the corresponding normali- 
zation constant D, n(q) reduces to the integral 


ad " (R+8)? : 
n(q)= (3)*(2nas f f If exp(27a3x%/32) 
0 0 (R—S)? 


sinQy/x 
x( at -)ax |ecRyr(S\aRas, (3.6) 
On x 

where /(R)= Ru(R) exp(—9a3R?/4) and Q= 34/4. This 
integral has been evaluated numerically using the wave 
functions u(R) computed for Bs= 1.9 Mev and 2.5 Mev 
in the earlier work® on the binding energy of the 
(aH*,,He*) doublet. The results’ may be adequately 
represented by a quadratic in Q (expressed in unit 
100 Mev/c), 

(a) By=1.9 Mev, 

n(q) =0.744—0.4660?+-0.1720'; 

(b) Ba=2.5 Mev, 


n(q)=0.794—0.4750?+-0.16804. 


(3.5) 


For g=94 Mev/c, these expressions (3.7a) and (3.7b) 
lead to the values 0.57 and 0.61 for n, respectively. For 
aHe® decay, with B,=2.8 Mev, an extrapolation leads 
to the estimate n~0.66, which we shall use below. For 
aH, the integral (3.4) has been carried through by 
Leon.‘ 

As a result of the smallness of the energy release in 
A decay, this estimate of the total ~ (or r°) decay rate 
from the completeness relation suffers from certain 
defects, for which some correction may be made: 

(i) Transitions to final bound states of the nucleus 
(N, P+1) are frequently a large fraction of the decay 
modes, as we have noted above for ,H‘ decay. For 
these terms, which correspond to negative values of 
E,, the value of g is much larger than the mean value 
q appropriate to the continuum pion distribution. 
Their contribution is substantially underestimated if the 
replacement g=q is made for them; this is especially 
‘the case for the p-channel terms, for which the proba- 
bility contains an additional factor (q/qa)*. This may 
be allowed for by taking the value of 4 appropriate to 

2 These results may be compared with the evaluation of 
reference 1 using the approximate wave function (2.20) discussed 
there for B=1.8 Mev, which leads to the corresponding ex- 
pression 7(q)=0.821—0.4820?+0.15904. Since this Gaussian 
approximation to « is more compact than the exact form of u, 
it naturally leads to somewhat larger values for n(q). For g=94 
Mev/c, the approximate form of u leads to n(q) =0.63. It should 
be mentioned here that Eqs. (2.19) and (2.21) of reference 1 
contain several misprints. The first factor of Eq. (2.19) should 
read ({)'; the first two factors of Eq. (2.21) should be (})3(9a3/2)!. 
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the continuum distribution and then adding for each 
bound state term the difference between its contribution 
to the sum (3.1) for the correct value of g and that for 
the value g, as was done already in reference 1. 

(ii) For s-channel decay, the reduction in the final 
phase space available, resulting from the energy given 
to the final nucleons, is one factor tending to reduce the 
decay rate for a bound A particle from that for free A 
decay, This is one of the effects which the choice of a 
mean @ less than ga takes into account, at least roughly. 
For p-channel decay, to this effect there is added the 
effect of the factor (qg/qa)* contributed by the matrix 
element to the decay probability. Although the physical 
argument underlying the mean value approximation 
suggests that the mean value of (q/qa)* may be obtained 
rather unambiguously from the peaked distribution of 
g, either from observation or from calculations based on 
a simplified model, it is not necessarily the case (as we 
shall see from examples below) that this value of 4 
leads to an adequate representation of the former effect. 
However, since the Pauli principle generally produces a 
much larger modification of the decay rate, we shall 
generally adopt for q the value at the maximum of the 
g distribution. 

(iii) After the approximation g=q in the sum of 
Eq. (3.1) over states E,>0, the extension of the sum 
to energetically inaccessible states clearly adds to its 
value. The relative magnitude of this addition will 
depend, for example, on the character of the nuclear 
interactions as function of the energy E,. Since the 
accessible energies £,, only run up to about 30 Mey, it is 
quite possible for matrix elements to particular ener- 
getically-inaccessible states to be appreciable, under 
suitable circumstances; for example, if there exists an 
appropriate resonance state in this region. Since the 
extended sum is independent of the nature of the 
interactions in the final nuclear states, it then follows 
that the restricted sum leading to the actual decay 
rate (3.1) may have some dependence on the particular 
features of the nuclear interactions for the final 
(V, P+1) system. However, since final nuclear states 
over a considerable range of angular momenta con- 
tribute appreciably, it is reasonable to expect that the 
sensitivity of the total decay rate to the particular 
structure of the resonance states of the final system 
should be quite weak. 


(b) Decay of ,He° 
The only ~ mode known for ,He’® decay is 
sHe® > 2-+ p+ Het. 


The nuclear interactions in the p-He* system are known 
from analysis of the p-He‘ scattering data to be strong, 
a sharp p; resonance being found at c.m. energy 1.8 
Mev and a broad #, resonance over the range 5-10 Mev. 
A calculation of the characteristics of this decay mode 
(3.8) has recently been made by Byers and Cot- 


(3.8) 
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tingham," who have taken into account the influence 
of the p-Het forces in the sy, p;, and py states. Their 
calculation does not take into account the Pauli 
principle in an explicit way, for the proton and the 
alpha particle are treated as independent structureless 
particles whose interaction is described by a set of 
phenomenological potentials. However, they use a 
strongly attractive s, potential which reproduces the 
known phase shifts for s; p-He* scattering. This s; 
potential implies a bound state for the p-He* system, 
which is naturally omitted in the sum over the final 
p-He* states reached in the decay (3.8); it is this 
omission which suppresses the total rate of decay and 
which is equivalent to the imposition of the Pauli 
principle relating p with the constituent protons of the 
alpha particle. The A-He* wave function used corre- 
sponds to Bs=3.1 Mev and a square well potential of 
radius 3.1 fermis. The calculation treats the pion 
nonrelativistically, an approximation which affects only 
slightly the ratio R,/Ry of the decay probabilities for 
the bound and the free A particle. Their calculation™ 
leads to the following result for the total m~ decay rate, 


Ry(a-)/ Rs (x) =0.43(s?+-0.70p")/ (s?+-p?). (3.9) 


The reduction in the decay probability is especially 
strong for pure p-channel decay, by the factor 0.30. 
After replacing (s,p) by (so,fo), the corresponding ratio 
Ri(m°)/Rys(x°) will also be closely given by (3.9). 

The total decay rate was also calculated using the 
same A-He‘ wave function but neglecting both the 
Pauli principle and the final state forces, with the result 


Ry(x-)/R;(x-) =0.866(s?-+-0.78p")/ (s?-+p?). (3.10) 


The first factor represents the reduction in phase space 
for the s channel decay and the mean value of (q¢/qa)? 
is given by 0.78. In considering the estimate (3.3), we 
will therefore use a mean value g/g,=0.9, which is also 
not inconsistent with the empirical data on ,He® decay; 
however the phase space factor of (3.3) corresponding 
to this mean value is (G/ga)(1+wa/M)/(1+0/M,) 
™1.03. With this mean value, Eq. (3.3) then leads to 
the estimate 1.03[1—n(q)](s?+0.89°)/(s?+p") for 
R,/R; which, with the earlier estimate »(q)~0.66 
leads to a ratio smaller than (3.9) by a factor 0.80 for 
the s channel, 0.90 for the ~ channel. This degree of 
discrepancy may be partly due to the use of an n(q) 
which was calculated for a different A-He* wave function 
(corresponding to a Gaussian potential), but probably 
reflects a real enhancement of the decay rate by the 
very strong final state interactions in this decay process. 
This comparison supports the view that, even with 
extremely strong final-state forces, the estimate (3.3) 

's N. Byers and N. Cottingham (private communication, 1958) ; 
calculations on a similar basis have also been reported recently 
by Y. C. Tang [Nuovo cimento 10, 780 (1958)] and by j. 
Szymanski [Nuovo cimento 10, 834 (1958) ]. 

‘*It is a pleasure to acknowledge the assistance given us by 
Dr. Byers and Dr. Cottingham in providing the details of their 
calculations from which the result (3.9) has been obtained. 
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based on the completeness relation will not be grossly 


in error. 


(c) ~~ Mode of ,He‘ Decay 
The only appreciable m~ mode for ,He‘ decay is 
aHe’ —> 2-+9+He’. (3.11) 


Taking the value ¢/q,=0.9, consistent with the ob- 
served pion spectrum,'® the value of (q) is 0.58 for 
B,=1.9 Mev, and the total r~ decay rate given by the 
completeness relation is 


Ry(x-)/Ry(w-) =0.43(s?-+0.81")/ (s?-+p?). (3.12) 


To provide an alternative estimate, a calculation 
has also been made in which the Pauli principle has 
been taken into account in the final state, although 
with neglect of the p-He’® nuclear interactions.'® The 
p-He’ wave function used was therefore simply 


1 
vgicrelp ’ ri+i( P/3) . (ro+ rst+rg) |XwW(2,3 B) 
Vv 


—exp[ip-re+7(P/3)- (rit¢rst+rp) Xx (1,3; 8) 
—expLip-r3+7(P/3)- (ritre+rg) | 


XX9(2,1;8)}, (3.13) 


where x is the spin function of the fina] proton (mo- 
mentum p), and y denotes the wave function of the 
He? nucleus (recoil momentum P). The wave function 
(3.5) was used for ,He*, the Gaussian form already 
used there for the nuclear core of the ,He* wave 
function being chosen (with the appropriate spin factor) 
for y. With the axis of spin quantization along the 
direction of the outgoing pion, the matrix element (2.3) 
then takes essentially the same form for each of the 
initial spin states of ,He*, namely 


A fecsiern ri— (rotr3t+rg)/3| et (1— Pir) 


XexpliP- (re+-43+13)/3 Je? "G(2,3; 8) 


X a7 rod°r3d°rg, (3.14) 
where Pj. interchanges the suffices 1 and 2 standing 
to the right, momentum conservation requires 


15 Calculation of Ry(x~)/Ry(x) for B =1.9 Mev, with neglect 
of the Pauli principle and the nuclear forces in the final state, 
leads to the result 0.84 (s?+0.80p*)/(s?+-p?); the ratio of p to s 
contributions corresponds to a mean value (4/q,)?=0.8. 

16 The information available on the p-He’ interaction has been 
summarized recently by B. H. Bransden and H. H. Robertson 
[Proc. Phys. Soc. (London) A72, 770 (1958) ], who have also 
made phase-shift calculations based on the resonating-group 
approximation. It appears that the p-wave attractions are a good 
deal weaker than for the p-He* system, no p-He* resonance ap- 
pearing in this wave up to 10-Mev c.m. energy; the s-wave 
interactions are quite strong and the calculations suggest that the 
s-phase shifts may pass through 90° rather gradually somewhere 
between 10 and 20 Mev. 
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Fic. 1. The He*® recoil momentum spectrum for ,Het 
« +p+He' decay, calculated with neglect of the forces between 
the final particles, for s-channel A decay both (a) neglecting, and 
(a’) taking into account the Pauli principle, and for p-channel 
decay both (b) neglecting, and (b’) taking into account the Pauli 
principle for the final nucleons. 


P+p+q=0, and the constant A is either +s or 
+pqg/qx according as the s-channel or p-channel 
interaction is effective. Inserting: the normalized 
Gaussian form for G, expression (3.14) reduces to 


A | | e'P-Ru(R)dR 


QO, i 
-(=) expl — (1/10a;)(P/3—p)? | 
5 


x fexl- (93/10) R? je*® (a-P ‘u(R)AR |. (3.15) 


The matrix element (3.15) has been evaluated by 
numerical integration and leads to the recoil momentum 
distributions shown in Fig. 1. These distributions give 
greater weight to the lower recoil momenta (~50 
Mev/c) than does the distribution obtained by omitting 
the second term of (3.15), which corresponds to 
neglecting the Pauli principle. The inclusion of the 
p-He® p-wave attraction may be expected to produce 
some increase of the probability of recoil momenta 
above 50 Mev/c. In Fig. 2 is shown the angular dis- 
tribution obtained for the pions in the r~-p rest system, 
relative to the direction of their total momentum; a 
marked forward peaking appears for recoil momenta 
exceeding 100 Mev/c, in comparison with a backward 
peaking for lower momenta. Integration over these 
distributions leads to the total m~ decay rate. 


Ry(a-)/ Ry (4) =0.40(s?+0.79p")/(s2+-p?), (3.16) 


which agrees rather well with the estimate (3.12) from 
the completeness relation. Even for a system as lightly 
bound as ,He‘, the suppression of the decay rate by 
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the Pauli principle is quite a strong effect, increasing 
the partial lifetime for w~ decay by a factor of greater 
than 3 for pure p-channel decay. 

For the e~ modes of ,H* decay and the r° modes of 
aHe* decay, which involve more complicated final 
nuclear interactions, no calculations have been made 
on the basis of particular models. From the experience 
above, our expectation is that the estimates based on 
the completeness relation should be quite reliable for 
the total decay rates, and these will now be given. 
With J=0 for ,H*, the expression for Ry(a~)/Ry(x-) is 


(—){e{1+90+2(2)e@-2eo| 
qa q 
+(*}r0-vo(048)/ 


7A 
@ 
(+ p)( 1+ ), (3.17a) 
4M 


which takes the value (1.84s?+0.35p")/(s?+p) with 
Q/qx=0.9, n(q)=0.58 and the values of F? given 
previously.! For J=1, the expression is 


9 


q q\? 
( ){st1-ao3+-( ) 
QA gs 
2 q 3 
x{1- nia +-( ) root 
q 


x(1 +) Joe (it ), (3.17b) 
M 4M 


which takes the value (0.43s?+1.12p*)/(s?+*). For 
aHe', exactly corresponding expressions hold for the 2° 
modes. 


4. DISCUSSION AND CONCLUSION 
First we consider the branching ratio for two-body 
modes in ,H* decay. The fraction of two-body events 
among the ~ modes of 4H‘ decay may be obtained as 
function of p/s and J from Eqs. (2.5) and (3.17), with 
the results 


(a) J=0: 
(hb) J=1iz 


1.415°/(1.84s°+-0.35 p”), 


“ : (4.1) 
0.76p?/ (0.438°+- 1.129"), 


which have been plotted in Fig. 3. The empirical value* 
of this ratio now stands at 0.66+0.06. The prediction 
for J=0 lies within two standard deviations of this 
value if p/s<1.5, that for J=1 if p/s21.2. The ratio 
(4.1) is less sensitive to p/s than had been thought the 
case previously.' Decay through the channel for which 
the two-body mode is forbidden is strongly suppressed 
by the Pauli principle and, for the allowed channel, the 
two-body mode always contributes a large fraction of 
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the decay events, both because of the enhancement of 
the two-body mode by the (?+1)! factor noted in 
Sec. 2 and, for the p channel, because of the large value 
of g/qa. As a result, the only conclusions possible from 
these data alone are the (overlapping) limitations on 
p/s which correspond to each of the two possible spin 
values for the (,4H‘*,,He*) doublet. 

Observations on the (nonmesonic)/(x~ mesonic) ratio 
Q in the decay modes of A hypernuclei provide some 
evidence that p/s cannot appreciably exceed unity. 
Karplus and Ruderman" have shown that, if the p- 
channel amplitude were dominant in A decay, the 
nonmesonic decay processes may be expected to pre- 
dominate over the r~ modes by a factor of order 20 for 
aHe* and ,He®. There are many uncertainties!*!* in 
the details of their argument but, even so, it appears 
unlikely that a ratio Q as small as the observed value” 
of 1.5 could hold if p/s were much greater than 1. On 
this basis, the above discussion of the ,4H* branching 
ratio (4.1) favors J=0 for the ,H* ground state, al- 
though J=1 cannot yet be finally excluded. 

Since the Pauli suppression is much weaker in ,H# 





160 Mev/c 


” 
€ 
=D 
~ 
« 
5 
= 
ra) 
= 
a 4 
! 
c 
° 
S 
r-} 
= 
2 
S 
> 
a) 
° 
2 
° 
Ns 
a 








Fic. 2. The angular distribution of the s~ mesons emitted in 
aHet — x-+p+He* decay (specified in the 2 -p barycentric 
system relative to the direction of their total momentum) is 
plotted for various values of the He® recoil momentum P, for 
s-channel A decay. For p-channel A decay, the curves are to be 
multiplied by (¢/g,)*, which is a function only of P. The effect 
of the Pauli principle on the final particles is included here, and 
the effect of their nuclear forces neglected, as discussed in the text. 

17 R. Karplus and M. Ruderman, Phys. Rev. 102, 247 (1956). 

18S. Treiman, Proceedings of the 1958 International Conference 
on High-Energy Physics at CERN, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958), p. 276. 

19 E. Silverstein, Suppl. Nuovo cimento 10, 41 (1959); P. E. 
Schlein, Phys. Rev. Letters 2, 220 (1959). Schlein’s value Q=1.5 
for ,He includes only those nonmesonic modes which give two 
charged prongs. The true value corresponding to A+p > n+p 
processes could well be somewhat larger than this. 
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decay, its branching ratio for two-body decay is corre- 
spondingly more sensitive to p/s. Using the calculations 
of Leon? for B,x=0.25 Mev, the fraction of 
aH? — x-+He' events among a events of ,H*® decay 
are predicted as 


(a) J=4: (0.71s?+0.10p?)/ (1.355?-+0.915 9%), 
(b) J=3: 0.403 p2/ (0.915s?-+1.142). (4.2) 


The present empirical ratio 4/14 has statistics too poor 
for comparison with (4.2) to be useful; also, the Ba 
value for ,H® has a large uncertainty, which involves a 
correspondingly large uncertainty in the sticking 
probability since this is roughly proportional to (Ba)!. 

Observations on the ° and w~ decay rates for ,He* 
decay will allow some comparison of (so,po) with (s,p). 
If J=0 holds, the two-body mode ,Het > r°+Het will 
have frequency 1.4850°/(0.43s?-+-0.35p*) relative to the 
a-+p+He® modes. If the AT=} rule holds for the 
A-decay interaction, this ratio has value about unity 
for s~p, so that this mode may then be expected to be 
rather prominent.7, For J=1, the corresponding 
expression is 1.04p0?/(0.43s?-++0.35p?). The total rate 
for all x® modes of ,He‘ decay, obtained from the 7° 
expressions analogous to (3.17), also depends on the 
spin J of this hypernucleus. The 7°/x~ ratios obtained 
from the above calculations are as follows: 


(a) J=0; R(x°)/R(x-) = (1.9650? +0.35p02)/ 
(0.40s?-+0.32p"), 


R(9°)/R(x-) = (0.4350? +1.40p0?)/ 
(0.40s?+-0.329?). 


Assuming again s/so=p/po=—vV2, as the AT=} rule 
predicts, these ratios take quite large values for either 
spin J, their values lying between ~1.3 and ~2.2 for 
p/s ratios allowed by the asymmetry parameter for 
p/s decay and by the 4H‘ branching ratio. The largeness 
of these r°/x~ ratios arises partly from the strong Pauli 
suppression of the m~ mode, and partly from the 
enhancement of the two-body 7° mode by the Pauli 
principle and by the large release of kinetic energy in 
this mode. The processes of 4He! decay may now be 
studied, free from the confusion with ,He® decay 
events which is a source of difficulty in the emulsion 
work,’ by observations in helium bubble chambers, 
following the reaction‘ K~+-He* — ,He*+ 7; the pre- 
liminary evidence‘ does suggest a large °/m~ ratio in 
aHe! decay modes. Observations on these ,He* decay 
events will also allow, in due course, a determination 
of the total lifetime for ,4He* and of the branching ratio 


(b) J= 


2 See reference 4. The ratios (4.2) are simply twice those of 
Leon, the correction being due to the inclusion of the additional 
factor V2 of Eq. (2.3) for the two-body matrix element. The same 
correction is necessary in the calculations of Picasso and Rosati 
for the two-body mode. 

21 One clear example of He‘ —> r°+Het* has been established, 
in which a subsequent 7° — y+e*+e~ decay allowed a complete 
analysis of the event. See R. Levi-Setti and W. Slater, Phys. Rev. 
111, 1395 (1958). 
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Fic. 3. The branching ratio LaHt > w~+Het/ Ht > x (all 
modes) ] is plotted as function of p*/(s?+*) for the cases spin 
J=0 and J=1 for the ,H* hypernucleus, and compared with the 
current experimental ratio (shaded area) of 0.66+0.06. We note 
that the up-down asymmetry in A decay limits p?/(s?+-p?) to lie 
between 0.2 and 0.8. 


for its m~ mode. From these, the partial lifetime of the 
m~ mode can then be obtained, for comparison with the 
estimate given in Sec. 3(c). From our present discussion. 
it appears that the total lifetime of ,He* will be some- 
what shorter than the free A-decay lifetime 74, although 
its precise value will depend on the unknown rate for 
the nonmesonic modes which lead to at most one 
energetic outgoing charged particle. With p~s and the 
AT =} rule, the pionic modes have a decay probability 
of about 0.6/7, (depending a little on the value of J); 
the branching ratio 1.5 for the known 
modes” (relative to the m modes) adds a further 


0.4/7, to this, so that the «He! decay probability is at 
1 


nonmesonic 


least 74 

For ,H* decay, the 2°/m~ ratio is modified in the 
opposite direction as a result of the Pauli principle. 
The values obtained here are 


(a) J = 0: R(x°)/R(x )= (0.4050?+-0.32 p¢? )/ 


(1.845?-+0.35p2), 


) = (0.40s0?-+-0.32p¢2)/ 
(0.43s?+1.12p%). 


The x°/x~ ratio for ,H* is then predicted to be quite 
small, if the AT =4 rule holds. With J=0, the ratio 
predicted runs from 0.12 to 0.20 for p/s between 0.45 
and 1.5; with J=1, the ratio is between 0.17 and 0.21 
as p/s runs from 2.2 to 1.2. With p~s, the pionic decay 
probability is 0.85/74 for J=0, 0.65/r, for J=1; the 
nonmesonic decay rate is not known for ,H*. The ob- 
servation of aH‘ decay events following the reaction 
K-+He' — ,H‘+7° may allow a determination of the 
total lifetime of ,H*, as well as a determination of its 
nonmesonic/mesonic ratio. 
For aHe® decay, the 2°/m~ ratio is (so?+0.85p,") 

(s°-+0.85p?), a value ~0.5 if the AT=}4 rule holds. 


(b) J=1: R(x°)/R(r 
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Both pionic modes are strongly suppressed by the 
Pauli principle, the total pionic rate being 0.36/74 if 
s~p. The known nonmesonic modes” bring the decay 
rate up to 0.7/4, so it appears quite possible that the 
aHe® lifetime may be longer than that for the free A 
particle, even after allowance for other nonmesonic 
modes. Similarly, for ,4H*® decay, the AT =} rule predicts 
a w/x~ ratio of 4. In this case, from the denominators 
of expressions (4.2), the total pionic decay probability 
is expected to lie within 15% of 1.1/7, for all the 
various cases possible. To this decay rate must be added 
the unknown rate for nonmesonic modes of ,H® decay, 
a rate expected to be appreciably less than that for 
aHe decay because of the lower By value for ,H*. In 
general, the lifetime for ,4H* decay may be expected to 
be somehat less (by a factor ~0.6) than that for free 
A decay. 

The above discussions have tacitly assumed that 
exactly the same pionic decay interactions are effective 
for a A hyperon bound in nuclear matter as for a free 
A hyperon. Actually it is possible for other weak pionic 
interactions of the A particle to become effective in the 
presence of nucleons. For example, on the basis of the 
four-fermion weak interaction (Ap)(jn), a decay 
interaction A—> n+-2++2~ may be generated through 


the sequence 


A nt+(pt+p) > n+at+r-. (4.5) 
Although this interaction is energetically forbidden 
for a free A hyperon, it can lead to additional pion 
emission from a A hyperon in the neighborhood of 
another nucleon which can absorb one of the pions. 


The processes 


(4.6) 


A+n—n+ptr, 


can take place in consequence of the interaction (4.5). 
The former could give rise to the identifiable decay 
process ,sHe'— a*++n+H!, of which no example is 
known (compared with ~20 identified ,He*— r- 
+p+He' events and a similar number of these events 
where the recoil He? momentum was too low to allow 
unique identification). No attempt will be made here 
to estimate theoretically the importance of this stimu- 
lated pionic decay process for the x decay of A hyper- 
nuclei. Since the processes (4.6) require close approach 
(to a distance <%/m,c) between the A particle and 
nucleon, their relative importance in the decay of light 
hypernuclei will be much less than for the larger and 
more strongly bound hypernuclei A 27. Even here, at 
most one example of 2+ emission has been reported, 
compared with about 50 examples of x emission from 
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heavy hypernuclei; Schneps” has described an event 
which can best be interpreted as 4Li’ — n+a++He’®. 
In view of the prominence and greater identifiability 
for two-body modes of the heavier hypernuclei, it is 
interesting to remark that the lightest two-body decay 
possible for w+ emission from a hypernucleus is the 
mode ,Be* — #++Li’; no example of this has yet been 
seen, although six examples of ,Li*— 2-+Be™ are 
known.”* Owing to the rarity of w+ emission from A 
hypernuclei, and because of the light A binding in the 
light hypernuclei, the possibility of the stimulation of 
m~ emission in A decay by the presence of neighboring 
nucleons has not been included in the considerations 
of this paper. 


APPENDIX. AT=} RULE AND THE DECAY 
MODES OF ,H‘ AND ,He‘ 


It is of interest to discuss briefly some limitations on 
the decay rates for particular ,4H* and ,He* modes 
which would follow from the AT=$ selection rule for 
A decay, together with charge independence for the 
interactions in the initial and final systems. These 
limitations do not depend on the assumptions which 
have been made in the calculations above, the neglect 
of secondary pion interactions and of the additional 
A-decay interactions allowed by the presence of 
nucleons. With 7=4 for the (,H‘,,He*) doublet, the 
AT=} A-decay interaction leads only to final states 
with 7=0 and 7=1. For ,H* decay, only final states 
T=1 can be reached, since 73=—1 holds after the A 
decay ; the amplitudes for these states will be denoted 
by 8. For ,He* decay, both 7=0 and T=1 states are 
reached, since 7;=0 finally. The amplitudes for these 
7 =1 states are now —8/V2, following the AT =} rule*; 
the amplitude for the 7=0 state will be denoted by a. 

For the two-body modes r+He', T=1 holds for 
the final state and the ratio of the decay rates 
(,sHet > r°+He')/(,4H' — 2-+He?) is predicted to be 
}. This prediction of course neglects the effect of the 
a, 7° mass difference ; as we have seen above [following 
Eq. (2.5) ], the larger energy release in ,He* decay will 
produce a significant deviation from this prediction, 
especially if J=1 holds for this doublet. The ratio 3 is 
also the prediction for the ratio between the decay 
rates for the modes ++H?+H? of ,He! and 4H‘ decay. 

For the three-body pionic modes 7+ 1+N3, where 
N,; and N; denote the doublets (n,p) and (H*,He'), 
two T=1 final states can be formed, according as the 
N, and N; isotopic spins sum to 0 or 1; the amplitudes 
for these two states will be denoted by fo and §;. There 


2 J. Schneps, Phys. Rev. 112, 1335 (1958). Note that there is 
good reason to believe that ,Be’ is not stable against nucleon 
emission. 

23 Ammar, Levi-Setti, Limentani, Schlein, Slater and Steinberg, 
Nuovo cimento (to be published). 

*4 The derivation of this relation for the (,4H*,,He*) doublet 
follows exactly the discussion of the relation between K® and At 
decay for the (K°,K+) doublet given by R. H. Dalitz, Proc. Phys. 
Soc. (London) A69, 527 (1956). 
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is only one final T=0 state, with amplitude a. The 
amplitudes for all of the 4H‘ and ,He* three-body modes 
may now be written down, as follows: 


Bo/V2+8:/2; 
— Bo/V2+B1/2; 
B,/N2; 
a/V3—B;/2; 
—a/6'+f)/2; 
—a/64—By/2; 
a/V3+61/2. 


Since the z+ mode of ,He* is known to be rare (no 
examples known, compared with about 40 examples of 
the 7 mode), we denote 


a/V3+B,, (2= é, 


aH! — x pt, 

aH! — a-nHe', 

AH! — wnt, 
aHe! > 2 pHe’, (A1) 
aHe! > 7°nHe’, 
aHet — 1°ft, 


aHe! > art nt, 


(A2) 


where 6 is small relative to Bo and @;. In fact, the present 
data indicate that |6/81| = (4tnt/x-pHe®)!<0.15. 

With the approximation 6=0, the ratios r(,He‘) 
= (9 pt/mnHe®) and r(,H*)= (r-nHe*/r-pt) are pre- 
dicted to be equal. More generally, with small 6, we 
have 


e 


6 6 
r(sHe*)/r(,H*)~1—4 Ref eceenasnet hives —). 
Bi—Bo/2 BitBo/2 
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Finally the (x°/x-) ratios for the three-body modes are 


oy (lal?/3+ [B0l*/2) 
| (a/V3—B,/2)|2’ 
5 eal? 


~ ({Bol2+4 14:12) 


Substituting (A2), it follows that 


0 


n° 
—(aHe') X — (aH) 


us Tv 


oo 


1 2 Re(8,*5) 2|8o|?— |B1|? 
(1+ a ). (A4) 
4 [8:2 2|Bo|?-+ |B: |? 


This differs from } by no more than 20%, with the 
above limit on 6/;. If the two-body modes are included 
in the (x°/m-) ratios, the result (A4) is modified only 
by the addition of a certain positive constant to both 
numerator and denominator of the last factor. 

Finally, it may be noted that the partial lifetime for 
the pionic three-body modes for ,He* decay is always 
less than twice that for the corresponding ,H* modes, 
the precise value depending on the contribution from 
the final 7=0 states for ,4He* decay. In fact this state- 
ment may be generalized to include the nonmesonic 
modes; if the AT=}4 rule holds for these decays, the 
total ,H* lifetime is necessarily longer than one-half of 
the total lifetime for ,He* decay. 
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The problem of the dynamical structure and definition of energy for the classical general theory of 
relativity is considered on a formal level. As in a previous paper, the technique used is the Schwinger action 
principle. Starting with the full Einstein Lagrangian in first order Palatini form, an action integral is derived 
in which the algebraic constraint variables have been eliminated. This action possesses a ‘‘Hamiltonian” 
density which, however, vanishes due to the differential constraints. If the differential constraints are then 
substituted into the action, the true, nonvanishing Hamiltonian of the theory emerges. From an analysis 
of the equations of motion and the constraint equations, the two pairs of dynamical variables which represent 
the two independent degrees of freedom of the gravitational field are explicitly exhibited. Four other variables 
remain in theory; these may be arbitrarily specified, any such specification representing a choice of co- 
ordinate frame. It is shown that it is possible to obtain truly canonical pairs of variables in terms of the 
dynamical and arbitrary variables. Thus a statement of the dynamics is meaningful only after a set of 
coordinate conditions have been chosen. In general, the true Hamiltonian will be time dependent even for an 
isolated gravitational field. There thus arises the notion of a preferred coordinate frame, i.e., that frame in 
which the Hamiltonian is conserved. In this special frame, on physical grounds, the Hamiltonian may be 
taken to define the energy of the field. In these respects the situation in general relativity is analogous to 
the parametric form of Hamilton’s principle in particle mechanics. 


1. INTRODUCTION ating functions. One generating function gives rise to 
canonical commutation relations, while the second, 
generating space-time translations, yields the Heisen- 
berg equations of motion. The requirement that the 
Heisenberg and Lagrange equations be equivalent 
varifies the consistency of the quantization procedure. 
In general relativity the difficulty in carrying out the 
above program resides in the invariance under the 
function group of coordinate transformations. In I, 
this difficulty was overcome for the linearlized theory. 
It was seen there that the process of obtaining the 
correct canonical variables involved making a “gauge” 
(i.e., linearized coordinate) transformation from an 
arbitrary gauge to a “radiation” gauge. In this paper 
we shall extend the analysis to consider the full theory 
in this light. Of the two types of constraints mentioned 
in I, the algebraic constraint variables can be handled 
quite simply in this formalism. At the beginning of the 
next section their explicit elimination will be carried out. 
In the process certain combinations of the remaining 
variables appear in the equations of motion. These 
combinations remain redundant until the differential 
constraints are utilized. However, they are physically 
action principle yields in general three items: the first significant in that the specification of the fields on a 
order Lagrange equations of motion, and two gener- given spacelike surface can be given in terms of these 
: tins combinations. From these considerations it is suggestive 
* Supported in part by a National Science Foundation research tg restate the theory in terms of variables that possess 
oe Parti ipation in this research supported in part by the the geometrical properties of decomposing the four 
Office of Naval Research. dimensional characterizations of the space into 3+1 
Fe Athawitt and $ Deser, Phys, Rey, 113, 745 (1959), This imensional aspects. Upon doing this, both the equa- 
paper will be referred to as I. We use, as in I, natural units: tions of motion and the Lagranian greatly simplify. 
c=1, «= 16ryc t= ; 8, —_ Ce song yg gem P The simplified form of the Lagrangian yields a corre- 
mor mg + solar ng “age gy peg  gp sponding set of generating functions. The “energy- 
subscript or the symbol ,. momentum” vector so obtained vanishes identically in 
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N the program of the quantization of the general 

theory of relativity, stress has been laid on the 
necessity of treating the gravitational field as a dynam- 
ical system expressed in canonical form. Only when a 
theory has been expressed in the standard Hamiltonian 
form arising in Lorentz-covariant theories can the 
possibility of consistent quantization (by way of the 
Schwinger action principle) be examined. That this is 
as feasible for the gravitational field as for the more 
usual fields is masked by the general coordinate 
invariance of the theory. In I, a beginning was made by 
separating out the gauges from the dynamical properties 
for the linearized approximation; we shall here examine 
this point for the full classical theory, and indicate 
formally how the canonical structure is to be reached 
there. In a subsequent paper, its explicit form will be 
discussed. 

In I, the formulation of the general theory in terms 
of the action principle was given. In accordance with 
the basic requirements of the principle, the Lagrangian 
was stated in first order form with the metric tensor 
and affinity treated as independent variables. The 
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virtue of the differential constraint equations. Phys- 
ically, the origin of this phonomenon is related to the 
general convariance of the theory. This does not mean 
that the physical energy and momentum of the gravi- 
tational field is zero. Further, a stress tensor and hence 
the energy-momentum vector have meaning only when 
defined in terms of a specific frame (where definite 
coordinate conditions have been chosen). This will be 
seen in detail below. However, the energy so defined 
will be different in different coordinate frames for the 
same physical situation. The true energy of the 
system is that defined in the “radiation” gauge where 
the Hamiltonian depends only on canonical variables. 
This follows from another distinguishing characteristic 
of the Hamiltonian that represents the true energy and 
of the coordinate frame that is the radiation gauge. 
Namely, the Hamiltonian should not be an explicit 
function of the time coordinate since for the free 
gravitational field, which is a closed system, the energy- 
momentum vector cannot but be conserved if the time 
coordinate is to be in accord with conventional defini- 
tions. Of course, other choices of the coordinate system 
could be made in which the Hamiltonian does depend 
explicitly upon the coordinates. While this is logically 
feasible, the ‘‘time” so defined would not match on 
correctly to the time as employed in the rest of physics, 
in terms of which closed systems are conservative. 


2. STRUCTURE OF THE EQUATIONS OF MOTION 


In the linearized approximation of the full theory, 
it was found that the proper dynamical variables 
were certain combinations of the original variables, 
q“” and 14,,, the contravariant metric tensor density 
and the affinity, respectively. The first step in finding 
the dynamical variables consisted in the linear theory 
of eliminating the algebraic constraint variables; the 
nonlinearity of the full theory does not intrinsically 
complicate this part of the analysis. We begin with the 
first order form of the Lagrangian, as stated in I, 


I= f dts GY” Ruv, 


aes 1 , . 4 
ee — a 2 (I etl for 


+14 a8-T%yy— Fay -A%,, (2.1) 
and A-B=}(AB+BA) embodies a symmetrization 
needed for the quantum case. In this paper we will 
deal only with the classical problem and hence com- 
mutation questions do not enter. The field equations 
which stem from the independent variation of 9” and 
r,, can be cast in the form 


Suria= Sur,a— Susl ?va— val ya =O, (2.2a) 
Ryy (1% 9) =0. (2.2b) 


The algebraic constraints are contained in Eq. (2.2a) 
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while Eq. (2.2b) contains the differential constraints. 
Of the forty equations in (2.2a), thirty are independent 
of time derivatives. Thus thirty components of the 
affinity, ie., Tx, Tio, and My can be eliminated 
in terms of I,;, [oo and the metric. One finds, by 
manipulations similar to those in I, that 


P4.= 31g — (9) 1g%™ ](gim, eS mk, i— Bit, m) 
4 (g) “tgs, 
TP o=g*™[gom, i— (gD sm? +32" B00, +3 (g%) 7 
XK gin g’™(gim, n+ 8nm, i~ Sin, m)s 
P%ou= gL om, ("ma + Fe Gon 
+ (g%)-1gog™ gam, b 


The remaining ten equations involve time derivatives 
and read 


(2.3a) 


(2.3b) 


(2.3c) 


(2.4a) 
(2.4b) 


O08 ij - D 50; -+- l 505; 


O08u0 = loot Tou, 
where 
ae = Lasl eer 


Equations (2.4a) represent dynamical equations for the 
six gij, 1.e., the spacelike components of the metric 
tensor. Equations (2.4b) apparently represent dynamical 
equations for the four g,o. However, as in the linearized 
theory, Eqs. (2.2b) do not yield canonically conjugate 
equations and hence Eqs. (2.4b) are really defining 
equations for Io. The absence of equations canonically 
conjugate to (2.4b) arises due to the gauge (i.e., 
coordinate) invariance of the theory. Thus, the four 
missing canonically conjugate equations are replaced 
by the four differential constraint equations implicit in 
(2.2b). Writing out Eq. (2.2b) explicitly, one has 


” . —_ 1 , * x , 7 
Jol “ise $(—2I rrae: at! «tT I ai +I BI “58 
ae r4I,;, (2.5a) 


$00(1%oi— i } (-— 2r * 0. m + ye i) 
+14 QF *gy— 


—1™ 0, mt eal og —TFaglo9. (2.5c) 


im) = 


(2.5b) 


| Fl “Oty 
ni Aol’ om - 


Equation (2.5a) represents the dynamical equations 
for I;; which are “canonically conjugate” to Eq. (2.4a). 
Equations (2.5b) and (2.5c) lead to the four differential 
constraint equations. Thus eliminating Io, "in, and 
"om via Eqs. (2.3) and using Eqs. (2.4a) and (2.5a) 
one obtains four equations not involving any time 
derivatives. This is the counterpart, in first order form, 
of the well-known fact that four of the second order 
Einstein equations contain only first order time 
derivatives. The four constraint equations, when solved, 
allow one, in principle, to express four variables from 
among the twelve quantities I;;, g,; in terms of the 
remaining eight and perhaps go. This may be symbol- 
ized by 


Nta=Na(hg,go.), B=1,2°-:8; a=9,10,11,12. (2.6) 
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Equations (2.5a) and (2.4a) are thus equations giving 
the time derivatives of ha and hy, i.e., in the above 
notation 


Dha= fa; (2.7a) 
Oog= fs. (2.7b) 


In Eq. (2.7) the fa and fg are functions not only of 
hq and hg but also of the four extra variables go,. Note 
that no time derivatives of 4, and hs appear in f, or fo. 
Equations (2.7a) actually entail no dynamics. Thus if 
one inserts (2.6) into (2.7a) and eliminates the time 
derivatives of hg by (2.7b), then Eqs. (2.7a) reduce to 
identities. This is an expression of the Bianchi identities 
whose effect it is to guarantee that the constraint 
solutions, Eq. (2.6), are valid at all times.? The remain- 
ing eight equations, (2.7b), involve the twelve variables 
hg and go,. As will be seen in Sec. IV, there exist choices 
of hg such that no time derivatives of go, appear in 
Eq. (2.7b). Hence four of these eight equations can 
be solved to express go, as a function of hg and doh. As 
will be seen below, the remaining four equations then 
allow one to express the time derivatives of four 
particular combinations of the fg, say u, (p=1,---4) 
in terms of u,, v,, and dov,, where v, represents the other 
four independent combinations of fs. Thus Eq. (2.7b) 
decomposes to read 


(2.8a) 
(2.8b) 


Sop = Som (14p,2p,00%)), 
Oou,=f,p(U,,%)). 


Viewing (2.8a) as the equation that determines go, we 
see that there exist four quantities, the v, in the above 
notation, which are not determined dynamically. 
These four quantities are thus the four gauges of the 
theory and can be chosen as arbitrary functions of the 
coordinates a“. Every such choice then represents a 
coordinate condition and hence determines a coordinate 
frame. With a particular choice of v,=2,(«*), the goy 
are then uniquely determined and by Eq. (2.4b), one 
can obtain the four remaining components of the 
affinity, Io. Equation (2.8b) now represents first order 
dynamical equations for the four dynamical quantities 
up. It will be seen below that a possible choice of u, 
consists of the four quantities (g;;)7” and ((—g®)-3 
1I";)"" where the superscript “77” refers, as in 
linearized theory, to the transverse traceless part of 
the quantities: 
0;(A,j)77=0, (Ax)77=0. (2.9) 
Thus the analysis of the structure of the dynamics up 
to this point is identical with the linearized approxima- 
tion treated in I. There exists, however, one rather 
striking dissimilarity between the full theory’s dynam- 
? Analogously electromagnetic theory possesses one “Bianchi 
identity” since it involves only one gauge function. Thus, defining 
R+=F, (F” are the electromagnetic field strengths), then 
R* ,=0. This guarantees that the y-E=0 constaint equation is 
preserved in time. 
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ical equations of motion and the linearized ones. 
This lies in the fact that the gauge transformations of 
the full theory represent general coordinate transforma- 
tions. Thus we have that a “dynamical” motion in time 
can be simulated by a coordinate transformation. This 
is mirrored in the appearance of the arbitrary gauge 
functions v, in Eq. (2.8b). These equations for the time 
development of u, are only meaningful once one has 
settled on some specific choice of 2, i.e., chosen a 
particular coordinate frame. Once this has been done, 
one has a unique set of equations that describe the 
development of the dynamical variables in time in 
this frame. 

Thus, while the gauge functions cancel out in the 
linearized theory (as in electrodynamics), in the full 
theory they must be explicitly chosen to define the 
coordinate frame. The first order gauges are also 
coordinate transformations but infinitesimal ones which 
turn out to be determined only in second order theory, 
as discussed in Sec. 4. 

Assuming that a choice has been made for the 
functions »,, the four first order equations (2.8b) are 
not necessarily in canonical Hamiltonian form for two 
pairs of canonical coordinates. In order to put the 
equations into canonical form one must choose partic- 
ular combinations of the u, to form two canonical 
coordinates and their conjugate momenta. The Hamil- 
tonian H governing this system will then depend 
parametrically on 2,(x). Thus H will be different in 
different coordinate systems. (A simple example is 
given by two coordinate systems differing by a choice 
of time scale where it is clear that the Hamiltonians in 
the two systems must differ by a scale factor.) More 
significantly, for an arbitrary choice of v,, H will in 
general depend explicitly on the time coordinate 2° 
of the frame in question, thus appearing to govern 
the behavior of a nonconservative system. On the other 
hand, it is clear that the free gravitational field being 
described here is an isolated system. For all other 
isolated physical systems, the coordinate frame is 
chosen such that energy is conserved. The maintenance 
of this criterion requires then that one choose a specific 
coordinate frame (i.e., a specific *set of v,) such that 
in this frame H is independent of time. On physical 
grounds, such a frame presumably exists and is essen- 
tially unique. In this special frame, the Hamiltonian is 
well defined and represents the physical energy of the 
free gravitational field. Note that we have hereby 
introduced the notion of a preferred frame, the “radia- 
tion gauge,” to define the physical concept of energy ; 
of course energy can be subsequently discussed in any 
other frame by making coordinate transformations 
since the general covariance of the theory has not been 
lost. The radiation frame thus singled out now supplies 

3 That the introduction of a preferred frame may be necessary 
to make physical statements in general relativity has previously 
been suggested by V. Fock [e.g., Revs. Modern Phys. 29, 325 
(1957) J. 
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one with a coordinate system! which, when compared 
with the one used in the rest of physics, is in accord with 
it. It should be noted that the transformation to the 
coordinate frame where the Hamiltonian is time 
independent is a coordinate transformation and should 
not be confused with a canonical transformation of the 
Hamilton-Jacobi type where one is led to a zero 
Hamiltonian. 

Some of the above ideas will be developed in more 
detail analytically below. Before doing this, however, 
we will need to reformulate the equations in terms of 
quantities having geometrical significance. This will 
be done in the next section. 


3. GEOMETRICAL FORMULATION 


Due to the purely quadratic nature of the Lagrangian 
in the linearized theory, the appropriate dynamical 
variables were simple combinations of the original 
variables g”” and I*,, appearing in the curvature scalar. 
In the full theory this is not the case; as will be seen 
below, the fundamental equations simplify greatly 
and acquire a natural geometrical meaning if combina- 
tions of the variables suggested by the elimination of 
the algebraic constraints are taken. 

The Hamiltonian formulation to be reached treats 
the time development of the dynamical variables 
referring to a three-dimensional space-like surface 
which we here choose to be x°=constant. This is seen 
explicitly in Eq. (2.4a) where only the three-dimensional 
metric, gi; appears. Thus we adopt the g,; as a pre- 
liminary set of dynamical coordinates. The inverse to 
the three dimensional metric, y‘’, then obeys the 
equation 

7 gnj= 5%. (3.1) 


‘ 


It is clear from Eq. (2.5a) that the “canonically 
conjugate” variables to g;; are related to the I,;. 
Instead of using these quantities directly, it is analy- 
tically convenient and geometrically more significant 
to replace them by an equivalent set of variables.® 
Thus in Eqs. (2.3), the denominators can be eliminated 
if a (—g®)~! is absorbed into variables possessing a 
contravariant time index. Thus we define 


Ky=—NI%, N=(—g*)-4, 
gi= Noh, 


The other components of the four-dimensional metric 
tensor can then be expressed in terms of these variables: 


ging fT, gan —- PU -f8 0), 
fu NE:=n:. 


(3.2) 
and 
(3.3) 


(3.4) 


4 The form of the coordinate conditions may of course be modified 
in the presence of matter because the basic condition of time 
independence now must be imposed on the total Hamiltonian of 
gravitational field plus matter. 

5 The properties of these variables are discussed in detail in a 
forthcoming paper by C. Misner. 
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Latin indices here and below are raised and lowered by 
means of the three-dimensional metric tensors, gj; 


and y”. Note also that 
(—g)!=N Cg)}, 

where g is the determinant of the four-dimensional 
metric and *g the determinant of the corresponding 
three-dimensional metric g;;. K;; and ¢; are tensors under 
three-dimensional coordinate transformations. 

In terms of these quantities, Eqs. (2.4a) and (2.5a) 
become 


Oogig= — 2INK ijt (NE) 5+ (NE) ii, 


(3.5) 


(3.6a) 


1 
—00K ,;=*R,;+KK,j;—2K imK"; 
N 


1 
7 ye ad N, iK; “a N\jKimt™ J 


SK nls K jel c+ Kis nd. (3.6b) 


In Eqs. (3.6) *Rj; is the three dimensional contracted 
curvature formed from g;; and y‘’. Similarly the 
subscript symbol “|2” represents covariant differentia- 
tion with respect to the three-dimensional metric. 
Equations (3.6) are the dynamical equations for gj; 
and K,;. The differential constraint variables have yet 
to be eliminated, however. 
The defining equations for Io, Eq. (2.4b) become 


1yo= NN +N t'— NEEIK ;;, (3.7a) 


Pqo= Ny Oek +47 N2(1— Sng) 1-4 


+N%xXi¢KK;,, (3.7b) 


while the differential constraint equations that replace 
(2.5b,c) read® 


Rus~ doank= i @R+ K?— K,;K") = 0, 
Rai }GniR= — (K4,—65,K)j=0. 


(3.8a) 
(3.8b) 


‘ 


In Eqs. (3.8) the subscript “‘n” refers to the direction 
normal to the spacelike surface «°=constant while ‘7” 
represents the three directions within the surface. 
Also K=yK,; is the trace of the tensor K,;. Finally, 
the algebraic constraint equations (2.3) become in 
this notation 


V4,= T4 AK jj, 

Io; = NN, i. K$4, 

V3 o= N[—K4 AG ACK ing ™ J. 
In Eq. (3.9a), *P'% is the three-space affinity formed 

1 m I ) 
from gj; and 7”. 
The formulation of the theory in the above notation 

has a direct geometrical significance in terms of the 
properties of a three-dimensional surface imbedded in a 


(3.9a) 
(3.9b) 
(3.9c) 


6 For a discussion of these equations see, for example, C. W. 
Misner and J. A. Wheeler, Ann. Phys. (N.Y.) 2, 525 (1957), 
Eqs. (224), (225). 
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four-space. The Kj; arise in differential geometry as 
the components of the so-called second fundamental 
form.’ Thus the K,; represent a measure of the ‘“‘bend- 
ing” of the surface with respect to the four-dimensional 
Riemannian space in the sense that they are a measure 
of the deviation of the surface from the four-dimensional 
geodesics connecting two points. The K,; involve 
information concerning the continuation of the metric 
off the surface. This can be seen explicitly in Eq. (3.6a) 
which states that K,; is essentially proportional to the 
time derivative ‘of g,;, as expected for a canonical 
momentum. Equations (3.8) represent the Gauss- 
Codazzi equations’ in a geometry restricted by the 
Einstein equations. These equations clearly involve no 
time derivatives. 


4. DEFINITION OF ENERGY AND REDUCTION 
OF NUMBER OF VARIABLES 


We shall now turn to the examination of the meaning 
of energy in general relativity and to the closely related 
subject of the nature of the independent degrees of 
freedom. While in principle this can be analyzed in 
terms of the equations of motion as discussed in Sec. 2, 
it is much easier to deal with these questions from the 
action integral itself. In the notation of the previous 
section the action integral becomes, by direct substitu- 
tion into Eq. (2.1), 


[= f d‘x c= f d'x (8g)§[ —y“00K ,;—O0K 


+N (*R4+K?— K,;K 4) —2n'(Ki,—64,K)); 


—2(N\i—NKit*)""J. (4.1) 
In obtaining (4.1) we have explicitly eliminated the 
algebraic constraint variables by making use of Eqs. 
(3.9). Due to this elimination, the action integral of 
Eq. (4.1) yields the differential equations of motion 
obeyed by the dynamical variables, i.e., Eqs. (3.6) 
upon varying with respect to g,; and K,;, and the 
constraint equations (3.8) upon varying with respect 
to N and 7‘. These variations simultaneously lead to 
the generators of canonical transformations G, and 
G,. These quantities are 


G. — f Peleg) y9K.+ CQ) 9K] (4.2) 


G,= f T™’ bx, (3g) 4d?r, 


where 7*”’ can be obtained by techniques analogous to 
those of paper I. We do not record it here as we will 


(4.3) 


see shortly that it vanishes. 
7See, for example, L. P. Eisenhart, Riemannian Geometry 
(Princeton University Press, Princeton, New Jersey, 1949). 
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In this form, it is clear that the variables V and 7‘ 
are gauge functions and not dynamical quantities as 
they do not appear in the “kinematic” part of the 
Lagrangian (the part containing time derivatives) nor 
in the generator G,. Their only role is that of Lagrange 
multipliers in the action integral. Thus the Lagrangian 
now has the form (to within a divergence) 


7 


L= Y taba—K' (77,9), 


a=1 


(4.4) 


where 3’, the “Hamiltonian” density in the action 
principle, is given by 


—5’=[N @R+ K?—K,;K") 

— 2n'(K4,—54K));](*g)*. (4.5) 
From Eq. (4.4) it follows by direct calculation that 
p"= f-d'rK' and thus 3X’ represents the“ energy” 
density. As can be seen from Eqs. (3.8), the function 
%’ is identically zero since it is a linear combination of 
the differential constraints. Thus P” does not generate 
true time translations in the theory and hence is not 
the true Hamiltonian. More generally, the complete 
generator G, vanishes identically for the same reason. 
In order to see the meaning of this result let us insert 
the differential constraints into the Lagrangian of 
Eq. (4.1) just as we previously inserted the algebraic 
constraints. Leaving aside the irrelevant divergence 
term, the action reduces down to the simple form 


I= f a'x(9)\[— "Ky aK) (4.6) 


Varying this action leads to the expression 
a1 f del —00 (9) YK +400 C6) PK 


—8[ (%g) 100K +0o[ (8g)! 6K 
= dol. ( 39) bi§K 4j+ (3g) 46K }} : (4.7) 


The total time derivative then gives rise to the new 
generator 


(4.8) 


G= -f d®r(°g)§(-y5K ,;+6K). 


Care must be taken in obtaining the equations of 
motion from the remaining terms of (4.7). Thus not 
all the y” and K,; are independent since we have 
assumed at this point that the differential constraint 
variables have been eliminated. In the linearized theory 
the constraint equations eliminated the four quantities 
g™, K,", and K"™ where these variables are related to 
to gi; and K,; according to the general orthogonal 
decomposition of a symmetric tensor fi;= fj: 


fis es fi" +fig't+ 3 fF gt fy? tf” a3 (4.9) 
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In Eq. (4.9), fi;7 is defined by 


(4.10) 


1 
fat=a(sus"-—f-), fii? 5=9, fit =f". 


f’ is thus the trace of the transverse part of f,;. fi” is a 
transverse vector (f;7,,=0) and f” is a scalar. (Each of 
the six independent quantities, f;;77, f7, f:7, and f”, 
is uniquely obtainable from f;;.) Hence in the linearized 
case, the dynamical variables are g,;7" and K,;77 
while the four quantities g;", g’, K“, are arbitrary 
gauge functions not determined by the theory. It 
is easy to see that this result is general and holds 
in the full theory. Thus the constraint equations 
again determine g’, K,7, and K” in terms of the remain- 
ing variables. A simple proof of this is supplied by 
making a general perturbation expansion in Eqs. (3.8). 
For example in (3.8a), the linearized part of 'R, 
£ii,jj— 8ij,1j, determines the highest order g’ in terms of 
lower order structures appearing in the non-linear 
terms and thus to each order, the problem is identical 
to that of linearized theory. A corresponding result 
holds for the other three constraints. Similarly Eqs. 
(3.6) determine the dynamical motion of g,;77 and 
K,;77 and so these are dynamical variables as again 
the nonlinear terms in these equations always involve 
lower order quantities in any given order of perturbation 
theory. The four quantities, g,7, g’ and K” are arbitrary 
and in fact are an example of the v, variables introduced 
in Sec. 2.8 Thus a specification of these functions 
represents a statement of the coordinate conditions. 

Returning to the question of obtaining the equations 
of motion from (4.7), one has that the part of 6/ that 
gives rise to the equations of motion is 


f d*x{ —8L (8g) ]a0K y+ d0L (49) 470K «; 


—65(3g)40oK+00(*g)6K}, (4.11) 
where in Eq. (4.11) y and K;,; are now to be viewed as 
functionals of only the eight variables g,;;77, K,,77, 
g:7, g”, and K®. Variation with respect to the dynamical 
variables produce the four dynamical equations of 
motion; variation of the remaining (arbitrary) variables 
gives rise then to the four Bianchi identities of Eqs. 
(3.6). The remaining four equations of (3.6) of course 
no longer appear as they are just defining equations for 
the “Lagrange multipliers” \ and n‘ in terms of the 
remaining variables as in Eq. (2.8a). The N and n', 
being Lagrange multipliers, of course also disappear 
when the constraints have been eliminated. 

Turning next to the generating function, Eq. (4.8), it 
would appear that there remains no contribution 
analogous to G; of conventional field theories and hence 

8 The twelve equations (3.6) thus divide into the four dynamical 
equations discussed in the text, four Bianchi identities whose role 
is to maintain the constraint equations in time and four equations 


that determine N and ¢; as functions of g;7, g4, and K¥. This 
decomposition is identical to the one discussed in Sec. II. 
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no generator of space-time translations. Again, it must 
be remembered that not all the variables are inde- 
pendent and the insertion of the constraints which 
must again be done leaves one with only eight 
variables. Thus the general form of G is 


c= dr f1j8gij7? + [28K 577 


+ fPOK»+ fide + f°dg.7], (4.12) 
where the /* are functions of the eight variables. The 
first terms involving 6g77 and 5K?" are of the type that 
appears in the generating function G,. However, they 
are not yet in the canonical form of pig—gép. The 
remaining four terms still do not have a definite 
physical meaning. The reason for this lies in that we 
have not yet chosen a definite coordinate condition ; 
that is, we have not stated what functions of «* the 
K", g", g:7 are. Thus, if we define four functions y*: 
y= —K"*, y'=}g":+¢:7, then the coordinate conditions 
amount to specifying y“ as given functions of x’, 
y“(x). The variations in the last four terms can then be 
replaced by® 


Syt= bx”, (4.13) 


which gives these four terms the structure F,,(g77,K77,x) 
X6x*. This result is thus of the form 7°,6x*, i.e., that 
associated with the generator of space-time translations 
G,. We see than that a Hamiltonian or more generally a 
stress-energy tensor arises only after a set of coordinate 
conditions have been imposed, although any set of 
coordinate conditions will do at this stage. 

As was mentioned above, though the first part of the 
generator depends upon dynamical variables, it is 
not in canonical form. The variables in terms of which 
G is canonical will in general be functions of g;;77, Ky;77 
and y(«). That such a transformation to canonical 
form can always be made is shown in the Appendix. 
In terms of the canonical variables, G will be’of the form 


= f d®r{ 5K “a+ T™65x, |, (4.14) 


where g’a, K°a (a=1,2) are the two canonical pairs 
replacing the four g;;7", K,;77. In general, 7™ does not 
represent the physical stress-energy tensor since for 
an arbitrary choice of the functions y“(«), 7 will in 
general be an explicit function of a. On physical 
grounds one requires, for a closed system, that 7 
only depend on a implicitly; this then determines the 
choice of the coordinate conditions y“(x). Thus only 
for a particular choice of coordinates will 7 be indepen- 
dent of a. This particular frame (which we will call 
the “radiation frame’’) plays. the role of the radiation 


9More generally, the coordinate conditions may read y 
= y4(x,e77,K7T). In this case dy will have extra terms contributing 
to the first two terms of the generator. This possibility will be 
discussed in more detail in Sec. V. 
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gauge in electrodynamics. Here the quantity 


Pu = f T™d° 


represents the physical energy and momentum of the 


(4.15) 


gravitational field. 

This situation discussed above in general relatively 
is formally very similar to the parametric formulation 
of the Hamilton principle for classical mechanics.” 
There, one introduces an extra coordinate gn41 to 
represent the time and a canonical momentum ppy1 
=—H where H is the Hamiltonian of the original 
system. The action then reads 


n+1 dqi 
I= far —, 
: 1 


dr 


(4.16) 


where 7 is an auxiliary parameter and may be arbitrarily 
chosen. The variation is subject to the constraint 


R=puyitH=0. (4.17) 


More generally R can be any function of all the g,; and 
p; such that the equation R=0 yields as its solution 
Pnii=—H. This solution may be regarded as the 
defining expression for the Hamiltonian. Introducing a 
Lagrange multiplier, V(r), the action becomes 


n+l dq; 
r= f ar ) pi —vonR(osp) } (4.18) 
1 


i=l at 


where now all the p;, g;, and V may be varied independ- 
ently. Equation (4.18) is analogous to Eq. (4.1), r 
playing the role of the coordinates «*. The generator 
associated with this action is 


n+1 


G= ¥ piqi—N(1)Ror. (4.19) 
i=l 


. 


As in Eq. (4.3), the “Hamiltonian” VR vanishes modulo 
the constraints (which are derived by varying I with 
respect to NV). Inserting the constraints into (4.19) 
reduces the generator to 


nn 


G= ¥ pidqi— Hoqn41. 


i=1 


(4.20) 


Thus the true Hamiltonian arises only when the 
constraints are utilized. The analog of the coordinate 
conditions of general relativity consists in specifying 
Qn4i=Qnqi(7). Then dgny1= (dgn41/dr)5r. This is possible 
since the canonical equations do not determine @n41 
(just as they do not specify the y* defined in the relativity 
case). Thus, for an arbitrary choice of the function 
gn4i(7), the Hamiltonian generating the translations in 


 C, Lanczos, The Variational Principles of Mechanics (Toronto 
University Press, Toronto, 1949). 
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the chosen 7 frame has the form 


Hdqn41(7)/dr, (4.21) 
and is in general + dependent even for an initially 
conservative system. Only with the special choice 
Qn4i=7 does r become the physical time parameter / 
with a conservative Hamiltonian. Of course other 
choices are logically consistent (including making gn41 
depend on the remaining dynamical variables) but 
would lead to time parameters which would not be in 
accord with those usually defined in physics. If, 
however, ¢n41 were to depend on the q;, ;, it would seem 
very difficult to retain any physical interpretation of 
such a choice at least in the quantum theory. 

General relativity differs from the simple classical 
particle problem as follows: in the classical case, one 
knows the physical parameter ¢, ab initio, while in 
general relativity the coordinates are arbitrary to 
begin with, i.e., we are given a structure of the type 
(4.18) without any initially given Hamilton’s principle 
type of action. The choice of the “radiation” coordinate 
condition we have discussed leads to a coordinate 
independent 7” and hence to conservation laws for a 
conservative system. This makes our “radiation” frame 
agree with the coordinates used in the rest of physics 
and thus our coordinates correctly match on to the ones 
at infinity where flat-space classical results hold. 

It is interesting to formulate the central results of J 
for the linearized theory in terms of the above analysis. 
To zeroth order, which is the background flat space 
without dynamics, g;;77 and g’ vanish. Thus if we 
write gij=3 (hi jt+hj,;)=6, we see that h;=x,; in the 
zeroth approximation. Similarly, it is easy to see that 
the zeroth order K,;77, K", and K," vanish while 
K"=-—x°." The last follows from an identity that may 
be obtained from Eq. (3.6), i.e., 


aoK=—Nl'+N(KiK#+K,¢'). (4.22) 


In zeroth order this reduces to 00K"=—WN. Since 
N= (—g™)-!=1 in the flat-space limit K” must reduce 
to —2°. We thus can write g,;=6,;+,;, where h,; is 
a first order quantity. Expanding the action of Eq. 
(4.7) (in which the constraints have already been 
substituted), one obtains as the only nonvanishing 
terms to quadratic order 


I= f d*x[ hij? 70K j7?—HP, 0K"). (4.23) 


h’ ,; is to be obtained by solution of the constraint 
equation (3.8a); there the linear terms cancel and 
h’ ,; is found to be quadratic in K;;77 and h,;77. Thus 
K* in Eq. (4.23) can only be zeroth order, i.e., do0K” 
=—1. Substituting in the quadratic results for h”,,, 


4 Of course, K¥,;;, which is what enters in the affinity, correctly 
vanishes in the flat-space limit. 
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one obtains 


T= f dsj? 00Ky??— (Mma) 


+(Kij77)} J. (4.25) 
This is, of course, the action for the linearized theory in 
terms of the canonical variables.” It should perhaps 
be noted that even though the “Hamiltonian” density 
5%’ of Eq. (4.5) vanishes rigorously due to the differen- 
tial constraints, one can still obtain the correct linearized 
Hamiltonian from 3’ by taking its quadratic parts and 
then inserting the linearized differential constraints. 
Thus the processes of inserting constraints and lineariz- 
ing can be performed in either order, and there is no 
qualitative difference in the structure of the full theory 
and its perturbation approximations even through the 
latter do not possess the full coordinate invariance. 


5. DISCUSSION AND CONCLUSIONS 


In the previous sections a general discussion of the 
structure of gravitational dynamics and the nature 
of gravitational energy has been given. The initial 
statement of the theory was expressed in terms of a 
Lagrangian that depended upon the sixteen variables 
remaining after the elimination of the algebraic con- 
straints. The stress-energy tensor derived from this 
Lagrangian vanishes as a consequence of the differential 
constraint equations and correspondingly the original 
“Hamiltonian” of the Lagrangian also vanishes. If 
the constraint variables are then eliminated from the 
Lagrangian as a whole (by means of the constraint 
equations) there results a new structure depending 
upon four dynamical variables and four quantities 
which remain undetermined. The specification of these 
arbitrary quantities as functions of the coordinates 
corresponds to the definition of a coordinate frame. In 
this form, a new nonvanishing Hamiltonian density 
arises in the Lagrangian. This Hamiltonian density, 
however, will represent the physical energy density of 
the system provided it has no explicit dependence on the 
coordinates. This physical criterion is necessary in 
order that the usual conservation laws for a closed 
system apply here. Thus, the above physical require- 
ment determines a-special choice of the four arbitrary 
quantities and hence implies that one may physically 


Tt should be noted that the first order gauge functions are 
not determined in the linearized theory itself. The first order 
gauges, however, will enter in the second order dynamical equa- 
tions and correspondingly, the second order gauges fail to appear 
there. In general, the mth order gauges are determined in the 
(n+1)st order approximations. That is, the coordinate frame 
needed to describe the mth order theory is determined in the 
(n—1)st approximation. This is of course consonant with the 
statement that in the full theory the gauge functions are deter- 
mined by the condition that the Hamiltonian be coordinate 
independent. In electrodynamics, on the other hand, the gauge 
function cancels our rigorously and need not be specified to 
discuss motion, since coordinates and gauge are independent. 
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use only a special class of coordinate frames to describe 
the theory. 

We have seen that a possible choice of gauge functions 
are the y*=(—K4, $g" .+g7,). It is clear, however, 
that one may choose any other four independent 
functions, », of the y“ and the canonical variables'® 
(subject only to regularity conditions of kind requiring 
v to approach yy“ in the linearized limit). In view of this 
freedom, any coordinate condition can always be stated 
in the form 


(5.1) 


In particular, the specific conservation requirement on 
the Hamiltonian forces a specific choice of the functions 
vm in Eq. (5.1) and hence, determines y*. Thus, we saw 
in the linearized theory that the j themselves were 
equal to x. 

Two different coordinate conditions of the type 
(5.1) (i.e., two different choices of the functions v*) 
represent the specification of the two different frames. 
These frames will in general be related by a coordinate 
transformation depending on the canonical variables. 
For this case then, at least one of the two frames 
depends upon the canonical variables. While in the 
classical theory such a situation is physically undesirable 
but not logically inconsistent, it presents in the quantum 
theory certain serious difficulties. The coordinates of 
the frame depending on the canonical variables would 
become g numbers, and hence, the meaning of measure- 
ments in the theory would become obscure. A further, 
related, difficulty appears in the quantum theory. 
There, the set of coordinate transformations that is 
allowed is more restricted than in the classical case 
since in general, a g-number coordinate transformation 
will fail to leave the theory even formally invariant. A 
similar situation holds in quantum electrodynamics 
where even in such a relatively linear theory only very 
few g-number gauge transformations are allowed. 

Let us consider two different coordinate conditions 
of the type (5.1) in the quantum theory. As discussed 
above, at least one of the frames must be a g-number 
one, in general. Since only c-number coordinates 
appear to have physical significance, it would seem 
that the coordinate conditions leading to g-number 
coordinates must be discarded. The question, therefore, 
arises as to which, if any choice of coordinates is the 
c number one since the process of finding canonical 
variables and quantizing does not seem a priori to im- 
pose a condition to determine this. In electrodynamics 
the corresponding question is which gauges are c-num- 
ber gauges. There the decision is made on physical and 
consistency grounds. One requires that the primary 
c-number gauge is the radiation gauge and the validity 
of other gauge choices is determined from their relation 
to this special gauge. At present, in general relativity, 
consistency arguments cannot yet be made. However, 


vLy" 2a, K *.,%6° | =". 


8 We should like to thank Dr. J. Anderson for a helpful con 
versation on this point. 
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the physical criterion would seem to be the following: 
the primary c-number frame is the one in which the 
Hamiltonian is conserved and other coordinate frames 
are to be admitted if they are related to this frame by a 
c-number coordinate transformation. If one were to 
define a different class of frames as the allowed c-number 
frames, the theory so defined could not by any allowed 
recalibration yield a conserved Hamiltonian operator 
for the closed system being considered. Such a quantum 
theory would be experimentally distinguishable from 
the one we are proposing. 

Returning to the classical theory, it is instructive to 
view Eq. (5.1), not as a coordinate condition but as an 
expression of the fact that the independent variables 
that the g.° and K,° depend upon are the gauge func- 
tions “. An analogous situation holds in the parameter 
formulation of particle mechanics. There, one could 
have kept r arbitrary and considered the correlation 
embodied in looking at g,(r)= ir (¢ni1) ]=qi(Qn41) 
independent of the particular form of 7(g,41). Corre- 
spondingly, in general relativity one can consider g*. 
as depending on ™ via the relations g‘.(«) = g%a[ x(v) | 
=g°.(v). We here treat » as the independent variables 
and leave no reference to the original arbitrary set, 2*. 
In particle mechanics, we write ¢ for g,41 to emphasize 
the physical interpretation whereby energy is con- 
served and hence the correlation with the usual definition 
of time is achieved. Similarly, in general relativity, the 
proper choice is seen to be connected with the energy 
conservation and asymptotically flatness conditions 
and in this fashion one makes contact with the coor- 
dinates used in the rest of physics. Viewing the in 
the role of independent variables emphasizes again that 
they will have to be c numbers in the corresponding 
quantum theory. 

In the discussions of this paper, we have analyzed 
in a formal fashion the structure of the dynamics of 
general relativity. We have assumed throughout that 
the nonlinear constraint equations can be solved for 
the appropriate variables. While this, of course, can 
be done to a perturbation expansion, it is not possible 
to find closed-form solutions. In electrodynamics, 
techniques are available within the framework of the 
action principle which allow a complete discussion of 
the theory without the explicit elimination of the 
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constraint variables. In a subsequent work, we will 
discuss similar procedures for general relativity. 


APPENDIX 


That a transformation to canonical variables can 
always be accomplished can be seen by the following 
analysis. We return to the form of the generator (4.8) 
before the constraints have been inserted. According to 
a classical theorem" on Pfaffian forms, any first order 
differential form, F, in m variables can be written as 
F=)), fégit6b, where i=1,2,---[n/2] and fi, g:, 
and 6 are functions of the initial variables. For our 
case, n= 12 (i.e., there are six g;; and six K,;). Terms of 
the type 6 which will arise in our reduction are total 
differentials and therefore can be dropped. Insertion of 
the first constraint reduces m to 11 and so, by the 
theorem, F can be written as a sum of [11/2 ]=5 terms. 
This form, >°.1° f,’6g,’, now has 10 variables, f,’ 
and g,’. Proceeding in like fashion with the remaining 
three constraints, one reduces the structure to two 
terms, i.€., p:6gi+p25g2 which is the desired canonica! 
form. The fact that we are dealing with a continuously 
infinite number of degrees of freedom does not in- 
validate the proof since the argument holds as well for 
12N variables with 4N constraints. The result actually 
gives the generator in the Hamilton-Jacobi representa- 
tion since G contains no 76x, type of term. However, 
once the theorem has been demonstrated in one 
representation it clearly holds in all others as they can 
be reached by canonical transformations from this now 
canonical form. It should be noted that the absence of 
a 7™* term in the Hamilton-Jacobi representation 
should not be confused with the vanishing of the 
T™ in Eq. (4.3). The latter vanishes as a consequence 
of the constraints, the former as a consequence of 
reducing the variables to the initial Cauchy data. The 
Hamilton-Jacobi form of the theory itself is not of 
too great interest; in it the dynamics of the system is 
in very implicit form. What is of most interest is the 
Hamiltonian, which represents the true energy of the 
field and governs the dynamical motion of the variables. 


14 See, for example, J. M. Thomas, Differential Systems (Amer- 
ican Mathematical Society Colloquium Publications, 1937), Chap. 
IV, Vol. XXI, or P. Libermann, Bull. acad. roy. Belg. 39, 846 
(1953). 
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A cosmological solution of the Einstein-Maxwell’s field equations, corresponding to the case of a uniform 
(that is, covariant constant) electromagnetic field, is derived by means of simple geometrical arguments; 
the Riemannian manifold it corresponds to is the product of two ordinary surfaces of constant curvature, 
whose type and radius depend on the values of the cosmological constant and the invariants of the electro- 
magnetic field. The world-lines of charged test particles have also a very simple geometrical meaning. 





1. The remarkably simple approach used in this 
paper is made possible by the work of Rainich, Misner, 
and Wheeler,! whose main conclusions are therefore 
befittingly recalled. The entire content of the source- 
free Maxwell’s equations—at least in the case of the 
non-null field—can be expressed in terms of its energy- 
momentum tensor 7, alone. The matrix 7,’ has the 
eigenvalues (p, p, —p, —p), where the positive scalar p 
is defined in a locally Galilean frame in terms of the 
two invariants of the electromagnetic field by the 
relationship: 

p?= (h?—e2)?-+ (2e-h)?. (1) 

Two 2-planes (‘‘blades”) are therefore determined at 
each event by the eigenvectors of 7,’. The orientation 
of the blades is subjected to a differential condition 
whose geometrical meaning has been recently clarified? ; 
in the particular case, the only one of importance to us, 
in which the “complexion” of the field 

2e-h 
—} arctan——— (2) 

h?— ¢* 


q= 


is a constant, they amount to the integrability condi- 
tions for both sets of blades: that is, they can be 
jointed together to form two %? families of surfaces. 
Lastly, as a consequence of the absence of charges, 7,’ 
must obviously have a vanishing divergence. Vice versa, 
it can be proved that if these three conditions are 
satisfied, a skew field f,, can be recovered from T,,, 
which satisfies both sets of Maxwell’s equations. f,, is 
unique up to an arbitrary, but constant, contribution 
to the complexion a. 

It is important to stress that these considerations do 
not contain amy reference to the fact that T,, is pro- 
portional to the Ricci tensor relative to the metric we 
use; they can therefore be applied also to the more 
general field equations® 


Rwt+Agw=T wp, (3) 


1C, W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957). 
See also G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925). 

2G. Rosen, Phys. Rev. 114, 1179 (1959); B. Bertotti, Phys. 
Rev. 115, 742 (1959). 

3 The notation is as follows: Greek indices range and sum from 
0 to 3; a metric of the type —++-+ is adopted, and the Ricci 
tensor is defined as 

Rw me Tt tT pa, et P50 F ay “a P%gq0 Py. 

The comma indicates an ordinary derivative; the electromagnetic 


including the cosmological constant A. The conservation 
law for T,, is, of course, still identically fulfilled as a 
consequence of (3). 

It will be shown that any manifold which is the 
product of two surfaces of constant curvature is a solution 
of (3); the requirements of positive energy and of the 
proper signature will, however, rule out some cases. 
The main physical features of the solution will also be 
discussed and it will be shown that the electromagnetic 
field has vanishing covariant derivatives.‘ 

2. If space-time is topologically equivalent to the 
product of two ordinary surfaces, 2, (coordinates x° 
and x!) and Y_ (coordinates x? and x*), a tensor field 
of arbitrary type is said to be decomposable if (a) its 
components with mixed indices vanish and (b) its 
components relative to 24 (2_) depend only on the 
coordinates x° and x! (x? and x*). We demand that the 
fundamental tensor be of this kind: 


Sur= S+ ur (X4) +8 po (% ). (4) 


As the notation suggests, a + or a — attached to a tensor 
shall annihilate, in a frame of reference adapted to the 
decomposition, the components whose indices do not 
all refer to 24 or Y_, respectively. Space-time itself in 
this case is technically also called decomposable.® Its 
Riemann and Ricci tensors are decomposable and its 
components are just the corresponding tensors relative 
to >, and y_ ®; hence we can write 


Rw= — K4g4y— K-g_w, (5) 


where K, and K_ denote here the Gaussian curvatures 
of 24 and Y_, respectively. The matrix R,’ is therefore 
diagonal, with eigenvalues (—K,, —K,, —K_, —K_). 
field f,» is measured in such units that the gravitational constant 
is equal to one; we have, then, 


Tw=2(fuafa’ t t8whaaf**). 

4 As a reference to the problem of the static electromagnetic 
field in general relativity, we quote only two papers by W. B. 
Bonnor, Proc. Phys. Soc. (London) A66, 145 (1953) and A67, 
225 (1954), where additional bibliography can be found. The 
“uniform” electric fields calculated in the former [Section 3(a) ] 
do not have vanishing covariant derivatives. 

5 On product spaces in Riemannian geometry, see for example 
J. A. Schouten, Ricci-Calculus (Springer-Verlag, Berlin, 1954), 
p. 285; F. A. Ficken, Ann. Math. 40, 892 (1939). 

6See, e.g., P. Jordan, Schwerkraft und Weliall (Friedrich 
Vieweg and Son, Braunschweig, 1955), p. 55, or Ficken’s paper 
quoted in reference 5. 
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If we now want R,’+Aé,’ to be proportional to the 
energy-momentum tensor of an electromagnetic field, 
we must demand 

K,(x,)=A—p, 

K_(x_)=A+p, 


which implies that p, K, and K_ are all constant. 

We now proceed to the explicit construction of 2, 
and 2_ by means of a well-known theorem of differ- 
ential geometry.’ In a three-dimensional flat space with 
a line element of the form 


dd\?= e,du?+ e2dv?+ e;dw”, 
(é1, C2, €3= + 1), 


(6) 


(7) 


the quadric 
eu? +e.?+e,~?=+r (8) 


has a constant Gaussian curvature +r~*. According to 
the different choices of the signature of (7) (four possi- 
bilities: +++, ++—, +——, ——-—) and the sign 
of the curvature we have six cases altogether; only 
the choices described in Fig. 1 will, however, give the 
proper signature to 2, (—+) and to Z_ (++). The 
requirement of positive energy (o>0) demands, more- 
over, that 

K_>K,. (9) 


It remains to be shown that the other part of 
Rainich’s conditions is satisfied. As explained in Sec. 1, 
in the case a=const, it is enough to ascertain that the 
blades spanned by the eigenvectors of R,’+<Aé,’ are 
integrable; which in our case is obvious, since they are 
tangent to 2, and ~_, respectively. 

In the absence of the electromagnetic field (p=0) we 
have the two alternatives: 2, and 2_® (K,=K_>0) 
or 24 and 2” (K,=K_<0). The existence of this 
solution was already noticed by Kasner® who, however, 
did not make clear the problem of the signature and 
the two possibilities available. If A>p we are faced 
essentially with the same choice (except for the fact 
that now the “spheres” may have different radius). 
2+ and =_® are instead to be taken when p>A>0. 
A universe in which 2, enters as a component has the 
remarkable property of having a periodic time, since the 
“bottleneck” of the hyperboloid is always time-like; 
>, is instead a surface closed in space, but open 
in time. 

3. The geometrical properties of these solutions can 
be easily studied by contemplating separately 2, and Z_. 
Let us first remark that all the geodesic lines of a 
“sphere” are obtained as sections with a plane through 
the origin’; in particular, the null geodesics of 2, are 


the generators of the hyperboloid. The couple of null 


7See L. P. Eisenhart, Riemannian Geometry (Princeton Uni- 
versity Press, Princeton, 1926), Sec. 61. 

8 E. Kasner, Trans. Am. Math. Soc. 27, 101 (1925). 

® Most of the considerations which can be applied to + have 
an analog in the case of the De Sitter universe; for a more detailed 
study, see E. Schrédinger, Expanding Universes (Cambridge 
University Press, Cambridge, 1956), Chap. I and ITI. 
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generators through a point P divide the quadric in four 
parts, two of which, in the case of ,, are characterized 
as the sets of events which an observer at P can reach 
when moving toward the future or back into the past.® 
The “elliptic interpretation,” which consists in identi- 
fying P and the point P which is symmetrical to P with 
respect to the origin, can then be consistently applied 
to 24. For 2,, on the contrary, the “ken” of any 
observer is the whole hyperboloid. 

The most obvious frame of reference one can choose 
for 2, and ¥_ is a “polar” one. For instance, in the 
case of 2,, by putting 

u=r, sinhx, 
v=r, sinr coshx, (10) 
wW=r, cost coshx, 
we obtain 
ds,?=du?— dv?— dw*=r,2(—cosh*xdr?+dx?). (11) 
With the substitution 
mis7, 

/ (12) 

x=r, sinhx, 


this line element reads 


9 


2 
ds,2=— (14= Jar 


T+ 


dx? 


1+a2/r,2 


(13) 


where the variables ¢ and x have the usual meaning 
when r, — ©. Formulas analogous to (11)—(13) can be 
easily found for ali the other “spheres”; in particular 
for 2_ we can write 


ds_?=r_?(d0’+sin*6d¢’), (14) 


- dz? 
ds?= (1 = = )iy'+ 
ri 1—3?/r_? 


Our solution enjoys a six-parameter group of motions 
(the “rotations” on 2, and Y_); and, according to the 
Pirani-Petrov classification,” is of Type I, because of 
its static character [see (13) and (15) ]. 

To calculate the electromagnetic field f,, determined 
by the geometry, a few elementary facts are needed." 
A non-null bivector can always be expressed as a linear 
combination of two dual simple bivectors, which define 
uniquely at each event a pair of orthogonal blades. 
In terms of a basis of orthonormal vector &,“@ lying in 
the blades, we can write 


Sw= pL (EE, — EE.) cosa 


+ (E,(§,8 — £,£,@)) sina ]. 


An elementary calculation shows that the values of p 


(15) 


(16) 


 F, A. E. Pirani, Phys. Rev. 105, 1089 (1957); A. Z. Petrov, 
Sci. Mem. Kazan State Univ. 114, 55 (1954). 

1! As far as the geometry of the electromagnetic field at a given 
event is concerned, see J. L. Synge, Relativity: The Special Theory 
(North Holland Publishing Company, Amsterdam, 1956), p. 326. 





UNIFORM 


and a deduced from (16) agree with their definitions (1) 
and (2). 

If the vectors £,‘@ are taken along the axes #, x, y, 
and z of (13) and (15), the only nonvanishing com- 
ponents of f,, turn out to be the constants: 


for=— fro= (— googisp)* cosa= p} cose, 
fes= — fs2= (g22¢33p)! sina=p} sina. 


(17) 


Electric and magnetic fields are now parallel. At the 
origin ((=x=y=z=0), where the fundamental tensor 
has vanishing derivatives [see (13) and (15) ], the 
covariant derivatives of f,, are nil; but since the origin 
is just an arbitrary point, this holds everywhere. 
Similar considerations can be made for all the other 
cases. The value of the constant a, which is left un- 
determined by the geometry, can always be chosen so 
as to have a pure electric or a pure magnetic field. 

4. The motion of charged test-particles is governed 
by ‘the equation: 


dv dv 
(18) 


m—=m —+Tr,0n| =evPf,". 
és ds 


If the components with respect to 2} and S_ are intro- 
duced, (18) splits into two pairs of equations for the 
vectors v4" and v_“, respectively : 
6054 dv," 
M— = M| —— Tp "p504P04" =e? fro, (19) 
6s ds 
and similarly for the other one. Physically, this means 
that if the particle moves initially on 24, it will do so 
forever. Let us also remark that (19) has the first 
integral 
£+uo4"04”=ds,?/ds?=const= —P? (say), (20) 
and similarly for the other equation: 
8—w0_"v_’ = ds_*/ds?= const=Q?= 1+ P?. 
We will now prove that any line satisfying (19) is a 
plane section of the “sphere,” and vice versa. Its 
geodesic curvature”? 


(21) 


60,4 60,” 4 é 
kKy= +(e - +) =P-*—(0, 0, °f"ofren)', 


és ds m 


can be easily computed from (16) and (20), remember- 
ing (21) and the obvious relationship 
Bw = — EEO E OBO, (22) 
It turns out to bea constant: 
x, =p'(e/Pm) cosa. (23) 
Similarly for 2_ we have, instead, 
(24) 


2 See, e.g., L. P. Eisenhart, Differential Geometry (Princeton 
University Press, Princeton, 1947), Sec. 34. 


k_=p(e/Qm) sina. 
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u? -v?-wee -r? vevewe=? 


Fic. 1. The surfaces of constant curvature allowed for 2, 
(signature —+) and ¥_ (signature ——). The arrow on 2, de- 
notes a time direction. 


In the case of 2_®, an ordinary sphere, it is easily 
proved by elementary arguments that the lines of 
constant geodesic curvature are just (all) the plane 
sections. Since all the other cases are obtained from 
the sphere by multiplying one or more of the auxiliary 
variables u, v, and w by (—1)!, without altering the 
value of the geodesic curvature, the same conclusion 
still holds good. 

5. The main qualitative physical feature of the 
solution is the anisotropy of space: on any space-like 
hypersurface a privileged congruence of lines is defined 
as the intersections with 2,4. They are the lines of force 
of the electric field for an observer whose time coordi- 
nate is orthogonal to the hypersurface. It is doubtful 
whether this abstract model has any cosmological 
application; but it certainly raises the problem of the 
peculiar topological structure induced by the presence 
of the electromagnetic field. Moreover, its fundamental 
simplicity suggests it as a basis for the understanding 
of more complicated situations; one could study, for 
instance, the perturbations induced by small deviations 
of the electromagnetic field from uniformity. 
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A general discussion of the forbidden reactions such as u > e+y, u— et+et+e, ut+N — e+N,u— e+7+7,; 
etc. which would arise from a possible nonlocal structure of the weak interactions is given. It is shown, by a 
canonical transformation, that the dominating terms of the structure, in an expansion in terms of the inverse 
of the average intermediate mass, do not contribute to any forbidden reaction. A discussion of the u—e 
conversion process for a bound y is given, and the rate is calculated for a particular model. 


INTRODUCTION 


HE possibility of a nonlocal structure for the weak 
interactions was first pointed out recently by Lee 
and Yang, who discussed the effects of such a structure 
on the u-decay spectra.' The analysis by Lee and Yang, 
as well as the analysis by Bludman and Klein,? were 
phenomenological in character in that no particular 
hypotheses were made concerning the origin of the 
postulated nonlocal structure. In a later analysis by 
Byers and Peierls* a nonlocal structure for p — e+v+7 
was assumed to arise from the exchange of a massive 
vector meson between the (uv) and the (ev) pairs. 
Though such a structure, if it exists, will be present in all 
weak processes, it is convenient to confine the discussion 
of its effects mainly to the processes resulting from the 
coupling of the (uv), (ev) pairs. For other processes the 
presence of strong interactions could make ambiguous 
the separation of the proper nonlocal effects. 

For convenience we shall refer to the direct effects of 
the structure on the weak processes as to the primary 
effects of the structure. It was first pointed out by 
Feynman and Gell-Mann‘ that the existence of a struc- 
ture would also lead to new processes, such as a possible 
muon decay into an electron and a gamma. Calculations 
of such a process, assuming the intermediate vector 
meson, were made by Feynman and Gell-Mann,‘ by 
Feinberg,’ who also estimates the rate for muon decay 
into three electrons arising from internal conversion of 
the gamma, and by Ebel and Ernst.* Another process 
that will also occur through the structure is the absorp- 
tion of a negative muon by a proton with the emission of 
an electron. For a negative muon in a bound orbit 
around the nucleus the process may occur incoherently 
on the single protons (and also possibly on the neu- 
trons), and coherently through the direct conversion in 
the Coulomb field of the bound muon into an energetic 
electron. We shall refer to such indirect effects of the 
structure as to the secondary effects of the structure. 


1T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957). 

2S. Bludman and A. Klein, Phys. Rev. 109, 550 (1958). 

3N. Byers and R. E. Peierls, Nuovo cimento 10, 520 (1958). 

*R. P. Feynman and M. Gell-Mann, reported at the Stanford 
Meeting of the American Physical Society, December, 1957 [ Bull. 
Am. Phys. Soc. 2, 391 (1957) ]. 

5G. Feinberg, Phys. Rev. 110, 1482 (1958). 

®°H. E. Ebel and F. Ernst (unpublished). 


The main purpose of the present note will be a general 
discussion on the secondary effects of the structure. In 
Sec. 1 we discuss the general form of the nonlocality. 
In Secs. 2 and 3 we show that the largest contribution to 
the vertex does not produce any physical effect and it 
only amounts to a redefinition of the electron and muon 
states. In Sec. 4 we discuss the remaining contributions, 
and in Sec. 5 we apply the theory to the process of 
conversion of a bound negative muon into an electron, 
that would occur as a direct consequence of the existence 
of a structure. 


1. LIMITATIONS ON THE STRUCTURE 


We examine in this section what limitations are im- 
posed on the structure from general requirements. The 
original nonlocal structure of the muon-decay inter- 
action, specified by a kernel V, produces an effective 
muon-electron coupling, specified by a kernel K, simply 
related to V, as illustrated in Fig. 1. We write the 
effective Lagrangian for the effective muon-electron 
coupling in the form 


"(x)=— fae e(a—3£)K(&)x(a+ $4) +H.c., (1) 


where ¢ and x are the electron and muon field operators, 
respectively. We are interested in the general form of 
K(£). Let us suppose that weak interactions are medi- 
ated through a coupling of the form 


£'=J, (x), (x)-+H.c. (2) 


where J, is the usual weak vector-axial’ current and 
®,(x) an unspecified four-vector constructed from the 
fields which participate”in mediating the weak inter- 
actions. The interactions (2) gives rise to an effective 
Lagrangian 


e'(x)=— fas Jt (x—48)Vpo(t)Jo(x+38)+H.c. (3) 


which couples the weak vector-axial current J,’ with 


7R. E. Marshak and E. C. G. Sudarshan, Proceedings of the 
Padua-Venice Conference on Mesons and Newly Discovered 
Particles, 1957 (to be published); R. P. Feynman and M, Gell- 
Mann, Phys. Rev. 109, 193 (1958), 
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itself at different space-time points. We can write V in 
the form 

V po(€)=(O| TLbp(&/2)pe'(— &/2) ]|0). (4) 


From known arguments® one then derives the repre- 
sentation 


Vse(é)= fam’ [p1(m*)A p(E:m?*) 
+p2(m?)A pr’? (Em?) ], (5) 


where p; and p2 are unknown spectral functions. The 
kernel K, is given, apart from constants, by 


K(&)=7)Sr™ (€)¥eV pe(—&)a, (6) 


where a= }3(1+7s) and Spr is the neutrino propagator. 
From (6) and (5) it follows that K(£) can be written as 


K (£)= (v&)F (#)a, (7) 


where F is an unknown function. It may also be of 
interest to report the effective interaction, H’, for 
u—e+v+) as derived from (3) and (5). 


= (8)![G (5?) (éynav) (Py,au) — g(S*) (Ear) (Pap) ], (8) 
Com? 24-i¢ 


where 
(8)§G(¢?) = fem 
p2(m?) 


8)4g(¢2) =m, fa -_______ 9 
gts) —mam, f dn? 9) 


» Pl m* *)tp2(m' ’) 
: (9) 


¢ being the momentum transfer between the electron 
and the muon. If p:(m?) or p2(m*) have contributions 
also from low masses m? contained in the physical 
interval for ¢?, the contribution from the poles in (9) and 
(9’) may produce effects simulating, in a reversible 
theory, an apparent lack of time-reversal invariance. 
On the other hand, such contributions from low mass 
values would also manifest themselves in a strong mo- 
mentum dependence of the coupling constant, according 
to (9) and (9’). Such a strong momentum dependence is 
certainly excluded by the present data.° 


(a) (b) 
Fic. 1. (a) Nonlocal structure for u — e+»+v. The nonlocality 
is specified by a kernel V. (b) The induced ~—e nonlocal vertex, 
specified by the kernel K. 


Y RS 
(/ \) 
TTT 


8H. Lehman, Nuovo cimento 9, 342 (1954). 
9H. Kruger and K. M. Crowe, Phys. Rev. 113, 341 (1954). 


OF WEAK 


INTERACTIONS 


2. LOWEST APPROXIMATION TO THE 
ELECTRIC CURRENT 


According to the Lagrangian L’”’, (1), a muon can be 
annihilated at x+3é and an electron created at x—4¢. A 
unit of charge is thus carried between the two points, 
giving rise, in the spirit of minimal electromagnetic 
interactions, to an additional term in the electromagnetic 
interactions. This term is, however, not fixed uniquely 
from the form of the original nonlocal Lagrangian, be- 
cause of the many possible trajectories for the electric 
charge between the two points. To preserve gauge 
invariance one finds that the Lagrangian (f) has to be 
replaced by” 


£"(x)=— f dt B(x—4E)K (8x (a+48) 


x+het 
xexp| ~ie f 
z_4t 


where the integral is taken over an arbitrary trajectory 
from x—}é& to x+}&. The prescription (10) is the 
minimal modification to preserve gauge invariance. Any 
of our conclusions follows however from gauge invari- 
ance alone, except for the particular model considered in 
Sec. (4). We make the assumption that the spectral 
functions p in (5) become appreciable only for very high 
values of m? as compared to the momentum transfers 
involved in the processes. Accordingly we can simplify 
the form of the Lagrangian (10) by expanding ¢, x and 
the integral over A, in powers of & and keeping the 
lowest powers. As we have shown that K is an odd 
function of £, the zero-order term will give no contribu- 
tion, and the same holds for all even orders. Keeping the 
first order terms, one obtains 


Asin)dn | (10) 


L'" (x) =} AG(x) ( (ya—78)x(x), (11) 


where @ is defined by 


hisses f dt &, (v8) F(é). 


The form of the Lagrangian (11) is independent of the 
choice of the trajectory between «—}£ and «+46, and 
contains the electromagnetic fields in the usual gauge- 
invariant combinations 


~» 6 4 0 
d=—-—ieA and d=- 
Ox Ox 


+ ieA. 


We can take our system as consisting of electrons, 
muons, and photons with the interaction term (11) in 
addition to their usual electromagnetic interaction. The 


10C, Bloch, Kgl. Danske Videnskab. Sebskab, Mat.-fys. Medd. 
27, 8 (1952). 
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total electromagnetic interaction is now given by iejA, 
where 

iej(x)=iel Gvet+xXrxt Qevaxt+ Gxyag]. (12) 
In (12) we express the Heisenberg fields ¢ and x in 
terms of the “in” fields ¢ and x, keeping only zero- 
order terms in e and first order terms in A. We find 


j(0) =o (0)v¥e (0) +X (0)y¥x (0) 
+ Ag (0)yae (0) 


a 
+0807 f Sx°(—2)( -)ax'® (2dr 
Ox 


- 


0 
—af a @a(y ss (a)derx® 0). (13) 


Ox 


If one now makes use of the equations of motions for 
the “in” fields, [y(0/dx)-++-m, ]}y (x)=0, and similarly 
for x(x) and of [y(0/dx)+m]S(x)=—6(x), one can 
verify that the last three terms in (13) cancel exactly 
and the total current 7 is thus given to this order by the 
sum of the electron and muon currents alone. This re- 
sult implies in particular that the Lagrangian (11) does 
not contribute to u — e+-7, and the process is due to the 
higher order approximations of the Lagrangian (10). 
This fact was already noted by Gell-Mann and Feyn- 
man." It makes clear the smallness of the calculated 
rate for the calculated rate for 1» — e+v. It is also clear 
from our derivation that (11) does also not contribute 
to u—e+e+e, and to u+-p— e+ p. The same is true 
also for more complicated processes such as p— e+¥ 
++. It is easy to show that such results are all conse- 
quences of a theorem that we state and prove in the next 
section. 


3. EQUIVALENCE THEOREM 


In this section we show that our system of electrons, 
muons, and photons, with their electromagnetic inter- 
actions, plus the interaction term (11), is equivalent up 
to first order in such interaction to the system of 
electrons, muons, and photons interacting with their 
ordinary electromagnetic interaction only. 

The total Lagrangian, 


L=— o(yd+m,) o—xX(yO+m,)x—TF Fw 
—1(@e(ya—ya)ax+Hic.], (14) 


can be simplified at the lowest order in @ by trans- 
forming the last term into 


11 @(m,gax+m.gax)+H.<c. | 


by use of the equation of motion satisfied by ¢ and x at 


(15) 


1 M. Gell-Mann and R. P. Feynman, 1958 Annual International 
Conference on High-Energy Physics at CERN, edited by B. Ferretti 
(CERN Scientific Information Service, Geneva, 1958), p. 261. 
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zero order in @. Let us introduce a spinor ¥ with the 
electron field and the muon field as components, 


{] 


The Lagrangian (14) can be written as 


L=—-V[7I+M N-}F LF w, 


(16) 


(17) 
(18) 


where 


M= Mot+M,+1y5M2, 


and the matrices My, M,, and Mz, are two-by-two 
matrices in the space of the spinors W. In terms of Pauli 
matrices, 


(19) 
(19’) 
(19”) 


Mo=3(m,+m,.)—3(m,—m.,)o:, 
M,=1(m,+m,)[R(@)o.—I(@)o, ], 
M.=—1(m,—m,)[R(@)o,—I1(@)oz]. 


These equations show that the commutator of Mo with 
M, (M2) gives essentially M2 (M;,), while the anti- 
commutator gives essentially M, (M2). We can now 
show that there exists a unitary matrix U such that by 
transforming the field operators according to ¥=UW’ 
the Lagrangian takes the form: 


£=—WV[yd+Mo WLP Fw, 


as in the absence of the interaction term (11). In other 
words, the addition of the interaction (11) amounts, up 
to the first order, only to a formal redefinition of the 
electron and muon states, and of course no redefinition 
of the masses is necessary at this order. Let us write 


U=14iUitiysU2, (21) 


where U; and U2 must be Hermitian and of the order of 
@ Eq. (20) is then equivalent to (17) provided there 
exist two Hermitian matrices U; and U» such that 


i[Mo,UiJ=—-Mi, 
{Mo,U2} = —M2. 


(20) 


(22) 
(22’) 


We have seen that one can satisfy these two conditions 
by taking U, of the form (constant) X M2 and U; of the 
form (constant) X Me. 


4. THE ELECTROMAGNETIC VERTEX 


The general form of the u — e—vy vertex will be 


A a(k)e|Ja|u) 
=A,(k)i,[a(k)oaskst+ib(k?)yatc(k*)Ra lu, (23) 


where k= p*— p*, ui is the spinor for the left-handed 
electron (we neglect m,), «™ is the spinor for the muon, 
and a, b, and ¢ are form factors depending on k*. Gauge 
invariance requires ka(e|Ja|u)=0, which gives, using 
the Dirac equation, #,[—b(k) (m,—m.)+c(k*)kR? Ju 
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=0. The general form of the vertex is then 


Ag(k)tit® } a(k*)oasks 


u, (24) 


ik? 
+e(H) bat —.| 
M,— Me 
For real photons A,ka=0 and k?=0, so that only the 
Jap term contributes.°® 
The discussion in the preceding sections shows that 
the main contribution to the secondary effects produced 
by the structure comes from the third order terms in the 
multipole expansion of (10). Such terms cannot be 
calculated unambiguously because of their dependence 
on the integration path from x—}é to x+46. A different 
approach to the problem with specific physical models®* 
does also not lead to unambiguous predictions because 
of the delicate dependence of the result on the treatment 
of the divergent integrals. It may be instructive here to 
derive the effective Lagrangian with the simplest as- 
sumption of a straight-line path for the current through 
the nonlocality; such a choice makes the field A only 
appear in the combinations 9 and 9. Let us neglect the 
electron mass and call gy, the left-handed electron, 
¢git=ag. The Lagrangian (10) can then be approxi- 
mated as 


+8,9,8 
—,9,9,+49,0.9; fax, (25) 


since the first order term (11) has been eliminated by a 
canonical transformation, that will not affect the re- 
maining contributions up to the first order in weak 
interactions. In (25), Boor is defined by 


natn f dtt,t.t, (18) F(#), (26) 


which can be satisfied by taking for n,0+ the totally 
symmetric isotropic fourth rank tensor, 5p5r,+6prd0a 
+6,,50r. For the case of an external electromagnetic field 
the Lagrangian (25) can be written as 


L" (x) =4BSxr{ —6m,3+ OmyeF apoas 

—4ieya(OF as/Axs)}x. (27) 
The term 6m,’ in (27) does not give rise to any transi- 
tion. This is obvious for transitions between free-particle 
states, and one can see that it is also true for states in the 
external field by noting most easily that the solutions 
¢(x) and x(x) belonging to the same energy eigenvalue 
E are the eigensolutions of the same Hermitian operator 
[y:(0/dx,;)—ysE—iey,A,], but they belong to the two 
different eigenvalues m, and m, and thus they are 
orthogonal. The vertex from (27) corresponds to energy- 
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independent a and c in (24) given by a= (3iem,B)/ 
2(2mr)3 and c= — (em,B)/2(2r)*. 


5. PHYSICAL PROCESSES 


The presence of a p— e—¥ vertex (24) will give rise 
to unwanted processes such as un e+, u— et+e+e, 
ut+N—e+N, pet+yt+y, etc.” We shall fix our 
attention here on the process of conversion of a negative 
muon, captured in the lowest atomic orbit around a 
nucleus, into an energetic electron.’ The process can 
occur by a coherent mechanism, i.e., the bound muon 
changes into an electron of same total energy, with the 
Coulomb field absorbing the excess momentum; or it can 
occur incoherently on a single proton in the nucleus. 
The general form of the matrix element for the coherent 
transition in the electric field of the nucleus is 


set 1*| — B\Gya-n+ B.G28 |u,, 


where n is the unit vector in the direction of the electron 
momentum (we use a plane wave for the electron); « 
and 8 are Dirac matrices; G; and G: are given by 


(28) 


Gs=Sim, f (r-m)B(0) exp(—ir-nm,)f(r)dr, (29) 


Ga= for) exp(—ir-nm,) f(r)dr, (29’) 


where Z(r) is the electric field of the nucleus, f(r) is the 
radial muon wave function, and p(r) is the nuclear 
density; B, and B, depend on the specific form of the 
vertex (24). In the particular model leading to the 
Lagrangian (27) one has B,= B,. The probability of the 
coherent process can be written as 


e 
e(Z)=1(— my G2(Z)|?| B+ 3[1+F(Z)]Bi|2. (30) 


T 


The dependence on Z is contained in G2(Z), defined by 
(29’), and in F(Z), which can be easily derived from G; 
and G2. An important simplification occurs in the limit 
in which one can take the muon wave function as a 
constant in the integrals. In this limit G2(Z) becomes 
the Fourier transform of the nuclear form factor at the 
relevant momentum transfer, as measured from electric 
scattering experiments, and F(Z) is identically zero. 
This is the approximation used by Weinberg and 
Feinberg," and it certainly holds for sufficiently light 
elements. With this approximation C(Z) has a maximum 

12 See, for instance, the review article by R. Gatto, in Fortschr. 
Physik 7, 147 (1959). 

18 After this paper was submitted, a note by S. Weinberg and 
G. Feinberg appeared in Phys. Rev. Letters 3, 111 (1959), dealing 
extensively with this problem. We have therefore abridged this 
section to deal only with a few points not examined in the paper by 
Feinberg and Weinberg, to which we refer for more complete 
discussion. 
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around Z= 30 since G2(Z) is known to have a maximum 
there. For heavier elements G2(Z) is no longer approxi- 
mated by the Fourier transform of the nuclear form 
factor, and F(Z) cannot be neglected. One finds that 
F(Z) is negative and very small for light elements but 
becomes large and positive for heavy elements. For Pb 
one finds for F(Z) values between 2.5 and 5 depending 
on the nuclear model and on the muon wave function. 
Phenomenologically the most interesting case would be 
B.>>B,, since the term with B, is already severely limited 
from the present upper limit for 4» — e+. In this case 
the only relevant form factor is G2(Z). The probability 
for the incoherent effect can easily be evaluated by 
noting that it occurs by the same mechanism as ordinary 
muon absorption with emission of a neutrino, and a 
close examination shows that the ratio of the two 
processes is a constant independent of Z, apart from 
negligible minor effects. For the model leading to the 
Lagrangian (27) one can compute the relation between 
the total branching ratio, R, for (bound w~)+nucleus 
+e~, among all y-captures, and the branching ratio R’ 
for 4 — e+7 in w-decay. One finds a general increase of 
R by increasing Z, essentially because of the importance 
of the term F(Z). For Z=10 the relation is R=0.9 
X10 R’, for Z=30, R=2.8X10-* R’, as calculated 
with a Coulomb wave function and a Fermi shape for 
the nucleus, for Pb one finds R=16X10-* R’ with the 
Wheeler wave function and a square nuclear model. 


J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949). 


AND R. 
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6. CONCLUSION 


A possible nonlocal structure of the weak interactions, 
for instance for 1 — e+v+i, would lead to primary 
effects such as deviations of the final spectra from those 
predicted in the local theory, and to secondary effects, 
namely to the existence of processes such as u— e+7, 
u—etete, ut p— pte, u—et+yt+7, forbidden in 
the local theory. Under the hypothesis, supported by 
the present experiments, that a possible structure, if it 
exists, is due to rather large intermediate masses, we can 
show that the dominant terms of the structure do not 
contribute to any secondary effect. In fact such terms 
can be transformed away through a canonical trans- 
formation. Their only effect consists in an unobservable 
redefinition of the electron and muon states. This 
circumstance makes the rates for secondary reactions 
such as u—e+y, u—etete, ut Nut, ue 
+7+7, etc., anomalously small. The calculation of the 
next terms of the structure contributing to the second- 
ary reactions cannot be performed unambiguously. 
With a simplified model we find figures of the order of 
10-* between the branching rate for muon captures 
giving muon-electron conversion and the branching rate 
for 1— e+7 in free » decay. Considering the present 
impossibility of producing reliable theoretical estimates 
for the rates of the secondary reactions, the most con- 
venient way to conclude on a possible structure for 
weak interactions seems to be a very accurate measure- 
ment of the muon-decay spectra, unless the structure 
originates from very high intermediate manes. 














~y ile occ 
Sashes eet Ce 
mi neta Se eels 
: baer: 


































ry Ci 

ie! 
t aA oi 

Ope! 

sf 
4 me GO: 

' ‘ 

' 
t D Ci 

a 
Tt 4 

2a ¢ 
, OT 

is +s 
} ne) 
’ it 
is Case 

i 

S00 

‘ 7) 
may 4 

¢ C3 A ODDO tit < ind 
ee int ~i FSD0 i) 8) J ute - 7 M 
mmortan ne CWISTrUCctiVve sii ts 
of) 























a 
; t 
. 
ae 
i 
i , 
4 
. 
* 
f 
. 
: 
pe 
ni 
+ 
j 
rel 
ayn Poe 
° 











+h 








